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1. Find the general solution of the system of equations

d$1 d$2
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Consider the solution with initial condition (z1,z2)(0) = (1,1). What is the largest interval
on which the solution is defined?

2. Show that the function f(¢,z) = +/|z| does not satisfy a Lipschitz condition with respect
to z in any rectangle centred at the origin in the (¢,z) plane. Consider the differential

equation
dz
-E; —-2\/|$[

with initial condition z(0) = 0. Show that for any nonnegative value of the constant c, the

function
z(t)=(t—c)® for t>c¢ and z(t)=0 for t<ec

is a solution to the problem. Does this contradict the existence theorem for ordinary
differential equations?

3. Consider the equation
Ju i du
W= — =
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and the initial curve S : (z,y) = (s,s) for s > 0. Decide whether there is a unique
solution, no solution or infinitely many solutions in a neighbourhood of (1,1) for each of
the following initial conditions on S: (a) u = 2s (b) u = s (¢) u = sin(7/2)s.

4. Derive the formula u = f(z; —ai(u)y,...,zn — an(u)y) for the solution of the equation
o du  Ou
_— =8 = n T - = O
al(u)aacl e iR (”)amn * oy
with initial condition u(z1,...,zn,0) = f(z1,...,Za).

5. Let u be a C1 solution to

0 0
a(e,4)g; + bz, v)5, = —u

on the disk {(z,y) : 2* + y? < 1}, and suppose a(z,y)z + b(z,y)y > 0 on the boundary.
By considering the conditions for a maximum on the boundary, deduce that u vanishes
identically.
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1. For the multi-index @ = (ay,...,ay), prove that
al < |alt < nlvlal
2. In multi-index notation, prove that

ppo— M ap
e

if a; > f; for all 1 <1 < n, and is zero otherwise.

3. Let P and Q be scalar linear differential operators of orders m and n respectively. Give
an example where PQ has order strictly less than m +n. If P or @ is elliptic, show that
the order is m + n.

4. Let V be the space of all scalar linear differential operators of order <1 on R"™. Show
that if P,Q € V, then [P, Q] = PQ—QP € V, and that [P[Q, R]]+[R[P, Q|| +[Q[R, P]] = 0.
Let P € V be of order 1. If P is elliptic, show that n = 1. If n = 1 and P is elliptic, show
that [P, Q] = 0 if and only if @ = aP + b for constants a, b.

5. (a) Show that the differential operator
10 : 0 0 1 0 =z
is elliptic.
(b) Show that if a scalar operator of odd order on R™ is elliptic, then n = 1.

6. Show that the Schwartz space S(R™) is the largest subspace of L' (R") which is invariant
under the operations f + 8f/0z; and f +— z;f for all 1 <1 <n.

7. Try and construct a function f € S(R) which does not have exponential decay: i.e. for
all a,b > 0, e?l*!’ f is unbounded.

8. Use contour integral methods to prove that the Fourier transform takes the function
2 .
e~ % /2 € S(R) to itself.

9. The nth Hermite polynomial H,(z) is defined by the generating function
Z H.(z)t" [n! = g
0
Show that the Fourier transform of H n(:t:)e—"z/r 2 € S(R) is a multiple of itself.
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