Pll_g_ebmic C’reomdﬁ i

Lelk R be o Red. Take e offine space A“““hn. (oftew, k=¢) 3
Considker /):Lk- An afline plame cwve s o sek C = ;F(X,g)e ol ¢ AR,
wheve Fe KON Y] € W olegmeen € F oo olegwee n,
A cume D= 36:0F s a cowponank of C-{q-0f if DecC.

Theorem: Lok €, 0 ¢ My | of clagrees wwm, with R=R. 1F €D have Swn

Poiwts ln common, then Hhey lave a wmponcat  in  common.

e F:p Une
| Example : Cilay) =0 ' ’ % ~ one interseckion at 0,
I Y. ny) =0

_Lg& R be o \h./cg. Le,{' P!.ae RCX], oc d-egr-ees i, So.j, F(k}:qam,x*..mnxj
qlx= be ¢ B X 4o boX™"  Consicder Hre (nim) x (ném)  moakeix:

o . ,OQa O\'- F cln

d d - PRt - | " .9 b
Eltale Vo & w2 d

ho bu"' S bw\ o - C?

€ be B-eo v B -

: g

é, _.bhob.-"-- -b"‘

Defincblon: Twe Ek-resullant 1, (Fg) (s Hae debermminant of the watvix obtainel by
deleking  the Gt amd  last  R-lvows cwd  coluwns of A. [V‘.fF.a)wfﬂg)]

- Theorem: F,g S KD‘] have o comwmon olivisor of Oleoj.r-e-e 2R <D v (fg)=0, 1<k
Preof:  Remash: F‘_’i have o . common dvisor of al-eﬁwze SR D ey hawe o
ComMmOn Mu.u:{PU of degree € man-R ( F=u¥, 9= ¥ S F{S'—'QVJ
We  express F‘V’a‘? in deoms of  Uincar depenclince  n V. p = vecter
Space of P‘ﬂ}‘juow—iais of ﬂq!.-ez_:’me £ wnim-k.
R=1\: V’(E A:Xd, ‘P=£,¢Jx"_ Thew, 3 €Y with th':.jtp <= e
vectovs X”-‘F,- ' € 9, Xop, -, X“htcj ave Umeij OLQP-E.MM
{wn V.L..w.....
R21 (D) evercise
(¢=) By wduckion on R. Assume v,z z6,, =0, Lebk B be the wmakeiy
obtained by old@l-w.ﬂ the Bst and laabk R rows of A
Siace the last R columus of B ave O amd v, =0, tiere 3 a

Uinear combinakion of cows of B Waving all wroes eveept the

fab R entries » 3 ¢ ¥ of oegrees € m-R-l, n-k-l such Ut
d-eg[WF*r chJ <h,

By wokuckion, F=¥u, g:= ¥R, oleg¥ 2R. So ¥F1Pq=¥(Yu+ P8)
> Wt @R =0 5 WP+ Py =0,

Remark: The same stakement wotds for €g9e RIX] if R s a UFD,



D ) - {KJ\H- !a{)/ ; -
efine prejedlive n-space Pe = K* wheee K 247 (2. a,)>(da,., Aal)

j!!--l. ’ A

M‘ue}_ ?[cme carve s (= { F(x., x, K,)=0E where  Flxo X, X,) €R [Xa’ X, % 1
$ aQ mﬂ%ﬁnm ?otjwovw;@t.

n+

Remark: F s Womogeneous of degree w 2<’> F(la) = X' Fla) for oMl Ae Kk, a€e K
> §F-0f s well-defined < P, .

2 2 ,
Can  HUuink of Ay == B by ideakifying A witke X, 40f, aud
(xg) > (L7369 ) , will Taverse' (4, 2, %) - (xopx)%).
There s a Cowespenolance : ffe k[w".’]f «— fFEh[K., . M) \.\amrjwews} Vvia
Clxy) +—> Flxs, x, X

egf X, Xi
.F(;e' Xoli¢ cund

o) = X.d Flxe X, %,) +—> flx.4) = £, *. 9).
|

it c: 1 Fluy)=0fc /Az,“ hen €= {F(x.,,x,,x,).so}nA:,

i
Recal  cavliesr Hacovem on olegrees of cuvves. We prove a waedibied vession:
Twoorem: bek €= § Flxe x x)=0F D= Gx, %, %, =0} < P: be plane corves
aud wn= d&a F'; m:deﬁ G. T"'GM’ #:Cad > C,D hoave o Common
; component. ( Bezouk's Theorew - weak Form).
Proof: Cheose a  coocdlinake sysbem on \P: such thab (U (0fo:) & (oD,
! Gy all  dae vakios x°[m/><.lP:} axe dusbinet, where g . p € CaD.
i E;:) (i, FlXo, X, X,) , G(Xo, X, X,) awe wmonic \a X,
Regard € G e R[X.] | R= RIXe X]. Thew, «(X,, %) = &, (F&) R, 35 a
\-\mgmeous ?obdwom;:oi of altasmee M wl Y vmal poots.
( Xo (?:): X;(ﬂ") € [Pg DX, %x)=0 > by Remark on Theortm woith
G: R(X,, X, ] , F G Vave a common Factor of degree 21 in Xq. D
So C Mol D W Q Combaon C_ompmhtu.}v‘.
z .
{clea : Fo,. PGP' gle&ﬂe [C'D}P = Nulkf’(a(w'xalpﬂ i‘xl(F,G—]} i s coovdinake s:.js(:em
sakisfying Gl Wi above,

Thew, Z (co)p = am.
pep

NyUstelleasatz.

Lot TeklX,, x.], o ideal. Let VIT) = facAy: fla) =0 V Fe THAL fe varicky of T

For V= V(3), let T/v) = {Feklx,,x]: flajz0 ¥V aeV] %e /deak of V.
|

Example: €= {X*20f < A €= Vix®). Bt T(e)= (x).

Theosem: TV(T)) = 0d T = JE:€7¢ T, some nF — Nilbet's NullsbeUeasats.



Z

.TL\E.OrQWl (WQOJ?- Nuﬂsfieﬂusaiﬂ : \p V{I, :¢, =1 [yl,-‘, xu]) #or TCk[X” xv\j, h=.ﬁ

gg;eoéa,,l case ! Take F,gek[",‘f]. fe:08n {g=0f = V() = ¢ (Egj &d.

Theocom: F,o“‘e RIXJ. r =+ (Fg)€ [EQ,.

EreaFf Lek B be He adjoiw& of A. Sl?, I ‘r-InM-.. Let v (’\m-.,“, ’\l,/\d,/ua,-,jun-,)

be e GQust row of ﬁ, amd vy, j=\, , him  De

the columns «f 4 .
So

V.o T, Ve =0 J>.— . = Z'- Noocy X"'. . [/\oq0+/“ b") *

o
(X, Qo+ Aoa, + Ma b, rju,bo))( $oee = [Z')\;)("]P +(I/.(J-X"J9‘ € (R«j)_
So in the special case abeve ¢ (fg) = comt o, Se coast. € (€9) so 1€ (Fg)
Lok R be @ cing, amd B, e RDD. When do e f's have a common divisor [(dea).

Lek ﬁzﬁ[}"r"; A‘z#lf"/ﬂij J e i"‘:c‘:; G- Z/A‘-CLI ¢ ﬁcyj‘ & 2 [, &) :‘!:23; 17 ‘\1”7 r,u,ef?_
Definition: (reg) i Hae cesubtout 145 e of E,.., .

Tucorew: W R is a URD, ten €. 6 have o common diviser of degree > <> all n =0.
Proof: () F G have a common duviser D O = ceR > Cgy =0O.

€ ¢20 D EG hawe o common olivisor PeRIx] PIF, bk £ Wan wo u's, se

@eR[A,. A3l . ¥& s, Pe RIx].

- Theore pa: ('(n.) < (‘.,.,‘:s)r\ﬁ

Proof: We Ruow Huak ce (F, &) aR, e, 3 K eRIX] such ot = FREGH, say

. K= Tk Np’, 2 THg AT 16 T=0e,, 4,
T (3 Bl o i o= Wi 3020 )

R AL LT R "TE PSS
Wt

Wk T2l &t i), aud

Leammat Lek K be an bk (lt'dd', Fe W[X.,__,Xn] of olég\ree d. Thepe exists a Unear
d«amle of  coordinales X=AY, Qe GL(n®) Suchh Yok f(av) \hao olegree
=8 {n Yn.

Proof: Wwte F:“%;Fm , wiltk €., Wowos aneous of degvee d. Thea, F Ve dzﬁmd

wXa €2> flo,. 0040, £430 5. I (a,., a)e k Suck Mak Gla)=0.
Complete *he veckor a 4o o basis of R™.

Exerwse: Let € be an wakegeal domara, The wnaturel wap @: RIx,,.. K,,] '—‘I{F'Rn‘) R)
is t'-r\\j-zd'n've <= R & w\cun't-f

Peoof  of seak Nullstellensaks: 35 wdiickion on n Lot I= (Ff,-., ) wida d‘d%q)dﬁgﬁd.
Change coordinabes so dhat £ kar degree d in Xa. Let K- ’?[Xa,..,)(n-] , amd
reejcu-d e C;eR[X“]. Lek (rm)él?be Hee  cesulbant sys bew of e Kis
Suppese I be kM,be Virps). Evaluoking eachs vy, af b Gives. O, aund -C-NaJM'JW‘ﬂ each €, ak b
Cjiv&- ?cljmmals in k[h],sw E; New, fﬁ,,,é} +0, an F oo Aﬂai’led ia Xa, P |
the  ceswllnank Sﬂsl:ew\ of {Ej \JQM;-K‘ACS’ So BSEkD(m],G_}\E{ N Let x be a oot

of g [Rek, 50 & must evist. Them Filbal 20 V¢, amd so [ba) eV &
é‘,\“"m]._’_‘?_+_.ﬁ_ne_____‘ € [r11), by wrduclion. Hence, by above, 1€ I, 5. It (1)



l
t

Considar 9&3 € R[gl R=rEA.

EXGL:MBLB.’ £ 2y 41
ces, (fq) dat] 5] = x.

Rl

i?rooQ of NullsbeMensatz: I=(F  €)c k[x.,,)(] ek fe Trva).

Te(f,.. G, XawF 1) € DX, Xaol.
Uoum: VIT) = ¢ 2 153’ by weak Nullstellensats,
ga 3 Zg‘_lxmju p ZF xn-n sudh  Haak z@rJF X +ZCJX¢H L% E = () =l
fio Bt Vol ) dekily ia R (X 0 X [X0].
Tows, sek Yo, =16 gk 1= zg, Cifei > el

Plave Curves. [k o a.lgcbmicn.u«j clesed F—idd].

Dec\'a{{-ionf C= {F(Xo, X, )(-,_}?-0} Cl?l, E hom%«ew¢ous, F= TT'F;"" with  Fl homogenceus
aud  prime. C A5 veduced F n;: 1, omd iweducble f enly | of Hw
n s (s nen-geo.

Can vavile €% Z'ﬂi C: . e, = SF.Z:O? cwe  the imveducible C-owq:ov\euks of C,

i

it mu&b’gh‘c—lﬁa e,

Let C=C, be o curve of degee n, L€ P o Une , Hen: n:r,};,fl--(-')‘,, \F pe LnC,
- choose (6 eL Haen ?a,qrawx-e,kriy L 'ogj E > P+ t@ Haew define [ L. C) z al FfP»ECPJg
| \¢ PecC, /urC x s [, C} = otcgw.e oF Fest nowmlmuﬂ homoﬁmeoug feomt ' TMlof

L3p
.@(Pa,msfom of F abt P- CI-G F(Pex) = )"' E. (PX] Fan homog%@ux olegme W XJ

Qé_cm_‘g.m_ A Ps{.n,l: PeC is wneons! owr IFF)A=|, omd  singulor i >l

. Conyention: Whean s{:uoladug CnD} we ossume t be wn a wordinale scjgﬁew\

such Haak: (0 [0,0) ¢ CoD | (&) iF prg e Cal) [Xolp): X)) % (X (q) : X, ().

Then define (C, D)P = °rd(¥;[PJ'*.fPJJ Vi, (F G , where C= {F=0f D= 1G=0f, olegrees vm.
Note: W CD Wawve wo common Cowmpenesd, n.wm =P£, (C. P)p.

(We wil prove bk (CP)p s (moprumolnt of coordivake cheice, bubk we olo net
Lmqica,u-j weed Hauis (j-et).

Lemma: 16 ueC 2@, 4 0% b, then (D)3 |
Proof: Assume P= (,oo0). Sekb x«= )x% b fz Flag)= o7+ g2 R0+ " R,
qlx.y) = 3'“+~- + ‘:’J" CQ (:u) ¥ o *Qex).

_Cg LA e & cmutfu, cows by Hais).
xbe X ?« e x® ab
rg= deb [ g x'a, - w:  Wead I Ty
& TR : blbw) , Alas)

Mulbiplyivg e vows a5 wckicated giver new olet = x W
(a4b)(asbri) /2

= X [Sow.dk‘wa) = ,x"-lt I v,



| w\ﬁﬁ* I:C P* “,0'. 0)') wa{‘-‘ da & tWSLd*l‘Oﬂ T P-)[qu)_ Neecd {o prove
- Aak (C.D)P s wvomant umder trowmslakion,

Theorem: C= an=o} e Ipt
(J\F ¢ s veduced , then ?eic /“fC(/“rC"} £ nla-u.
) \f C is ceduced and iveducible, Hen pZ MpClu € -l) € (n-in-2),
{ €, mierse ub & cff e §F.( VAR S
) ve of dlagree u, w (Xo X, X2 ), Woweojeucous, ol-agfeeun}/K = P e
A Unear systewm of wuves of degree w is @ projeckive subspace ANemw .
_E_@_, gc.omks (d@jree 1j & lPs‘J f curves of gleny-e-e 3f <> .

e o dl ,wibiad, w8t & siugulow points. This  (mplies € s ceduable.
~G, Lel B Pu® ﬂn Fan‘:S, ound My, -, Mo 2| Wm{?uﬁues,
N §CeCuepig () Dpr ] chimAn ™5P - [ 2

P ry

Cownic
3

% Conics -UarouﬁL B P‘? Vs Aimensgion > |, Choose q € G, ) ¥ P B
Lek @ be a conmic -Hu‘au.sb\ Pl fu aud q-
”: Gx’, CL,_ "kue we prpon&d‘: ;.ﬂ Lommon, Hiem €= 4.7 = ﬂszz [ Q. C]P' >/ T+l

2 QR C have o Comwon wmpouewl‘-

oF
- Proof _of _Tweorem abover (0 Lek Fy, = Ix, . Fr, 8 Womeog eneous of degree w-l

Nobhe : (&) F in \Mave weo cowmmon C.owm?o«\ewt‘, as 6 is reolMceo!.

(b) Fop oy Feﬂ’i',/y(rllf,&:o)?ﬂ?{c] -1
Lek V= § g0 So ala-g: GO = F(C0)p > Tomiqu -1).

“_‘l}nkﬂ\”' For Huis cuwrve wln-g = z/u.'(_pu—tl.
Question :  \s Hass Hae only -ao\mgl.z?

Proof coubinued: ti) Lek Ca be @ curve of degree a, with wuwlkiplictbies um; ot ;.
Lak A = § San ! Mo (Casa) % p - (}. dimA? ih’lilnm - ZM“’:"-“ = (edllay) '[‘“—__."":f"] 4n-1.
Assume  that (n-ZJ(d\-U &= ZM;(}A‘ _[] = -2k,
C,bwdse OLMHG!’\M!L ?at'u.,{s q" G %‘n-h-—i & Cn, 36-\-1_ Such tual Mep. (Cn-a] 2/’!,_ -1 Y
and q-e Caqy also.
wia=2) = Cue C“_z Y i,}'tﬁ—(;“r.‘ 1) % p-R-2 = (n-0(n-2) + Tk + a-k-2 = aln -1) +le.

Cod:md;drfon ;C R 2. [ProoF ua.L'd {:cu- h Mt teo laﬂje, 2, k2 v\-ZJ

Delinition: Lok € = § Flxg) =07 € Ay be veduced and lveolmable, € i cakienal

3 P, WY such Hrat:
() A‘k 5t — (‘P(H/ ‘V(H)GAZ,Z \s Lujeo{"we on A' - {c'in;*:f S-e":}

iy E(@ly, wy) =o.



Theorem: Suﬂ)ese C s redumeed, {rceolmeble. Then E/A;(,(‘- ) = (a)a2) D C rakional.
| Remark 1 €D a..ol‘u.a.u.” Wolds.

- Exowmples: () Cong: E= slope of these Uines.

(R Fiad all solubibus & e =2 i 8

et Cubics, 42=X?-' < ?m-‘b ‘91""1(’”") ! :_':_'-'

tiw G4 M with 3 double points.
7 Number  of fwl:easeph}:ns 3 for conic awd q/uw{-éc.
ﬁ% Se o ceale %mowgh_ e Uree olouble \Deiwl‘s
also passes syl two obher Po{.d:s R
Clicose q€ Co. & comdon poink.

A= ; conics &R co&cu'niw.g P, P, P cund q,} =|P‘,
\’P'5}\ = Hae unaccounked {J&Qﬁéo{{@v\ CQ,\ n C

| Buveisiie: o 0% KXot X80 5 06k ) » b2 at e %%] o kP50 | =0,
Fiud a vakional fmw-atrii-ojafvv\ for  Huis.

}EﬂC_ﬂ'u&ﬁ&LﬂMf As i ?m.af: of ¢ty i previous theorewm, A hes diwmeusion w-2, as

R=0, Chow’? C{,”..’ ‘Lﬂ_." e Ca.. 5Cn-z’)-/!h {Cn_;) ?}A( = 1‘: GCHT:’P‘.
Usce Halis o fmame):ffse. He  coeve.

Sacsall Mo ke

. 1hgggml No  swmeobls QM-L"C Cg % IP’: s ra'*(@“ai'
_ 5 Smooth
™ 9 Assiis k=X chor K 23, Lek CciPk be o febic. ln switable
Coowuma.l‘es, C= iF:O}/ for F-= xox: +)(,()(,—>(‘,\1X,-/\ng
lry) = W' + xlxadlx-2),  AeK, A3 0,1

Proof of [: (Pssume?2). Lek P =" e KU | pqeld, Cpg)=( avd ¥= 7 < KIH, (o=,

Assume ¥z P(P-1f(P- Al, i KlH, We wil shew P VYek.

Se, %3 rzzs?-'”-?__%)(?_l\%) e Kle]. g’.“’?:" we  hawe Sz(f‘. This (mplies
et q s o Square Klel | For, %g\s an well , sduce T,;\SZF[P-‘tJ(‘:—A%)
buk (p,g) =1, So we ackually haw e cf: os? , e w¥,

o we cje[f: sy == plP-4)(p-Agq) > P P-9q, p-Aq owe alld Squares v K(¥]
as p.q are coprime. V€ owe Wen Aoue, by the lowing Lmma,



Pr9€ Klel , (pg) =1 . Assume NPT‘;%GK[Q 18 a Sq, o for & distinct  rekios
| (o ﬂ)éiﬁ:. Thew I’Jf‘LéK'

Chrang ing  coovdinakes , catios are (4,0), (0, (1,-1), [I,-)). Thew, p.q, p-q,
p-Agq ave ald squewes  Scwy \9=a2, q: b . Then P-q (a+b)(a-b), !J-Ac((:(ﬁf/u':)(a;/ﬁbjl
bolhe of whichh ase gquaves. avd b ase coprimg, aa P amd q .

So  ath, a-b, a+ub c-mb ave all squaves Bt e are of Lowes al-aafeej
So  Conkinwing would ed o o  conbvaclickion, wmless pqe K.

Debinibion: Let CCIP; be a plome cwve. A swoetln peink pis infleckionagd 0
| (c.7ed, %3

Theocewm 3t Assume char K+ 2. Lek pe Ca be a

() & chav Kt a1, Yen
(v 1f

Sweo ta poiw{:, Er C. = stF"’f.

w

s \I.J\(:Leo{\to“d <=> H(X) = d—e/t [F‘n;xq‘oJ ’JGAM.SLAPS Q,/b P
chav Kla-l, an in ), but with D cuLj.

Proof of 2: [Assume 3. € W an infleckenal ?o'mt (as (X)) oo degree 3 , s fH= of
and {F=0f inberceck).  Clwose  cooydinabes
Tigoy €= (%=0), €= (Fzo). Then F(OX, X;) = X2 se FZaux] + X2 @ 0x,%,) X B0 x,)
+ x3. Asuming (9 0) is o swmeeth poink > € has degree T in X;
fn  affae space,

F(x‘g) 2 Qq, +ox +by +q17tz
De&ﬁe (Jl= b g’( - Ile_

so tal [© o1 s a Flev,

Y exy + ‘jz g

New e%uai-{on: [ .3‘2 ¥ a) vaix by xt e,
Exevese: € won-si.ugulm— S Pl %+ q;xz+q,'z va 20 bhas 3 Aistiuek solukous.
=

N switable  oovdinabes P = Alx-tx-2),

_P_WOF of 3¢ Lok ?eC be a smoeth Pciu,t, qe fPt, C-{F=of,

Thew Flprtg) = EZ i lpg; + b TP 4.q, +wob (0o Flp)= o).

lek T-= §ZF¥¢ (p) X; =0f, @= gz—F’c;xJXij :oj_ Then peC s v Hechionad

¢> Te @ » d=0 ak p as e quadiabc form wusk then be degencrate.

Assume WN=0 ok p-

Remanks: (0 pe @ ndeed, Z Fox; (B 0By = win-1) Flp) 20,  usiug
I8 Mowo qenous of degree w, Hren F=n ZTF . x

iy T= T‘-,G? (.? Chow KX n-1) . T‘,(Q)'-‘ { ZF*&‘Kj (P) PL‘KJ' :Oj
= (n-) fo_.'LPJ W

Haak F F

Theorem: !wg'gggtmél. ferllz,, 2.01:R,s=0rd £. Assume G 2l

S %v\ L ST Tl'\en
a  wACgueé

Hiere evists

5 v
wack ue R” such Haak TR E—: q’[f%“., %n-!}%s“,@ni?(éi, vahere

®re kllz,. . 2...3). (Assume char k =OJ.

Kemork: Same 5 teue

For C i i‘u”' %,‘5’
of  Hie

powes sevies Lonuuc.j-eui‘ fn Some ﬂaﬁ‘nbowhwd
ﬁ\rfaj(n.

fﬂ—a-g—: ‘Ha.ué’ R: kr[ z"" 2“]] Lct €= k[.[ %U‘v z"l, 2-:.]]/ Ri: h[[ ISJ," ‘gh-lf %H]], Zn FJ. =30
3o, ReR'c I%' [.R‘CQSOMf %.,;. | F(-?.“Y,

LT, 1)) Se Frallin), veR' R



Stnce re E, weite f:cg\’"d 3: 7 €pig h[fig,.,i“.,]]_

Now, (h(l'hr—]: Zﬂ;&‘ = Z-NL' Inc:w- f- g:eu: ﬁeutfw-' W :Eg W, gj_
B, & PPeR . Theous & Tl B e wall

2% o \+‘.:‘5 ®; 2;': . uf = E:i- “zzs; T; 2:-£ Since Yhe sum wust eud ofs,
as LdS eR

7

Exercise: i) Twink of char R=p. "f(""t’j\ s web valid,

() We lhave wed €T2., wf Comsider just RI[2 7] - wob necessanily a
riag. (Ba: (1tasate)nf1s 2'ea o) = (lbien) e )|
Magbe use ROIm.2.J0( %1

Theorewm: Take R=R. Wale kOJ* =, RK™) -Frockional formal powes sevies

ROO® s algebuicatly closed.
Wi preve Huis  for c.av\ucrgemt Frockional fower tey(es,

G = (p('xpg):OJ, take Pec-. Assume C has wo w.u.Uc(P\e c,aw«pmc-d:s.
o¢ (._js + Z‘P;(nufﬁ ;o), Aa'xé-u O bloLomarF\n.al‘c. Clroose A small 2ucugh
so  taek (F-3=O}I\C‘—‘ P, \
Then consiker e Cunchion C-120} ;

x |

Ax—{ci ———t—
This i & smocth  covering wep. Every counecked olomosphic  covening of
B~0 s isomepic to A -fo} ~—> D~iof

& i— {;d
S¢ C - {0,0} = }_J- AJ! (:J —> ‘:Jnj, (z-n‘]':s]‘
we howe:
WA & Cofesh < ALx b

&5, %;0e5)
Jﬂ\r_/’_l"\é 3, Eiley)

65 e Ay-Sof

Waouws Mot F (b;“‘} 33 (EJJJ O, This wawy, o‘]ol' Aistinck Mewmvrrwc FMM—etwiao,{ﬁ'oaS’
D; ~fef » €5 > (4 ¥ (¢)).
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