04 Rings and Modules Lent 1996
Example sheet 1 (of 4).

All rings are commutative with 1

1. Let A be a set satisfying all the axioms for a ring with identity except for commu-
tativity of addition. Show that this can be deduced from the other axioms.

2. Show from the ring axioms that 0 x £ = 0.

3. (a) Let R be aring, X a set. Show that the set R of all maps f : X — R is a ring
under pointwise operations. When is RX a field? =

(b) Define a function f € R¥ to be of finite support if the set {z € X : f(z) # 0}
is finite. Show that the functions of finite support form a subring R(*) of RX. When
is it a field?

4. Which of the following sets of functions are rings under the pointwise operations?
(a) continuous functions (0,1) — [0, 1];
(b) continuous functions (0,1) — R;
(c) differentiable functions (0,1) — R;
(d) analytic functions C — C;

(e) continuous functions f : (0,1) — R such that 1/f is also continuous.

5. Let A be an Abelian group (written additively) and A# the set of all maps from A
to A with pointwise addition. Define multiplication to be composition of maps.

(a) Show that this does not in general give A4 a ring structure.

(b) Let £(A) be the subset of A4 consisting of group homomorphisms from A
to itself. Show that with multiplication defined as composition, £(A) satlsﬁes all the
axioms for a ring except commutativity of multiplication.

(c) Show that &£ (A] is a ring when A is a cyclic group.

6. Let R = Z[/—d] be the set of all complex numbers of the form z = a + bv/—d where
a,b are integers and d is a square-free natural number. Show that R is a ring with 4
“units if d = 1 and 2 units otherwise.

[Hint: define N(z) = 2z and deduce that z is a unit iff N(z) = 1]
7. Let R be a ring and d € R. Define addition and multiplication on R x R by
(z,9) + (w,v) = (T +w,y +v)
(z,9) - (u,v) = (zu + dyv, zv + yu).
Show that with these operations, R x R is a ring, denoted by R[v/d]. What is R[v/1]?

8. Let S be a non-zero subring of a ring R. Say which of the following assertions are
true and which are false, giving proofs or counter-examples.
(i) If R has no non-zero divisors of zero, then neither has 5.
(ii) If S has no non-zero divisors of zero, then neither has R.
(iii) The characteristics of R and S are equal.
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