Basic Algebraic Geometry, Michelmas 1996
ALESSIO CORTI
Problem Sheet 1

1) Let R be an integral domain. Prove that the ring homomorphism
Y : R[zy,...,z,] — {functions f : R" — R}
(sending a polynomial to the corresponding polynomial function) is injective if and
only if R is infinite.

2) The linear system of conics passing through 4 points is 1-dimensional unless
the 4 points all lie on a line.

3) Let C, D be 2 plane cubics intersecting in 9 distinct points. Assume that 3
of these points lie on a line L. Conclude that the remaining 6 points of intersection
lie on a conic [Hint: 1 curve in the linear system AC 4 pD contains the line L].

Generalize to 2 curves of degree n.

4) A smooth cubic curve has 9 distinct flexes and every line containing 2 flexes
must also contain a 3rd. In suitable coordinates the 9 flexes are (0,1, -1), (—1,0,1),
(1,-1,0), (0,1, a), («,0,1), (1,e,0), (0,1, 5), (8,0,1), (1,5,0) where o and 3 are

the 2 solutions of 22 —z 4+ 1 = 0. Any cubic containing those 9 points has the form

3
.7:3 +z7 + :cg + 3mzozi122 =0

5) Consider the plane 4ic:
Mo(z2z122 + Toxizy + zoz123) + Mi(2d2? + 222} + 2323) =0

For general values of the ratio Ao : A1 the 4ic is reduced and irreducible (prove it!).
Find an explicit rational parametrization.

6) Prove that if u,v € Z: u® + v? , u? — v? both squares implies v = 0. Try hard
to do this yourself, then look at the hlnts in UAG, pg. 41-42.

7) Let
C=(y" -y’ +2*=0)
D=(y* -2 +(1-2)y* —22°y +2* =0)
Compute the intersection points of the 2 curves, find local parametrisations for the

2 curves at those points, compute intersection multiplicities both using the resultant
and the local parametrisations.

8) Let C be a plane curve.

Let m(C') be the number of tangent lines to C' passing through a pomt q € P2,
counted with multiplicity, and #(C') the number of inflectional points of C, also
counted with multiplicity.

An ordinary node is a singular point p € C of multiplicity 2 and such that C has
2 distinct tangent lines at p (make sense of these definitions).

If C has degree n and only ordinary nodes as singularities, prove that:

m=n(n—1)—26
i =3n(n —2)— 66

where §(C') is the number of these nodes.
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