_@_f_gg_s and  Maodules.

Ls Q(v\gs.

. g m R s a ;e,t eiw‘??eof wida @?Qfd-'{'l.oﬂ’f + [adﬁt{-t‘m\)/ e [nec‘,a}{oh)/
X fmd&—i?Ucaﬂon)’ and  special doments O (2eve) amd 1 [ong wity, (denhty),
Wit properkes:

A R+, -, 0 form an obelian group. Te N oo,z eR

(ro) ¢ losed : x4y € R
(A associakve r (xay)+2 = 2¢+ (y+2)
() fal-euh‘{—jf X4 O #2042 = 2
(A2 Javevse ! N +[-x) = (~%) +X = 0O
(Aw) Lommuwlakive ! X+Hy =y +x
@) Rx 1 Form a monsid:
(80) closed: xyeR
(8Y assocahive: xlyz) = xy2
8Y idewhty: x.lzlx = %
(81 cowmmubakive: XY = Yy
(@) Mutkplcabon distributes over addidion, ie:
(c) xly+2)= Ay 4 x2
(c2) [\j+t];¢= Yx + 2x,

1

Note' wmany books de wet assume B 62,83 - Speq,k ol r,COMMu}foJ{Je Tlrv(ﬁ wth a i‘.

Examgles: () The wlgers, Z, foem a awg  wnoler the usual yeles.

() The vohownals, &R.

(i Tae Nai;/ \R } Blso E‘M\‘ (e division s ?DSS\.LLQ,

(19 The complexes, €.

(v) Recall that Cmng,d wmod w  are Cclasres of aneged waoles the
velabion a zb mod m , e wlla-b . We t'o(.lw{—{pg Hie casses Lot Hee
represenkahves Ol .., w-l. Let la] dencte 4he class of integers
wnﬂruewt Yo o (mod m). Define + -, x on such olass‘es b‘j:

(0] +[b) = (asb] ~[a] - [-a] [alx[b] = [ab], Must check Hat Huir i

wEU'OlGCW\ed: i, WF [“]’[G'], Do]‘-‘[la']' Kaen [Q*b]‘- [a'+b'],efc. To-cudal Faaoﬁ,
Now easy Lo check Yuat classes itﬁ]j foem a n‘vxﬁ caled Z(nZ, ua’*’-"
(o] and [1] ood @5 2ere amd oue rﬂpeouvelag- “cesioe class ring  weobilo w -

; Cdns%molx'o.ns.
Lek R, S be wngs. The diveck product or Castesian product RxS= § tns): reR, seS],
with e lons © U, s) 4 (els) = Lesel g5, ~(e3) = (~0,-3) | (o, g)x(v's) Zrel 55 omd

(g 45) = "'-, [0,0:) =0

- Exaumple: Zsy x Zpg ~ Zyg



| _PO(hlnovw;ai R%L

Let R be « riu.g, Cous. cler Sl-’imcea oF Forg [Ca,C‘,C,,.--) i oleved b.ﬁ “\;o,
with property thet ¢ =0 VUn greater thanm Some value ( depeucivg oun sequen ce/.

- Add s€quemers by [co) ¥ldy) = [cnsdy] - o(zwbj of e same type.

N\‘-vu"?(’{) 384 i Ces by fCXGUp. = kéékdn—h + alee of same type.

Su_{?fmje Cr 2 V(ON Lol;=0 NIPM L Thew, 2f V\)WHN) B 5 IS n-k)N}

L b 0 & Apr =@ , So (exd),, = Z(zero) = &

| dlewkily  sequances (o) with polywondal ZenX”,

New, {Ze 3" ] Zelu X" = %',2_; Ceolar X7 ~usual eude Lor Mﬂm?h'cai'{am . R

X » wa«pl.g o notational device. Somehmes call X am rr&nd@tﬁm@naﬁ“ or

”_t_ﬂw“ 'imPlACo.:l—iOm always thakt @ Pohjm\u;al ¥ wt o fammuda

w R o6 even o wappiag - SCM?L:; & sequencs of coefFicients.

Denote by R the set of all polynowvals with ceefficients in R, (X as veabal g~
Clovm RLX] & a Ang ot addition aund Mﬁp“caﬁam as olefined.

Define neqakion by: £z ZeX" D -F: Zewix"  Tue zero eloment of RIX
s the sequomee (9,00, = 04 oX +ox% = 0. The wmby n RExT is Hue
cequemee (1,00,.) = L +OX + = 1 The coustank teom of a Pohjwowal is
the 0% term , (e the weflficient of X°.

We \wave to verily all axiowms for a vinag, “@% e e v\ft‘h u)t'wda:) tnial s
associativily of M%Fugc}aﬁﬂn: (texd)x &)y, G lodlgeny, =2 Z, 0 dej eqp

o J':Zo FZ.‘J c"l dh—'j en'k - j=o lhz=0 cj O{M ‘e“-j'm :;:E CJ. [dxej“'.\‘ = {cx(alxe))h_

The coustaut teom, (o +do) = lerd), | (cxd)o = T (o = constout, cocla.
So, Foij\.ow@als (x,0eo. ) “leck Uke" elowents of R.

. Su)bn‘%s

A Su.b.riv\g S of a\riw\ﬂ R is a subset of K which s a n‘nﬁ et inhenled
0?2(0.!:1'9015 from R in ?dt‘hwlm, O 1esS, amd $ has to be Aesed  wmoler
addition, wegakon omd wmulhplication. Asso ciakity, towmmutabtivily  aud
dA'sh{Bd—ih'hj are follows fom R.  For e}amp\l, L \s a su.j:\n.'u.g of @ @ of IR/ R of €.

We observed Wl constant ?objmpwim{s s RN Porun = subring isomecplide + R.

\n  pavhuler, the additive group of S s a subgroup of addiive oo up of R.
So apply amy weaulds about suboroups - ¢4 Lagramges Theovem, ie  (F R ois

fmke and € 2 a subdawg of K e Isi|IRI.



Ma..fs ?)et'weu\ Ru.\@rg_

Ag‘gg homomorpwism lor mgm} from e R to siey T isa maep TR>T

whn ch preserves  ald algebiaic opecakions. Te, xgeR: Plxey) = Flx) + @ly), Pl-s)= - Pl)

Plny) = @) Py, Ploj =, Pl =1.

ln Par'l'ta.laf, ¢ Preserves M addi bve sfmol'w-e, so ¥ voa Womo w0 splansim

of qrewps, Looking ok addibive Groups w R and T,

D'Fh\e the M of qJ, Rec @ := {-xe R: @)= O}‘

Define e Soog rupince alached t0 P ay velahon xzg <D ®lx) = Fly) .

Exg_ﬁg(& ¢ Z= Z/MZj x> [x]. We showed thet @ o @ riag \APMoMupWSM
wlunle S(A.ow;.u\ﬂ ZinZ w a ing. Res= m Z, Congrun ce alttached s
x 29 <> @lx) = Q) <D x podm ° Yy modm <> xzy weod wa.

Pmmsih'om-’ Ze w am egwiualemee velation.
EE_G.E-' We have o show - (éuive L ‘P[x) = (P{x) = X =,

Nng;:v{f_r @fx) = @Lﬂ 2 c?(gji Cpla:{i So XZy 22 gy = x.
Yramsitive: @bf = By @ly): ¥Uz) > @) - @lz)

Furu»\uw\.ore, delbintion of @ impUes Hak F @b = @) 4d ) = Ply) Hn
@Ux) + @lyj = Plx) + Ply) , so Pl +y) < Pbisyl) . Se, 1%2‘-’, ‘jigi D i "“J*"ﬂ.'

Execise © Fp as ?voperfq‘es: €z, ug;‘j‘, Heen x+<je;t‘+3[1 —x s—)ef/ Xy oy

Deladion: An (abstrodh) conguuence ov R 15 am  epuuvalenes elabion = such  that
, sxz' aud szg' D ey 2 x vyl -x E—xi 70y E n'y'

A Oov\ﬂruwcz = ?m-ff{-t'ws R inkp classes [#])= Sgeﬁf 1535. A Spéot'al clagr s [o]
How: (£ xttjefﬁ]  then  xegele] -xele] xyele].
Ca—oﬂ% [o] v an additive Su,oaroup of K

ProchC{'{Ovl'- Su.P‘ovye 9(6[03 CLud W oy mw oF R Tl’\{n/ nNIrE = R 6[0].
Proe € HZO  v2f, so A¢ = Or 20, 5o av GLDJ.

Tn Susmmary, Loj » am  addibive 5@3“)“‘9 of K ul»\)»ci/\ is closed  wmder mwu‘!‘fa[.«'tai'l'm Ly
Hee WLWLIZ of K.

Aa  Joleal  in R a subset T of R swoh Hat ()T v 4 SU‘L??MMP wnder additon
tir X b O&’ﬂ’d wnd Ly Mu/u';{)(kcai‘!On b‘j G-Wnﬂ‘Hr\nng ws R [ff, x2E I—, I‘ER"> Xy e I/

So, the twe Reviows propesitions say Huat F 2 0 am  abstrdt congruence, thon
(] © an ideal



}Praeos..-{-[on: Let I be an ideal MR omd define a velakon ~ on R by
L amy €D x-y e T Thew, ~ ¥ o ongruence and I- (o] for ~.
Procf: We Fust Mave & shwow s~ 0 anm e%mua}wu relatnon .
‘ R: T b owm addibive Sf&Lgmuf’ so x-xel e .
St T o closed wnder vwﬂai‘l'ova, so F x-y)e T & -lx-y) =9-¥) el
T L 0 dosed wmder addition, so x-yel y-21el D lxwy)ly-y = x-2¢ L
: So v ¥ o uivalence elation.
: Now we ned to shew € is a cong ruemee, ie, i F s oud Lj‘”*al; s
)(M;v,(\.‘j'; o e M*-x'é‘ll (d-(ale'I, so dx=2¢') ‘f’((o"-;a;)é'.[ 5 P o4~ tj-ﬁ-‘ﬁl‘-
i - m 't hawe ~fa-n')el , Se = (') eI so -x~ -x g
E A v x’g(f ) e T Y- vglfi S f'x-—x')gc-l-, #'ly -q) €L <o (k-x!)ﬂ +a'ly~y) e -I,
g 5o Y = A 7
; So ~ v o CONGPURNCL . ?ma/qu EO] S‘j ‘j"”"} i‘j = Ofli {ﬂ D"If’

Examples of idleals: () Kecnels of Weo cpladsies.
(i) Sof (ofem wowmthn©) iy any (ng. € sell o am (deal AR Tuese
ave trivigl (deals wn R. Others, i Auny, awe aon-tiwial o Popec, \ Leals.
(1) Lek weR GO =% xe ceR] This is e pancigal ideal on %[ with Genemder x/
Cneck toleal © f xr aud zs € <’>/ Xr4oes T A(eas) € D 5 =¥E % Mlg] & <o),
x.0:z0ed. IF R, (ar)b = xtet) €<X3 50 Aone

!Eroeoyl-“'gw: Z s o Yowg ‘ lce every jleak s P"i'ﬂc‘;F“JJ‘

Broof: Lot T be an ideal of Z. Fist,iF T:Jojz o> 1F pot, I non- zero

l Aements in I, ond sive T s closed  wundes neﬂa.,{-l'ow, E| PoSL'H\'G elemends.

: Let S be a {ﬂo"‘—m‘pl"d) sel of ?as{{-l'ue elements of T. 2y Hae on—mobn’wj
properky, it bar o lLast elemenkt g say.  Caim @@ I -Cg>.

g€ S,aud 31, s ge L, 5o Sg2 - fgr: reZi € I. $So suppose, (€
Posn'bhz, Wat T #<g>, 5o Txe Il it i 4<g>, te xeT aumd »x wot a
mlbple ofg. Divicle ¥ by g o %,{.,e xzqq + with ©¢vrlg.  New,
i ol 994, el s5ocel . Buk >0 and v<qg -, Ss X249 ,aucdl Z o a PIR
!Lef * be an abstrach cougrucnce, amol T the osresiabed ideal. Let R/I, ov R/z,
| Hamole the et of closres : § (] xeRf - =8

iDQF{me oP@a}\ous [»] +Ly] = L'M'j] -] - Exd, [21.04]- [’“9]

iEngﬂEcn: it opua)lem j\m{' o{eﬁine&,owd SPP_u:r.J. elewents [UJ amdd [‘J ["" Raaud
1 amdd  one, R/T b o vng.

jHa»e wap GLI:Q“> R/I, x> [x] - QEEM ap.

\
|
|
\_P_ﬂp_gﬂh_gu_ qul—ie«uf Map b o nwg  Mmevphdsm
‘_I“’_E q’lx{ﬂ) =[sey] = ﬁwjﬂ[ﬂ = qln) + 4,4 alE,
\
[
|



iMPaSc{ﬂoa The couqruenmce and  idead oMlached 4o Hne Cibw{ﬂ'e"l' Morplai.m GLI-‘P" R/

ase J«sf the oﬁg\'ml =

and I,
gme-. Rerqs = § ueRi g (g Opy) = TyeRilyf=Lo]f =

{350f=l’-.

Iheow let €:R~=T be any MO{PLMSM L ek thQf(R Sz PR, Then K u an

: vAmal Y Q)'Sw as:.clomig oPT S% Rk,
P_rogf_’ Have alrw(.gol.owe K © an Laleal
€ isa suba need {:oc,l,le(j OlégngScX_p;eaQ wndes + -, x.
Plog = 0reS @lly) = treS  Pluay) = Pl @ly) €S, - Cx) = Pl-x) e,
Cy) : P €S, 50 S v o subang
DeCve @ R4 S (=) @6 swrjachive.
["]:[?"} i€ xzx FF X—%’&K fE Plx-x):0 ff Plx)-¥)=0  CF @lx) = Pl
Noke:

—

ar o waller of peinceple it s often easiest to

f.awe some suhsel 5 aun 1deal

by idekfying o merplusm be wach £ &5 o Remel | Siwlady fv o subang | to

; o wovphsm
dﬁ.»“‘j WP

e olsewed Huak Z s o PR, e, any
?oséu\!e doment. Note alse “at if
Actewned | stace €U
 amd Qo) o

jdeal
¥ ZL->R
i+.-+]

zlg amd w-=
Tws defines a M-LM thusm

| So qiven R, leb @ be Huis  wwque  worpldsm,
| cjwaailw 2O

we lhave ‘,u— +lr2 : Op , aund

or O F theae s wo sudn  portlue  auimber.

Fuctlies, e image of w.—PWS.M i e sdvn}ﬁ of R

z “Jl* el
e chavctorikc  of R, <> cleweber prncipal ioleal.

amd  comsits of ol elements Op, 3[g,

and *2/.7 if cto.

.CG*J-"I‘O\A' < is  aet Mecesm,n'hj @ Pn‘me

A-ﬂ .mPeq—{’Mjf aa.««f:& eF a

“l+-41)

rr(usw ases  Fom ?objmwal r1gs.

w\fwzln b the wnaﬁe

in /A is ?nfilc«'PJ w;‘ua aeﬂecm{-w (mdé
5 a mrrbw.sm ten P ir wm'p(.d,‘elj

Pl)+ -+ Fly
1Al Limes. 50, Fln) = A@)r - + @ly .

tn] times

L~ owy Grvem g R
@: TR Kee® = idead of T with some

We Hefine Hhe avaborsbic of R to be s geu&mﬂw'.
¢ s the laskt pestie  number with Huis Pwr‘a{‘\j/

called  toe prime subang of R,
Now, i €= z/<c)

Hewee, pume fuén'.»j & 7 F exo)

, where < s

Vv ber,

Poijwmalr over wiug R. Fov any aeR (eb 7, be the wap <, ¢ FOJ>Fa/ Tecxter Zegq

go} a R[*'J =R,

~ Sa Z(;a‘

Propesitio

C‘N sewm€

| froof: We aiwm

@(k} & Rix].

¥ oaFe IH-g) L E ™ wai®
e Flx) = [X"&)c;[)d +F(a).

+a™) 8,

RewaindeTheomem): e @ is <X=a> | principal iclial.

piove €06 = [(e) mmed <x=aD>. Fist we olsewe x'
Zig, X

The defiubion aakes sewse a4 ow{.‘j ﬁml‘dj oy € ase @ fon- evo,
U oo Gabe opresion m R omd 5o can be evaluatel. Clar et y 5 @

MchLMS'M
{ncleed, €C)= (x-a)qlx) + Fla)

il X=-aD since
aod <’<~a> , ‘e F0z Ha) med <x-ap

ol Z(,ar



med 2
Bramales 200 odow it Last dhe PE, F""FQ'L? Giasitas Z[X] F-—-—? Z/2g .
Fic) —>  flo) 1—> Flo) wed 2

Lewwa: If R—q;!'f RS , then Hue cowposite Y R—=T s also a mrpbvissu.
Proof: €ay exercise.

So  cousiler w: Z[X] = 2/221- €lx) — Ele) pod2 - 4 Mor?‘-u'sm. Y

K Rews (FE ZO0: F10) i even] W am idel. Claim K i ek prineipal.

We see Mok Rer(n,) = X0, o 4 (X)=0, 50 x(X)70 med2 =0, 50 xeK.
Salady , polgnomeal 2 mod 220, so 26 K. Now sugpese NS possible at
K= <R0>. Then X w a wubple of R and 2 &5 a mulbyle oFk, 5
ROO=0. Bk K= <D D K= 20X Bt Hen euexjﬂ»\;.g in Z0X] would 9e t»2 O
wader o, Yok oll) 16 0 med 2. ¥

CSe K canndt  be Priwalpai, co ZDX) s wet a PIR.

Define o  eloment *€R to be  wwerbble f 3 x7' €R such Hab xx' = xx = g,
Fo-r éea.,mphé,/ ‘M\Je,;‘lr\l.u.z JME«W*?S OF-' Z asre r[.
‘ 252 are $1,S modbf

®  re  pem-iero clements.
| st are $1,2,36 modS)- ¢ the non-2ero eloments.
Cady 0 i never cmverkible (excgt wben ©=L in g R:$0f)

_?m,?_ascetm The wnverkible cloments of Rbem o group R™ o UR) Hie wntgrep
ogk UMAU Mu,u't wou
ook Psseciohwe- . 1eR” \numes (9 =), Uoswrer F g ase mverkble
it pvesses y", 9 MAMNM Heen %y hao  taverse nj"xd-

Neole - the grouvp is cOMmu},'v«L"NE.

Definbion: A fedd F is o ang in wiich all uom-2e olements are lavedible.
Ye. UlF)= Fiol.

el $od .5 ke Dl

P_mfiﬁm ideals of Feld F are just trvial ones, e jof=<o> , §(j= <id.
EProo(:: Let T be an ideal. iFT£<0> , then 3¢eI,Xt—O- So x uaoe-)l'vb(z/ so
E 1)('6]: " \FGI. Now f F auy @lwewt of F ‘%\.w f FE—I, se I=F,

| Renee @ nag wio Lu.j-m @ F>T (T a vlag ) s ecHaer%emma.‘o Fe OF Lt
. Reel F’ or Wl herv\d $0] amd s an MJed-wﬂ Now F @ 5 He zer mep,
e @0, bt Rzl 5o T=Toztf is %o g A mecplsm of Relds is a
n»ﬁ mrp\mm vaida s mxt He wm map. So a m,.-';lmxm of Relda s an leeo‘:lon
Waﬂe is ahield iso M.o.rp‘/uc LoF. Denole [13 2 e - pone mopWhigi




EW&” of felds: @, ﬂz, q. Clain  Hiak Z/PZ is o Reld for F Pnfme.

Proaceiilon: Lot R = Wz i = e wedur =1f

m@‘zﬂhw\' . Then wmod w0 (2 m) :

COQLLM%-' V€ P i3 prme, U[H‘/pl) = Sa Mod‘:r a® 0 mod P}; so Z/FZ is o Geld.

P_wo_(:_'- (f dla ownd di\m, d>‘, Hhen o mod m  cannel be laverhble. Bem.usq
ab=z| modm ab =l +m ", bt d\a, Alm > A1 - 2. Cmu&rselg, Suppese
{am) =1. gg Euclid < ALﬂw{‘HAM, we camn conri'rw}’.z.g cuch Heat wmX +ay =], aud
Hnoj cuj%l . 9 mod M WV om wvese for o modm.

Now we consider Hee Aiaesclecistie of o field F . \F ot 2eww, suppese it is ¢, e
Z->F 11, \as kemel <>, and 2Lz is {mag € of aap. Soe a Geld of
c)‘ddacleu{s{‘fc < cpnl'au'uf @ “wpy of Z/(,z 5

P[ggosiﬂaﬂf The chavecdterstic ¢(F) s © o a f,\f-{me-

Croof Uadmn < i eron‘l‘e D L/l s not isomevplic © aw subring oF any Reld.
\ndeed, if ¢z de it dedl, so d (=1+4) and el= - +) ave wot zem
thew de 20 medc, ¢ de ave ew divhes, Pud afield caunot contain 2w
divisoss: foe, F xy=0 il 2y bl won-%w, then |Zxgy'x - oy'x":0 #
as 146 (a o Fed. We shewed a Feld has we T divisos.

Wwe el a v-{ag Ean ln‘;g!al Domgi‘v\ (1d) F Yeve are o e - divisers.

—xMPw: AN-_») Qdo{
L is an ID (bt aot afield)
LwZ is an ID D p i prime.
Asubu'ag of ¢ fdd ic aw ID.

Theowem: (E D {5 oum ID, Hen there (s o Feld F cobainivg @ subdug ) isownonp Wic 0
and suchh thak every elemend of F is of [orm d,d;', whese C!(,J, eD.

Let S= non-tere elomests I dowmain V- E;j Aefimition, if 5,5, €5 taea s s, D Cousider
produick seb PxS 2] (ds): dei) seSf. Seb wp celahon ~ on DaS ¢ [dis)~(d)s)e> de! = ol's,
Claim ~ is an e‘iwfaalzuez relation.
R AS-‘AS, so [ds)~(ds). b (dls)nvl'dis' =2 [dls') :[d,.r).
T Jds' = d's omd ds= s , 5@ As’s" = d'ss”  and A's's ds's

\iwce/ As'st = oCHS'sI so fa‘s"-—dus)Si:O =5 ds""d”f O , e, As’ = d's
Lek dis denete the ~ clas of (ds), (e s = dft <> ds'=ds.
ive ) weld proceeé' to Aeline n‘.uj owa)n'om on Hrese olasses: %* :_{,' = d;‘s:'ds N “?—‘ = o
%:"n = g‘_ wWe  will ehech Hot Bl wmakes seuse.




(/Léohu.g well - glel:med o

! d e _ de+es A’ e _ M'
Y| SupPose d” Z d/S . 1€ o!s' z d’s, So: F g E S s’f e - s'e - musk show C%ual
Must show: (db+es)s't = (L't vesdst ¢D dbs't+ ess't = A'bst +essb ¢ ds'e® = d's ¢?

<D (ds'-ds) €' =0, (8¢5 50 t10) D ds'-ds 20 <> ds': A’;

Ui Suppese ?’ s, “e dstsde 9 ~d's s H T+ =
! - de _J'e - & 5 de, de
s e, &s'=ds, e aumd. swwwlax@ o il

[\u} F'Awu.cj

—d'

-A _,,' _(A)

e, + -, X aU wake seuse. P Y,
r ! e =
Fu.ru/\u/ ?+?:qj._‘;-|f'§ISa? 5 a ?-enpdw.au\t &(FCQ)I aund [TJ'{I):F"S‘;
§
Se 7 IS one Aew enk for F(D
N Wave & ven g QX iowms.
| e vl e) £ #E?;r?ﬂ_ (de res)us F60  dlbw) e slewebd) ol pus bt _ d, {.E_ +f)
| pu: [? elte T S ta G (56} - sltul $ Eu = £«
g
FALY T s »em.
‘ = (-d)s (d-dls _ o _ o
1A%—\ ;.él-& Fi d‘s;a ‘—5-_._ = ;}_ = "_ S‘:J\u @\ :O.ﬁl-
‘ e e 4
LA ?*E T ety ¢
asae Bl Bl BLE) - 2 1AL
e <xlga Eu st st/
[ L ,l is one.
383: x Y3 mwmufm!—i&.

;Su FOO) 5 & g, Now ek £ 5 o Bed.

|
4
i

‘ To be
| d L g
£ '

Now,

i
£ S

?

S

5

wd‘[’ IQ: I-'(:) Ol =11 £=> o= L.

: - d
o Reld , consider inverkitle elemends. We claim 22 ¢>dt0. lndedd,
<D dizso0zo0 <>do. \F ?4’.‘2( 'Hney\ d#o - 50 deS so j € Fib),

s
d 7 sd

i
T

, Sinck lols = 1g .

So Wevy  nown - & lement ofF FD) s \'nvu{';u(’ omd F)) is a RBeld.
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