Pastal O F(Fexem L

‘f\'t'ma{u S&'oﬂ.

Bim: glve a taste & the koh;q/us’ necessary tOc sowlng  and  cuelysiag PDEs.

| o L e de, P
!L X e T + 9——-‘., + 3.1‘_;.7' :‘o. Otssgm‘! Oﬂ— 93(1 fa = + 49 =3 ‘n'(zll'xz' 1'3)

&&PL—N—M’ F(%’e QM"'l‘jH‘-’ soluhon tv W«j-Ef?«Wm\n e?)"-ahom_

I.

Q_ i

|M_ﬁ&bm = Bt .
Q_M_L&MM Liwv)

ist FMW Fom' Fd.ul w3 e 5 Bl

isothermal cosrolinates: (:(,‘j) _ So we Uave ulxy), vixy).
dus wdx rugdy, obe. Bl + 2Foludn + Gou? = Hixy) [doc +dy’
(Via wzusiv, 2z xaiy)
(otw 4-'#6{5)(0{5 +/uo(.m) = Hdad:
Azr= \a(olwirﬂdm) 3 6...} \4, s —/u,ln ,SO, '/A Qﬁ - Selbum E’iua.){"\oﬂ-
lsothermal werduakes exist <> soluing 'BMS e%mm

2 :
c_ﬂ:g&«ﬂ ‘Qggg Ml gﬁi = =KW,
Can e Gmd a_ Function £ Su.dn that e (Edu + quo\» +de) s e mebnc
OF constauk  curvakure |
<— (g H + _f_f "'CHJ 2> (:IF :) :"CCF*'.K - aon-(inear differeshel eguation.
s o 2103 -] v
Mincwal sacfaces: 2= uln,g). [l+u:)u,, r Bxluug iy, (4w, ) Wy * 0,

n isothemal wordinakes, [ + Cay? O [rn Iz by, NeaCa? C’].
Oifferehal c]e.emp,hg njfzids sr._»):teus of POEs.

U be oncemed wmowly with: ¢ Unear aquahows fer o scalay funckion,
eviskence of soluttows,
Miqluenes: ’ Tequire dhesvy of distabubions.
. feq)vla.«-it-y h
§ GM?\NM{S-Q e W‘j‘j wi Ha Vinean u.f.gejwu.

! 39 | e @
Exawmple: o ' ?E +% = ke dAS'l'}}?ﬁww of wass. Polul wass ~» s potenhel.
?-

i le-¢l

= C.z)wrm’f w»‘t{ﬂ QX"" b, b= zbg({, (‘]ic :Q;’ ?b;’(;—SMou Dc Ax:b.



é_Exwﬂgs: ) g =% , xlor=\. =D x=et  exists amd s €7 V.
| 2

/
& ) | :
() & o ; 1(0) =\ > -; = k*c, j(b}:l 5 B ol "‘ = X ;l‘__é ’ u\sf‘ ‘1 {-wg \')-

Sustew of ODEs: j—}‘ = Q(at,..,ud, t) , V€S,
i—-}! = F“.‘,x)’ xr (d‘g) _,;le‘" ) F, [,‘lgjgu .-a\?n' u ¢ ‘Rn‘
T]ﬂ@o.rm L. [Ptouds'fh@ieu) Let Ht x) be conbmucws on 16 <a amd W-21€b  and
sabishy a  Lipschibz condibion: Whik) - E(E g € clx 9“ Thew, iF W= minla, 2),

; where m-mfus:fci‘b\\“t,z)“ Yhe differewtial %uabo-\ Ji: = flt) Wan o wique
' solubion for LEl <h  aith  nitedl  condiblon x(o) = %

Mﬁmm&mml Let Mbe @ (‘Dmp(d‘e metinc space, aud T: MM swch
Yat d(TxTy) € Rd(x.9) \‘})‘tj where R<I, T\nen T W2 a winique fixecl pofui‘.

Prock: Ciwoge ao €M, A(T"x,, T'%) $R™ d(x,, T""x,), [(wlog n2m)
| ¢ R™ Al Tog) +d (T, T2 ) 40 A (T3, 12 x, )]

S \‘Midf"o,"'xa) y Rd(x,, Tap)+ * K m"'d(x,,‘\‘x,)} k(R4 4R ) d(xe, Tx,)

< .:E"d(ﬂc, ™) =0 a m=n (k<))

So, given €20, IN such that wdN > AT %, T"%) <€ VYadm.

L 1T B e Canchmy seguence , aud (Pvenes to xeM.

xz Mw T, Tws }:‘;‘;T""x, =x , go x s afixed polak of T
Mencss: suppose Tz, Ty=g. Then Alx,y) = d(Tx, Ty) S Rd(ny). Bt R, so this
is \mpossible wnless dfxb.,jj:o.

Rewark: The same reqdk Wolds f T sakislies the conditions of the Yrew.em.

guﬂ»sc TR x =x. Clodan Yoat Tx is alte a Eixed poiwh.
TR(T::)= T(%) = Ta. !}niQuwcss D T =

Procf of Theorew A2 Lock for o Fixed ?m)c of (T (0 = x, +f €05, x0) ds.

\6 Tu=x, thea by differeatabion = FlEn(e) and xlo) = x,
) Let m= Lxe C(cwnl,RY): m) xS MWl € b
Let dfxl&),glﬂ) \i‘fﬁ, Wb - ywil, [m,d) s a compleke mebn'c space.
W) Does T map M 4o M7
C""““Wl‘j of > T maps  Cowhtamous > owklwuwous. '
Txte) = Ay, So tmbiad Con l‘lwl is ohmj “ Txf.l"‘xe“ € f “F(S x(!)}llds $wmh [ 5“‘1’““{]
i) VTR -TRyto) € f WELs, TR x(50)8 - (5, T“‘,uﬂl\d: ‘c f DT -ty 0ds  (Lpschita)
(i) Vduchvely assume BT xit)-T'yinl £ ‘L:“ Wt -yl
(=05 okay
Rt € Ry
fow Gii), with L=k-1, i T -r".,l,.)n .fu;_,‘,’!'llx-gn‘cf; T P ‘;r -y it
Fov ony 2, ';z-‘{*o , so fc sufivently lame R, T is o cowlackion M PP g



dg s a™
M G oan” F[xr‘ﬂ,&?.:z,ln-s)-d
9

d"u-n
Seb g, - M. Geb: B4,

e ol F[z,g,g.,vr, ‘da--)

i‘l&

L, d dag _
ti) Geodusics tn Riewamnian geometiy: AT Zn Cn JT:" d; .

O o (o):a; Aifo) = b
B »:
Theogew 1.3 { \nverse Fwoue.nw%&l: Let UC\R“ be an opea sek amd £: U=R" be a
C' Cunchion Such tuat DP(x,) is {wverbible for some x €U. Then, I neighbowr hoeds
Vo of %, Fxy , such that F VW o € e @
Reocf: First, noemalise by Sebbiag %y fxz ©, Dffo) = I.  [by tamlation, linew bausfomakion)
let oln) x- €l [Recall thiat MAN= iaf, HAxh]
Dglo): T-T=0, so by conbiamity , 3 r>0 such that Weli<2r > 1Dgpyli <.
From MNT Waioli € glixll 1F b <2, S0 o Blo,r) > Blo,4v)
Consider g, (¥) = g +x- Fx). [Nd:-c tuak g, (x) - x oy €],
iF W€ dr aud Ml <r, baen Hlo, 0l € 3v +Mgtab £ frafecr
So a,: Rlo,) » Bloy) - a compleke wekn  space.
“‘_’ns(x,\'g,tx,)ﬂ = Wgix,) - gl € 3 -0, by MVT. So @y 45 @ conkrechion mqut\nq,
amd o Was & unique Fxed folwt v Blon)
So we Wave an iavere, P=F
(i) @ _conbinuoys: W, ~xzh & Wby - Ryl + W AIx) - 9lxe)y € | = PR N P
So Mix, -8 € 2WFlx) -FO |, je, WPl - Pl € 20y -9, |l - continuous, Lipschitz.
() ¥_Aibfecedtighe: N Plo)-@ly,) - (DF6N" (4, -g, I 7 Wx, =%, = (DFoa))™ ()= €)W
£ WDEOLII™, W90 (x, ) - FOx) +F0GN € Q.0 R |, where RS0 an %, 5%, , sice
Fts diffeceatiable. Bt Hais s € 2Ry -yl R, Where R0 ar y > y,.
Soe P 15 olifferehiable , with Aeivakive ‘Dﬂ’hn-', whidh s conkinwous.

An )
Recall quakion: I ~ flex) , %lo) =xo, Neaded Lipschity condibion: WF(E ) - Fleg)ll € clx-yll
V {td<a |, Jax i <hb. ‘
da
szk SLWOJC the e‘t““*‘"‘ is Unear, &t ° Alt) ¢ Existena  theorem ﬂWS Al &
be  conbauos. [AWx-Al YD £ [IAWILIx-gil, ss Lipschitz.

Depenclence of  solukion en Xo.

«(t
Coﬂﬁolu aja?"/w\‘ﬂn 3;3 F“-‘d) Ylo) = ’Lb%t::

Leamma |1 Suﬁw;e x(t, 2, (¥ ape C'F..md:ians on lb-tol €6 gudn that “
ff:l,Z), and  Suppose £ i L«gscluﬁ?% with comstaat K. Then:
et st 081 2 Vool o, Disdile 20 5, 10550 tw\«efe g=g, 45, ~ (%)

Proof: From  assumptions, W alt) = o (8 + H(E, %00 - F(n.m)\l £ +f, =E.

Set Yl = lin, () - (60, w2 WE(E x @) -FlE, x,lﬁ)"
Thea, | ¥[8 -IL][ = [If (x(5)- m)dsll € le-to) + f wisids € €k -to) +Kf Vi) ds,

by Lipsheits, so Wtuswb,,u Kf (¥is) + £) ds.

M Ll <5

(cout)



,__Qﬂﬂ_ F 12920 cuch that 9l¥ ‘JQ ¥ Iﬂin 9is) ds , Hew
gl € A1+ Kib-to) +. 4 K" le40)" w3 LK (66 Yo
Poof i By lnduchon, |

Seb ﬂL‘H’ W) + E/K_ ?[H‘} ("”{-).; KleKlt—-t‘,j

‘Cj:wa (% b(ﬂ substituhon.

| Ay
;ProgasiHm\-gf Let ylex) be the sdikion on T xU to i = Cltu) witk ylt)w=x. Thea

Yy on Toxly is contlauows a sehishies a Lipschitz condution.

Dok Let nghedt 2 (0: ylbt,a) and use lowma L6 with €-6:0

te-tel
lgle, %) -y ls, )l € Ry lk,x) =y (660 + Ry L) = yls )l <y -l eK + _.,.s:ﬁ WEN e -s]

S I, aud MVT b Y aa a Funchion of t.
This yives conkinwity. When oo, t-s, a_,e)r L.‘Psobu’t-z condkition,

;P_n_bgoﬁhm\ 6: \F F[hﬂ) is C 946“ the solubion -.jlhx) to :‘&A = F“'—t'j) with

ylb.xl=x & .
?_‘ggF_ glex) = Dy Ele ‘,Ll-ad) where D 5 Aedvahve of f[hg) web o),
qlE,»: Txu = L{R",R" )}Rn e spaw of Uaear tramsformakions how R” ‘to‘?
Uy Selve Cor A the equakion Jf T 9ha) A, wite Aoxi=T, A Txll > LUR" R,
[boe com solwe because thisis M Wnear 'w A and o s Conhauous ao F is C'_]
ey Set D[t h)=y [, xih) = y Uk, ).
T = CLE ylt ) - E(E y (e, ) .

So, WZE 961011 = DFUE (4, xat) - 6, o ) = D Flay b, 4 L6, 2) (y L) - g1t )\l

muT: WEG) - E6oll <5¢9.,,_,4.h [IDEN. H2-u
Puk ()= F) - DPlt)x. Then WHE)-F0d -DEGj (2 -x)ll € Seap lIDE -DF Geo)ll T2 -xll.
S., by mur, WEE - 9lta) 0l € N0 283Emes D1 2) - DLELE, g () (| =2 110U R(W)
Lyt gle ]
me Pw osd‘lo»\ \S’ “9“ K"MI (-n‘?ScM"TZ Cvnaui:t'm.
Se “gu ’99“ K. R(WY.  Bs D€ s conbinuous on @ ww?wé sebt , RlW)s0 as 0.
(0,3 = yloxam) - yl(0,) = X4k -x= h,
Refearivg to i), Alox)h > Thzh, (W) = glan),
By lemme b, woith ©=0, €= Kilhi.R(h) , 19(y- AW € CiikilR(W).
E xpand: ot xak) - glbx) ~ AMead Wil € ClWL R(W),
By definition of odecvative, y s Auffesahcble Loithh devivabive A Bk N s
cowh nmaious, from the evisteuce theovem owdl PWFW{H@V\ 5V TV £,

Consequences:  ylbn) with vlox) =x, D; ylo,x)= I
There foce, \>9 (.OW{.'lM'\«j of the Aeqivabive, 0, ylbx) s taveckible Rl <S
By tavese Funchion theorem Foe Qxed xer ylhx) wa a C' (averse, on
Some  Opem V\e«:@\nbowkﬂad.



2
‘ Ekamg\z: {d’(’/ou" Az = %(.(;‘ i B I 7 =Acinlbre) = xpséub + , cost
N/ - -x
= '

Ay 7 Acoslbac) = %, cat — , siab
—
A(? t:O’ ”, =As£4c’ xy % Acesc.

) o "
y L, x,2%) = Xk <o cost } = @ (0 retadion by am_gh t. ! r\
g, (6 ng) = % cab - £, siak
‘PS»A: C - (ACAD) 7 - - &
Comicer aquabions wherr € s indeponclaak of & € U >R - Vedo Geld,
Cid 5 toe Row of the vestor Retd ; /}%Pﬁlb
A solwhion yit,n) & an whgred e of the vedor field Hhrough x. e

Ropesition L7 Wherever ey are defined, Per 0> Rl Gta), 3¢ € 10 [= gie]
solwes 3=F{9’ with laihal  ondition Folws x.

ook Ruu ) 1 Hae sobdion b cj(brs,x), F(Ola)) the selwhon ylE, T

: Folllows \rg MWQH of sebbhows with Same tubal condibion ek t=0.

_Remg:\h The vedtor field vanishes ot xza (6F Glaizc ¥ it <h. (G is o bxed ?c}wt v CPEJ
) Suppese Fla)z a , So 3‘% =0 s Ha)- g 0.

@) Suppose Fle)z 0, yza solves the E%udn'on A'l’/dk= fly) with iwtal condibion
Ylo)= a, B'ﬂ M;W”’ ch(a.} = a Vid<h

2. Fluk-ordes PDEs.

Gmeiwl @NM: F(’«' = L

1=y A, M, ax, ¢ 3',_(;_) =0
du 2 duy? du 2 _
Emﬁ ("-’") +(ﬁz ! [5:1) = nln,m, %), e ghcebmobive lader of au Pnh.o.wtjemu,r
medipum. The solubion describes e wWawebout of qu_.

Debaition 210 A qm’-\ia-ey PDE s one of the

" au
foom * .8 Al %00 5o = b, 2 0 -
I'(ﬁj to Sobu{-uﬁ s to studythe oDE - dﬂ‘/abl:

= g {9y, A, w) 1

@
bkt s w (

]

?mga;i{-tmz.'l-' gu.pfase ab are €' and u:clxq.‘,xn) Is a soudben of G Be seall e ™

W up= €la,, da) For some dell aud (), ult) & the wmique soluhen o ) with

inibial  conditious A(0) = & ule)= v, then wuld= E(X.[lf),.., () N W <h.
A2 dx
Poof: 2= wld - F o (4, , salh). Aejg = Y - 2o T

o an A b- Za ¥y - 0
> 2= cowtawr, bt Zloj= o,

So ?Uf) EO_
\€ ve Wane o S’alw\-n'on‘ then the Cn(:egm,l crve of
- R ‘;‘c‘"?é&:“a‘:& Jdﬂ&'d“edl‘w Reld %«m%\n Qe i}m}.i' ow  the sohd:ion
%y W)

Sugface  Ues tn Yot surface



C Defiubon 237 A submas fold aFI? of olimension s is « subset MR such b
codn poisk %€M Uas ¢ eighboucnood UR' aud o €' funchio, BUSR™
suh et Ualh = @79  aud DD I scrjechve bt all  potuks xe Mall.

A \ﬂdmlug 6 & mamfold jn R of oclimension n-I.

y
|

| Gg the {mp\&d‘b Funchion taeorern (g Myese function Weuv&m), e submancteld s f‘a/ug the
.‘Mmae of o (' wmap Y: Vs R Y R uo\awse deroakive DY |5 iajed.-iue.
¥
Der.».Ha.« y A% Mgﬁ,& spac oo submawifdd M is Yhe Remel of D Plx)
( T DY where Vi) =)

| Thegrers 25 Lek S be o € hypersurfece 1a U R and consider Hre unibal value
| prodlem h§ a; () 20x = blx) , uz @ oS, G (' funckions a, b, @.
Suppose Yk for each xeS | the vector Reld o lx, ®@) js  wot
| in the ﬁuqe.uk sSpaw of § ok . Then is soue w&{ghbqu hood
Ve, 3 o wnigue solhon to the dubiad velus ?rob‘em -
Pt 1 Pammmchrise 5. [ & o submanibold o€ R, Soso S s dofined as the seb
("ft‘n,-.,sa..},.., als,,., 50 , where D s m_yz.dwﬁ, x 'c,R..“’\Qn].
1 Solse o[)er{“’“/db= QG (Xu)  with iwtied conditons: Ale) = M (s, Sa-)
Adufadlt = b (wu) ule) = ®(s,,.,s0.)
Fom existence theorem €or ODEs 1 swh @ solubion for Idl <k
Frowm depenclence on  faitiad conditions, salblon s C' ia imbkal wnditions.
Get: Ao bt)= y; U’LS:,—/ Sn-d)
uld) = wiks,., sna)
) Cousider dhe wap: (F, s.,..,sm.)"')(!d‘[tie,.,,m-.},v, ‘da(tS.,.L,S.-J). ~(x)
Ity deivabive s Givem by the Tacobian woatrix:

'}

ag'/at a"‘/at d,‘.. Q'l%fﬂ, Q’lsf) ves a.‘ (’(‘})’ ¢(")
=0 -
39-‘/‘," g a"’.n/as' — a‘:“l/asl — ax:‘/)$'.
: d i i In,
a,yasn.. o 05“/)5&4 " /a’u-o R ’J‘»--

| [‘M last at rows ave Uaeavln iﬂdarmolzuk foms the Gk thet S 5 o su}wm{bld]
From the condition ln the theowm, la,.,du) s wet in the tamenk space of S, aud
So ¢ wet < Unear cowbination of the last W-l rows, so the Tacobiam has wmuk n
at tz0. Therefoe Cor  small enough t, the Tocobiam is lavertible.
So, by the javesse function dheoem, I open sebs Such Hiat wep X Was < ¢! lavesse F.
() Consicker  w(t, oy S ). Then WBE Uef Bevcomne [ Eunclion ulv)“.,m).
) C{_}Lm 15, 90 Jal.:es Yhe eq(ua,{{on : a"“/ae = b\‘:l.,‘., ‘Jm“,:
& 33??' ‘;_:“5"”"""'“) ’E ;i,'f; “

(vi) lkmq,um«.ss follass  Erom Pmpos?Hw i 8



-0 <5< .

: Exgﬂég;: 6] s # _‘_),9“199 =%, urls ou dhe amw (xg) = (51),
(a, 2] (Wy). On cwve S, la,ap) = (25).
Torgeuk Spoce o S 15 Spanned by (\ol, so la,a,) & baugeut space.

l—u dxt"?‘; d'“:ﬁ

Solwe =, %=y gF 5 AL
b dE R R T
Cr(/{_' x,":ﬂe’- d—_;‘i. 150 x‘Ige -&-Ce.,,u-;}"ﬂe—fe,
bt L—:O/-xl;s’ ;:zgl s =R I,q-;t, 2s=8-¢ .\ 3{:2@’ -5 =2¢C,
% & -t
Hewee g lEs) = 3e -3¢
9Lt s)= e
I PLAE Y e'l'

M= 2 2

Soow s {0y vyl 5047 22y,

- nlsyts
re UT 23'(351 "'.”JHJ i __g“;‘-"zl”’ . Se iy T 1 f \ :
9t

L3y, -4, 3y, -t

W Rk Process . ?ale_a),-\b..\ sien _ P 4= ?NbJIUb that foFJqJ{ov\ sive ab Hae b (s &y n.
Stze N ot €20.
Agrume Hhak a (6b4)  oack incdividuat has probability  Mht R(K) | ihere
RWA 20 oo 0 of wmh'wﬁ a wnew wmember.
Palteh) = PlE) G- + P (W (n-dAW to(bY
?“l“U w2t + oW
So BUH = —wAPY + tn- uAP,._.(H

GWJ\” F\mv‘h% Glts) = 23 s" P LY. :
Zs B = T ~aks Rolt) » CeuhP gl # a5 8 eAs 26

C\-Gt' I'+A$(I-5)-" e G[o,;):s . Exeveise o solwe Hais hy method .

i) ;.ﬁ % T Ru R ocowtank. - Eulers equakion f Womogemeous Fusctions.
laibel c,oﬁpbiﬁw 5w ki, Xae) 04 1.
M = Uc;gni} B a0
Witk Ru -
Ld‘ M (1"4n-1) . 9 = giet, [£C€n , 9n et g L\lsl,.,s,.-.Je
O B"’ ,7:)15"? —homaojem-wua of Aegree B.

ws= ae
Rt

3. Lirear POES.

Bomanl BEe Fi Ry s b b i f: . B8 )

Linear e+ Gi) + ayl39u + Z a;(x) a”/axh

Naed  moe  compadt wetehion ‘.ALM_ (schwart)
Lek w= (o, an) ,oce N. Debine lal= Ea,
: >

Debintions: (30 " w=38. om , (3.2 alzol-uy

[S_.S_)_ . 2. In 7 36 (- Covn ¢ € (coefbient)

x b

Sv, o polynounal of degree n is : ) = ME“ Cy x™







