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Number Theory

Lectured by V. Neale
Michaelmas Term 2011

NUMBER THEORY (C) 24 lectures, Michaelmas term
Review from Part TA Numbers and Sets: Euclid’s Algorithm, prime numbers, fundamental
theorem of arithmetic. Congruences. The theorems of Fermat and Euler. 2]

Chinese remainder theorem. Lagrange’s theorem. Primitive roots to an odd prime power
modulus. (3]

The mod-p field, quadratic residues and non-residues, Legendre’s symbol. Euler’s criterion.

Gauss’ lemma, quadratic reciprocity. 2]
Proof of the law of quadratic reciprocity. The Jacobi symbol. (1]
Binary quadratic forms. Discriminants. Standard form. Representation of primes. (5]

Distribution of the primes. Divergence of Zp p~!. The Riemann zeta-function and Dirichlet
series. Statement of the prime number theorem and of Dirichlet’s theorem on primes in an

arithmetic progression. Legendre’s formula. Bertrand’s postulate. [4]
Continued fractions. Pell’s equation. (3]
Primality testing. Fermat, Euler and strong pseudo-primes. 2]

Factorization. Fermat factorization, factor bases, the continued-fraction method. Pollard’s

method. (2]
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Lecture 1

Number Theory

Definition. The natural numbers are N = {1,2,3,...}.

Definition. The non-negative integer a divides the integer b if there is an integer £ such
that b = ka. In this case we write a | b (read as “a divides b”), and we also say that a
is a factor or divisor of b and that b is divisible by a. If not, we write a t b.

Definition. A natural number n greater than 1 is prime exactly when its only (positive)
factors are 1 and n. If n has a non-trivial factor (that is, other than 1 and n) then n

is composite. It is convenient to define 1 to be neither prime nor composite.

Definition. The prime counting function 7(x) counts the number of primes less than of
equal to z. That is, w(x) = #{p < z : p prime}.

Lemma 1. Let n be a natural number greater than 1. Then n has a prime factor.

Proof. By induction on n. For n = 2, done.
Suppose true for 2,3, ...,n—1, and consider n. If n is prime then done. If n is composite
then n has a factor @ € {2,3,...,n — 1}. By the induction hypothesis, a has a prime
factor, say p. But then p is a prime factor of n. O

Theorem 2. There are infinitely many primes. (That is, 7(z) — co as x — 00.)

Remark. We’ll use Euclid’s proof now. We’ll return to the distribution of the primes later
in the course.

Proof. By contradiction. Suppose there are finitely many primes, say 2,3,5,...,p.
Consider N =2x3x5x---xp+1. By Lemma 1, N has a prime factor. This prime
factor can’t be 2, or 2 would divide N —2 x 3 x5 X --- x p = 1. In the same way, it
can’t be 3,5,....,p. X O

Remark. We don’t care if N itself is prime.

Definition. The highest common factor (hcf) of the natural numbers a and b is the
largest integer d such that d | @ and d | b. If may be written as hef(a,b) or (a,b). It is
also called the greatest common divisor (gcd).

Examples. hcf(6,15) = 3, hef(6,18) = 6.

Definition. If hef(a,b) = 1, say that a and b are coprime (or relatively prime).

Euclid’s algorithm. We find hef(117,52).

117 = 2 x 51 4 15 (put numbers doing same job in same place)
51 = 3 x15 + 6

15 = 2 x 6 + 3 «— hcfis last non-zero remainder

6 = 2x 3+ 0



More generally, to find hef(a,b) where a > b :

Divide a by b: a = q X b+ nr (0<r; <b)
Divide b by rq: b = q X 11 + 1o (0<re <)
L= g3 X 12+ 713
Th—2 = qr X Tp—1 + 1 (re #0)
Th=1 = Qi1 X 7% + 0

Proposition 3. “Euclid’s algorithm works.”
Let a,b be natural numbers with a > b, and let ¢; and r; be obtained from Euclid’s
algorithm as above. Then there is some k (with ry # 0) such that r,_1 = gr417%; that

is, the algorithm terminates. Moreover, 1, = hcf(a, b).

Proof.

(i) The remainders r; form a strictly decreasing sequence of non-negative integers
which must stop at 0.

(ii) First, we show 7y | @ and r¢ | b (i.e., it’s a common factor).
From the last equation, 7 | rp—1.
From the next up, 7, | RHS, so 7 | rk—2. Etc. So r | r1, and ry | b, 7k | a.
Now suppose d | @ and d | b. We want d < 7.
From the top equation, d | r;. From the second, d | ro. Etc. So d | 7. O

Theorem 4 (Bézout). Let a,b, ¢ be natural numbers. There are integers m,n such that
am + bn = ¢ if and only if (a,bd) | c.

Proof. (=). Have integers m,n such that am 4+ bn = ¢. But (a,b) | a and (a,b) | b by
definition, so (a,b) | c.

Lecture 2 («<). We want to show that if ¢ is a multiple of (a, b) then it can be written as a linear
combination of a and b. Start with special case ¢ = (a,b).

Run Euclid’s algorithm on a,b (wlog a > b).

a = ¢ xXb+mr
b = qgxri+mr
L= q3XTr2+7T3
Tk—3 = Q-1 XTk—2+Tk—1
Tk—2 = (g XTk—1+Tk
Thk—1 = qk+1 X Tk + 0
We know that r, = (a,b) = 7Th—2 — quTk—1

Th—2 = qk(Thk—3 — Qr—1Tk—2)
(continue substituting)
= am+ bn for some m,n € Z

If ¢ = (a,b)c then ¢ = a(mc’) 4+ b(nc’) is of the required form. O



Example. We want m,n such that 117m + 51n = 3.

By Euclid, 3 = 15—-2x6
= 15-2x (51 —3x15)
7x (117—2x51) — 2 x 51

7x15—2x51
7x117—16 x 51

Le., take m =7, n = —16.
Exercise. Find all solutions to 117m + 51n = 3.
Proposition 5. Let p be a prime. If p divides the product ab, then p | a or p | b.
(In fact, one could use this property to define prime numbers — see Number Fields.)
Proof. (Avoid prime factorisations.)

Assume p | ab and p 1 a. We aim to show that p | b. Since p t a and p is prime, we have
(a,p) = 1. So by Bézout, there are integers m,n such that am + pn = 1.

Then abm+ pbn=>5. So p|LHS, so p| RHS, so p | b. O
T T
plab plp

Remark. This is a good illustration of the use of Bézout.

Theorem 6 (Fundamental Theorem of Arithmetic). Let n be a natural number. Then
n can be factorised as a product of primes in an essentially unique way (i.e., up to
ordering).

(This treats the factorisation of 1 as the “empty product” — or leave out.)

Proof. Existence. By induction on n. (Exercise: see Lemma 1.)

Uniqueness. Suppose that n = pi...pr = qi...qe, where p;, g; are primes.
Then q1 | p1...pk, so by Proposition 5, g1 | p; for some i. But p; is prime, so ¢; = p;.

Now cancel and repeat. Get k =/, and p1,...,px and q1, ..., qe are the same lists. O

Definition. We say that a is congruent to b modulo n, written a = b (mod n), exactly
when n divides b — a.

More abstract: Z is a commutative ring and nZ = {nm : m € Z} is an ideal; the cosets
of nZ are the congruence classes coming from the equivalence relation =.

Eg., 37 ={...,—11,-4,3,10,17,...} = 3 + 7Z.
We're interested in the quotient ring Z/nZ.
We define [a),, + [b]n, = [a + b],, and [a],[b], = [ab],.

(Exercise: check these are well-defined, and that we get the ring Z/nZ.)



Lecture 8

Lemma 7. Let n be a natural number greater than 1 and let a be an integer coprime to
n. Then a has a multiplicative inverse mod n, i.e. there exists m such that am =1
(mod n).

Proof. Since (a,n) =1, there are integers ¢ and m such that am+nf = 1, and then am =
(mod n).

O —

Exercise. If (a,n) > 1 then a does not have a multiplicative inverse modulo n.

Remark. If p is prime then Z/pZ is a field.

Definition. The multiplicative group modulo n, written (Z/?’LZ)X or (Z/nZ)* is the
group of invertible elements (or units) modulo n.

We write ¢(n) (or ¢(n)) for |(Z/nZ) X| — this is the Euler totient function.
Examples. If p is prime then ¢(p) = ‘(Z/pZ) X‘ =p—1. And ¢(8) = 4.
Remark. By Lemma 7, we have ¢(n) = #{a:1 < a <nand (a,n) = 1}.

Theorem 8 (Fermat-Euler). Let n be a natural number greater than 1, and let a be an
integer coprime to n.

Then a®™ =1 (mod n).
Remark. If n = p, prime, we get Fermat’s Little Theorem: a?~! =1 (mod p).

Proof. Apply Lagrange’s Theorem to the group G = (Z/nZ) . We have a € G, so its order
divides |G| = ¢(n). Le., al®l = a?™ =1 (mod n). O

We are interested in simultaneous linear congruences, such as

(1) n=7 (mod 10) or  (2) mn=T (mod 10)

n=3 (mod 15) n=3 (mod 13)
In (1), n=7 (mod 10) = n =2 (mod 5) . . o
n=3 (mod 15) — n=3 (mod 5) mutually incompatible, so no solutions.

The problem was that (10,15) > 1.
(2). Suppose we had x19, z13 such that

r10 =1 mod 10, z13=1 mod 13

=0 mod 13, =0 mod 10 mod 13
Then we can in fact make any point by a suitable linear combination. . (7;3)
13
E.g., n = Tx19 + 3x13 for our example.
z10 mod 10

But we can find such z19 and z13. Since (10,13) = 1, Bézout tells us
that there exist h, k such that 10h + 13k = 1.
=~

13 Z10

And Euclid’s algorithm means we can find h and k.



Theorem 9 (Chinese Remainder Theorem). Let mq,my be coprime natural numbers

greater than 1, and let a1, as be integers. Then there is a solution n to the simultaneous
congruences

n
n

a1 (mod myq)
as  (mod my)

and moreover this solution is unique modulo mqms.
Proof. (Existence). Since (my,mg) = 1, Bézout gives integers h, k such that mqh+maok = 1.

(mod mq) and o

Let 1 = mok and 29 = mqh. So 1 =1
0 (mod my) X9

€1

(1) (mod my) >

(mod mag) -

Then n = a1x1 + asxs is a solution.

(Uniqueness). Suppose n and n’ are solutions. Then n =ay =n’ (mod my)
n=as=n" (mod ms)

Somy |n—n"and me|n—n'
Since (my,ma) = 1, this gives mymsy | n — n’/. That is, n = n’ (mod mims). O
) b b

Remarks.

1. It is not difficult to extend to systems of more congruences, as long as the moduli
are pairwise coprime (i.e., (m;,m;) = 1if i # j).
2. If the moduli are not pairwise coprime, then there may or may not be a solution.

3. We can phrase this more algebraically: the map

Z/mlmQZ — Z/m1Z X Z/mQZ

n —— (n mod my,n mod ms)
is an isomorphism of rings. More generally, if n = p{* - - pp*, where p1,...,py are
distinct primes and aq,...,ar > 1, then

ZinZ = Z[pT' L % --- X L/pp*ZL
Slogan. “Work modulo powers of primes and then piece together information”.

Corollary. Let m1, mo be as above and let a1, as be integers with (a1, m1) = 1, (a2, ma) = 1.
Then there is a solution to

n
n

ar  (mod myq)
as  (mod msy)

and any such solution is coprime to mims.

Proof. Theorem 9 says that there is a solution. Suppose that (n,mims) > 1. Then there is
a prime p such that p | n and p | mymsa. Wlog p | my.

We have n = a; (mod mq) so p | a;. But then (mq,a1) =p. ¥
So (n,mimsz) = 1. O
We can phrase this more algebraically:

(Z)mimoZ)™ = (Z/miZ)" x (Z/ma2Z)”



More generally, if n = p{" - - pp*, then:
(Z/nzZ)”* = (2/p3'2)" x - x (Z/p*Z)"

Definition. Let f : N — N. We say that f is multiplicative if f(mn) = f(m)f(n)
whenever m and n are coprime.

We say that f is totally multiplicative if f(mn) = f(m)f(n) for all m,n.
Corollary 11. The Euler ¢ function is multiplicative. (Define ¢(1) = 1.)
Remark. ¢ is not totally multiplicative. E.g., ¢(4) = 2, ¢(2)¢(2) = 1.

Proof. Let m,n be coprime. Then

omn) = |(@/mnz)”| = |(Z/mz)" = ¢(m)p(n) 0

x|(z/nz)*

It follows that if n = p{* ---p* then ¢(n) = G(PT) - d(pL*).

Slogan. “Work with ¢(p*) and piece together”.

Lemma 12. Let p be a prime and let & be a natural number. Then ¢(p*) = p*~1(p — 1).

Proof. We have ¢(p*) = #{a : 1 < a < p* and (a,p) = 1}. We have p* values to consider,
and we must discard multiples of p : ie., p, 2p, 3p, ... , p*"'p. There are pF=1 of
these, so ¢(p*) = p* — pF~1L. ]

We are going to be interested in 3, , ¢(d). (Have n fixed and sum over divisors of n.)

Example. Y ¢(d) = ¢(1)+6(2) +¢(3) + ¢(4) + 6(6) + ¢(12)

d|12
= ¢(1)+ ( )+ 6(3) + 6(2%) + $(2)6(3) + $(2)9(3)
= [6(1) +¢(2) + 6(2")] [6(1) + ¢(3)]
- gz
d)4 3
= (1+1+2)(1+2) = 4x3 = 12.
Lecture 4 Lemma 13. Let n be a natural number. Then }, , ¢(d) = n.

Proof. Let F(n) =}_,,, ¢(d). Let m,n be coprime. Then

F(mn) = Y ¢(d)

dlmn

Z #(didg)  since (m,n) =1
d1|m
dz‘n

= < Z ¢(d1)> (Z ¢(d2)> as (di,ds) = 1, by Corollary 11

d1|m dz‘n

= F(m)F(n)

So F' is multiplicative.



Let p be prime, and j > 1. Then
Fi') = > o)

J
= 1+ z:(pz —p" 1) by Lemma 12
i=1

= 1+(p-)+@ -p+-+@ P )=p
Soif n = p{*---p*, where the p; are distinct primes, then F(n) = F(p")--- F(pp*)

a1 X
pl pk =n.

o

Remark. The proof that F' is multiplicative used only the fact that ¢ is multiplicative, so
it immediately shows that if f: N — N is multiplicative then so is din f(d).

E.g. d(n) = 7(n) = }_,, 1 = number of divisors of n, and o(n) = }_,,, d = sum of
divisors of n are multiplicative.

Let’s think about solutions to polynomial congruences. For example:

(i) 224+ 2 =0 (mod 5) — no solutions
(ii) 23 +1=0 (mod 7) — three solutions (3,5, 6)
(iii) 22 —1 =0 (mod 8) — four solutions (£1,+3).

The first example shows that polynomial congruences can have no solutions. The last example
illustrates that strange things can happen if we don’t work modulo a prime.

But perhaps, modulo a prime, a polynomial congruence does not have too many solutions.

Theorem 14 (Lagrange’s Theorem). Let p be a prime and f(z) = apa™ +...+a1x+ ag
be a polynomial with integer coefficients, with a,, not divisible by p.

Then f(z) =0 (mod p) has at most n solutions.

Remark. We really do need n to be prime.

Proof. (Use/adapt proof from ordinary arithmetic.)
By induction on n: n =1 is a linear congruence — we have already dealt with this.
Assume true for polynomials of degree n — 1, and let f be a polynomial of degree n as
above. If there are no solutions to f(z) =0 (mod p) then we are done, so assume that
there is a solution, say xg.
Recall #7 — ) = (x — o) (27~ + 27200 + ...+ xa) "+ 2.

So f(z) = f(z) — f(x0) = (x — 20)g(x) (mod p), with g a polynomial with integer
coefficients and degree n — 1.

If f(xzo) =0 (mod p), then (z — z)g(z) =0 (mod p). But Z/pZ has no zero divisors
(it’s a field), so either x = z¢ (mod p) or g(x) =0 (mod p).

By the induction hypothesis, g(z) =0 (mod p) has at most n— 1 solutions, so f(z) =0
(mod p) has at most n solutions. O



Let’s think about (Z / pZ) " where p is prime, and let’s think about the orders of the elements
of that group. We already know that they divide p — 1, but can we say more?

Forp="T:
element | 1 2 3 4 5 6 . order |1 2 3 6
order |1 3 6 3 6 2 #elements | 1 1 2 3
For p =13:
element|1 2 345 6 7 89 10 11 12 . order |1234612
order |1 12 36 412 12 43 6 12 2 #elements|1 222 4

Speculation. Do we always have elements of order p — 17 Are there always ¢(d) elements
of order d?

Theorem 15. Let p be a prime. Then (Z/pZ) s cyclic.
Proof. Aim: to show that there is an element of order p — 1.
Idea: show that there are ¢(d) elements of order d, for each d dividing p — 1.
Let Sg = {a € (Z/pZ)”™ : a has order d}. (So Sy=0ifdfp—1.)
Our aim is: if d | p — 1 then |Sy| = ¢(d).
The sets Sy partition (Z/pZ)X, S0 Y gpp—1 [Sal =p— 1.

Suppose that S is non-empty, say a € Sg. So a has order d. Then 1,a,a?,...,a%" ! are

d distinct elements and they are solutions of 2 — 1 =0 (mod p).
By Lagrange’s theorem (Theorem 14) there are at most d solutions to this congruence,
so these are all of them. So Sy C {1,a,a?,...,a?"'}. We want to know which of the

elements @’ (0 < j < d — 1) have order d.

Suppose a’ has order k. Then k | d. Also a’* = 1 (mod p). But a has order d, so
d | jk. If (4,d) = 1, then we get d | k, and k | d, so k = d.

Is it the case that if @’ has order d, then (j,d) = 1?

If (j,d) = m > 1 then (a/)¥™ = (a?)?/™ =1 (mod p), so @/ has order d/m < d.
So Sy={a’:0<j<d—1and (j,d) =1}, so |Sq| = ¢(d).

So either |Sg| = 0 or |Sg| = ¢(d).

Now 3~ 4,-1 [¢(d)—1Sal] = (p—1)— (p—1) = 0 (using Lemma 12), and ¢(d) — |Sq| > 0,
so in fact |Sy| = p — 1 for all divisors d of p — 1.

In particular, |S,—1| = ¢(p — 1) > 1, so we have an element of order p — 1. O

Until now our names for the elements of (Z/ pZ) * (usually 1,...,p—1) were good for addition
but less so for multiplication. We can now view elements as 1, a, a?, ..., a?~!, which is better
for multiplication.



Definition. If a is a generator for the group (Z/pZ)X, then we say that a is a primitive
root modulo p.

Lecture 5 We now study (Z/p’Z) .

Try (Z/p*Z) " This has order ¢(p?) = p(p — 1). Is it cyclic?

We know there is a primitive root modulo p, say a. Then 1,a,a?,...,aP~! are all different

modulo p, and so are different modulo p?. But what is the order of @ modulo p??
Say a has order d modulo p?. Then, by Lagrange or Fermat-Euler, d | ¢(p?), that isd | p(p—1).
Also a? =1 (mod p?), so a? =1 (mod p).

But a has order p—1 modulo p, sop—1|dand d | p(p—1), so either d = p—1ord =p(p—1).

bad” good”
So we want a?~! # 1 (mod p?), and then a would be a primitive root modulo p?.

Lemma 16. Let p be a prime. Then there is a primitive root modulo p, say g, such that
gP~1 =1+ bp where (b,p) = 1. (So then g?~! =1 (mod p) and g?~* # 1 (mod p?).)

Proof. By Theorem 15 we know that is a primitive root modulo p, say a. If a?~' =1+ bp
where (b,p) = 1 then we are done.

So suppose that a?~* =1 (mod p?). (This can happen.)
Consider a + p, which is still a primitive root modulo p. Then

(a4 p)P~' =a?~! 4 (p — 1)a? ?p + higher order terms,
where the higher order terms are all divisible by p%. So

(a+pP~' = a4+ (p—1)a"*p (mod p?)
1+ (p—1)a"?p (mod p?)
—_———
b
# 1 (mod p?) since (b,p) =1

So a + p will do. (Le., either a or a + p will do). ]

_because of size, not parity
/

Lemma 17. Let p be a prime greater than 2 and let 1j be a natural number. Then there is
a primitive root modulo p, say g, such that g#  ®=1) £ 1 (mod p/*1).

Proof. By induction on j: j =1 is exactly Lemma 16.

Induction step. Suppose that we have g such that gpj72(p_1) # 1 (mod p’), where
j=2.

(But certainly g7’ =1 =1 (mod p/~!), by Lagrange or Fermat-Euler.)

Then we have -, ‘
gv b =1 + b1’ where (bj_1,p) = 1.



Then
gpj’l(p—l) - (1 + bj_lpj_l)p =1+ bj_lpj + higher order terms,

where the higher order terms are either

o VY (p’~")P, which is divisible by p/*! for p > 3, or

. (p) " (p’7")" where 2 < r < p— 1, which is divisible by p/*!.
T

So gP’ 1) =1 (mod p?).
And g7’ '(P-1) =14+ bji—1p? # 1 (mod p/T1), since (bj_1,p) = 1. O
Remark. The result is not true when p = 2.

In Lemma 16 (case j = 1), can take g = 3 (then g =1 (mod 2), g #1 (mod 4)). But
in case j = 2 there is no g such that g> =1 (mod 4) but g # 1 (mod 8).

We can now study (Z/p'Z) “ for p > 3.

Theorem 18. Let p be a prime greater than 2, and let 7 be a natural number.
Then (Z/p’Z) " is cyclic.

Proof. Let g be as in Lemma 17. We shall show that ¢ has order ¢(p’) modulo p/.
Claim. For i > 1, g has order p*~!(p — 1) modulo p'.
Proof. For i =1, we choose g to be a primitive root modulo p.

Induction step. Suppose that g has order p*~2(p — 1) modulo p*~! (where i > 2).
Say that g has order d modulo p°.

Then d | ¢(p'), that is d | p*~1(p — 1).

Also, g =1 (mod p'), so g? =1 (mod p'~1).

But g has order p*~2(p — 1) modulo p*~t, so p'~2(p — 1) | d.
Sod=p""2(p—1)ord=p~t(p—1). But gP =) £ (mod p’) by Lemma 17.
Sod=p"~!(p-1). O

Remark. The theorem is not true for p = 2. For example, (Z/SZ) " is not cyclic (1,3,5,7
all have order 1 or 2, so no element has order 4).

Exercises.
1. What is the structure of (Z/2/Z) 9
2. For which n is (Z/nZ) * cyelic?

3. If ¢ is a primitive root modulo p?, must it be a primitive root modulo p?

10



Lecture 6

Example. We saw that 3 is a primitive root modulo 7 (it has order 6).

Also, 35 =729 =1+ 7 x 104 and (104,7 = 1), so 35 # 1 (mod 7?), so 3 is a primitive
root modulo 7" for all n > 1.

We are interested in when the congruence 22 = a (mod n) can be solved. We'll start with
the case that n = p is prime.

Definition. Let a be coprime to b. If there is a solution to the congruence ¥? = a (mod n)
then we say a is a quadratic residue modulo n. (“Residue” is too general: need word
“quadratic”.)

If not, then we say that a is a quadratic non-residue modulo n.

Examples. 1 is a quadratic residue for all n.

2 is a quadratic residue modulo 7, since 32 = 2 (mod 7), but 2 is a quadratic non-residue
modulo 5.

Modulo 7, the quadratic residues are 1, 2,4, and the quadratic non-residues are 3,5, 6.
Question. How many quadratic residues are there modulo a prime?

Lemma 19. Let p be an odd prime. Then there are exactly pz;l quadratic residues modulo
p (and so pz;l quadratic non-residues).

2

Proof 1. There are at most p—;l quadratic residues since (—a)? = a? (mod p) and —a # a

(mod p) as p is an odd prime. (L.e., can pair them off.)

Are these the only duplicates?

Suppose 22 = y? (mod p). We want that x = £y (mod p).

We have 22 —y> =0 (mod p) = (z+y)(z —y) =0 (mod p).

As p is prime, so @ = +y (mod p), so there are exactly p_;l quadratic residues. O

!

used: not true in :Q,(‘ll(‘l'?l] HS(‘hll to I(]]()\V when two 1]111]1])(‘1'H have same square

Proof 2. There is a primitive root modulo p, say g. For which i (0 < ¢ < p—2) do we have
g' a quadratic residue? If i is even, say i = 27, then g* = (¢7)? (mod p), so ¢* is a
quadratic residue.

Are these the only values?

Suppose g° = x? (mod p) for some x. Then x = g*, say, so g* = ¢?* (mod p). (This

does not imply i = 2k)
Then ¢'~2* =1 (mod p), and since g has order p— 1 modulo p, this gives p—1 | i — 2k.
But p — 1 is even, so 2 | i — 2k, so 2 | i. (Nice application of quadratic residues.)

So ¢* is a quadratic residue iff 7 is even. O

11



e QR x QR — QR: a = 22

b=y* (mod p)

(mod p) } — ab = (zy)? (mod p)

e QR x QNR — QNR. a = 22 (mod p)
ab = 2% (mod p)

} = b= (za™1)? (mod p)

e QNR x QNR — QR.

Definition. Let p be a prime and let a be an integer. We define the Legendre symbol
(%) as follows:

1 if a is a quadratic residue modulo p
a . . . .
(—) = —1 if a is a quadratic non-residue modulo p
p 0 if (a,p) >1

We can define X : (Z/pZ) N {-1,1} « group under multiplication
a

a — =
P

Examples. (%) =1 for all primes p.

3)=-1@) -1

Theorem 20 (Euler’s criterion). Let p be an odd prime, and a an integer. Then

o’ = (%) (mod p).

Proof. If a =0 (mod p) then the result is clearly true, as assume (a,p) = 1.
p—1 2
By Fermat’s Little Theorem, a?~! =1 (mod p), so (aT) =1 (mod p).

By Proof 1 of Lemma 19, we know that if 22 = 1 (mod p) then x = +1 (mod p), so
a'r = +1 (mod p).

Let g be a primitive root modulo p and say a = ¢° (0 < i < p—2). If i = 2j then
=l po1\] —
az = (gP')" =1 (mod p).

This gives 172;1 solutions to the congruence 27 =1 (mod p), so by Lagrange’s theorem

these are all of the solutions. So

bt _ 1 (modp) ifa=g’ ieven
@7 =0 -1 (modp) ifa=g, iodd

p—1

But Proof 2 of Lemma 19 showed that ¢’ is a quadratic residue iff 7 is even. O
This gives a useful way to get a handle on (%)

Corollary 21. The Legendre symbol is totally multiplicative. That is, if p is prime and a, b

are llltegeIS’ tlleIl
<]_[> <1_[> <_j[>
.

Consequence: X is a group homomorphism.

12



Proof. If p = 2, the result is easy to check, so we assume that p is odd.

b 1 p- - b
Then <E> (;) =a"7 b7 = (ab)pTl = (a_) mod p by Euler’s criterion.
p p

(Note: congruence, not equality.)

But %) (% and %b are —1,0,1 and the only way for two of these to be congruent

modulo the odd prime p is if they are in fact equal. O
Example. We can use this property to obtain a third proof of Lemma 19.

As in the beginning of Proof 1 of Lemma 19, there is at least one quadratic non-residue
modulo p, say b.

b k= = (ab
<2—7> Z <%) Z <%> (using total multiplicativity / homomorphism)

a=1 a=1

p—1
= Z <E> (as b,2b,...,(p—1)bis 1,2,...,(p — 1) in some order)

a=1 p
p—1 a
But [ — | = -1, so —]1=0
()= ()
p—1 a
Since Z (—) = #(quadratic residues) — #(quadratic non-residues), we are done. O
p
a=1

Corollary 22. Let p be an odd prime. Then (%) =(-1)"z.

—1 is a quadratic residue modulo p if p =1 (mod 4)

That is, { —1 is a quadratic non-residue modulo p if p =3 (mod 4)

(~1)*7 (mod p).

Proof. Apply Euler’s criterion with a = —1 to get (_71)

But (%) and (—l)pT_1 are both £1, so in this case congruence gives equality. O

N p—1
Lecture 7 We want to know about a2 .

Reminder of a proof of Fermat’s Little Theorem.
If a is coprime to p, then a,2a, ..., (p — 1)a are the same as 1,2,...,(p — 1) modulo p.
Multiply: a x2a x -+ x (p—1)a=1x2x---x (p—1) (mod p)
That is: (p — 1)!aP~t = (p — 1)! (mod p)
Since p and (p — 1)! are coprime, we have a?~* =1 (mod p). O

p—1

o . . . -1
Could we study a2 similarly? Perhaps multiply a, 2a, 3a, . . ., (pT)u.

Problems.

e We’d need to know what a, 2a,,.. ., (%)a are.

e We'd get (%)’ and need to cancel.

e We want answer to be +1 or —1. Where does the sign come from?

13



We could shift our attention from {0,1,...,p — 1} to {—% o, —1,0,1,..., 21 b

Definition. Fix an odd prime p. Write (b) for the unique integer that is congruent to b
modulo p and that lies in [~ 3p, $p]. (Non-standard notation.)

L N o /(p=1
We're interested in (a) , (2a),...,((%5~) (1>.

Examples.

e p=7,a=2. Then (a) =2, (2a) 3, (3a) 1.

e p=11,a=4. Then (a) =4, (2a) = -3, (3a) =1, (4a) =5, (ba) = —2.

Proposition 23 (Gauss’ Lemma). Let p be an odd prime, and let a be coprime to p.

p—

Then (ﬂ) = (—1)", where v = # {kz 1<k <

1
and (ka) < 0}.
p

That is, compute (a), (2a),..., <(p—;1) a> and count how many are negative.

Proof. Consider (a), (2a),..., <(p—;1) a).

Can two be the same? No, since no two of a, 2a,.. ., (p—;l) a are congruent modulo p.
Can two differ by a sign? No, because no two of a, 2a, .. ., (p—;l) a sum to 0 modulo p.
So (a),(2a),..., <(p—;1) a> are £1,4+2 ...+ (172;1) in some order, where each comes

with a definite sign (and v of them are negative).

1

So (E-1)1 a™s = (a) x (2a) x -+ x ((B2) a) = (E1)! (—1)” (mod p).
Since p and (p;Ql)! are coprime, this gives a*= = (=1)” (mod p).
By Euler’s criterion this gives (%) = (—1)” (mod p), and since (%) and (—1)” both

come from {+1,—1}, this gives (%) =(-1). O

2 P2 =
Corollary. Let p be an odd prime. Then (—) =(-1)"= g
p

Proof. By Gauss’ Lemma, (%) = (—1)", where v = # {b :1<b< p—;l and (2b) < 0}.

So we must count how many of (2),(4),...,(p — 1) are negative.

But 2,4,....p—1€{1,2,...,p— 1}, so (2b) < 0 if and omlyifp—;1 < 2b < p—1, which
occurs if and only if 2+ < b < B Sov=#{b: L <b< L}

We have that either p = 4k + 1 or p = 4k + 3, for an integer k.
e lfp=dk+1thenv=#{b:k<b<2k}=k
o Ifp=dk+3thenv=#{b:k+3 <b<2k+1}=k+1

So it seems to depend on p (mod 8).

14



If p=8¢+1 then v = 2{ is even, so (%):1

pr:8€+3thenV:2€+1isodd,so( —1.
—1.

)
2)=

If p =80+ 5 then v = 20 + 1 is odd, So(

If p = 8¢ + 7 then v = 2/ + 2 is even, 50 (%) — 1.

g 2\ _ 1 ifp=1or7 (mod8) ==l (mod 8) _(_1)132;1 .
°\p) T\ -1 ifp=3or5 (mod8)=+3 (mod 8) '

Note. This is a good illustration of the way that Gauss’ Lemma can be used.

Question. Let p,q be odd primes. Is there a relationship between (%) and (%)?

Theorem 25 (Law of Quadratic Reciprocity). Let p and ¢ be odd primes.

o (8) -9 ()

) (%) ifp=1 (mod 4) or ¢g=1 (mod 4)

That is: <g
(5) if p=¢g=3 (mod 4)

p

Remark. This phrasing includes the case p = ¢ (both sides are then 0).

The result is sometimes phrased as this: if p and ¢ are distinct odd primes, then
(2) (ﬂ) — (—1)F 5
a) \»p

Examples.

—
\I|>—l
wlo
S—
I
—
ol
SN—

(by quadratic reciprocity, as 73 =1 (mod 4))
(as 73 =16 (mod 19))

o ©

I
—
,_.|,_.
=)
SN—

=1 (as 16 = 42 (mod 19)
e () = (&) (é}) multiplicativity)
_ (_1)97 1 () (using (%) and LQR, as 97 =1 (mod 4))

(
(
(as 97 =1 (mod 8) and 97 = 12 (mod 17))
(multiplicativity)
(
(

1
(77) (3%
= 1x (i) as 4 =22 (mod 17) and 17 =1 (mod 4))
= (%) as 17=2 (mod 3))
= -1
Lecture 8 Proof of LQR. Idea: use Gauss’ Lemma.

(%) = (—1)” where v = #{b :1<b< %(p— 1) and (bq)p < 0}.

We have (bq) = bg — cp for unique integer c. We wish to count (or know parity of) pairs
(b, c) € Z* such that 0 < b < p and —1p < bg—cp < 0.

15



From these inequalities, we have

—Ip < bg—ep = cp < bg+3p < Ipg+1)
= ¢ < 3(g+1)
= ¢ < %q as g odd.
and bg—cp < 0 = ¢cp > bg > 0
= c >0

So we are interested in pairs (b, ¢) € Z? such that

0<b<%p, 0<c<%q7 and —%p<bq—cp<0.

) I bq—cpT—%p bql—cp:0
24 ! ¥
C
A <+ p—bg=—5q
1] B
2
D
3P

A = number of lattice points in the box with f%p <bg—cp<O.
So we're interested in (%) = (-4
B = number of lattice points in the box with féq <ecp—bg <O.
So we're interested in (%) = (-1)B.

Aim: we want (—1)4 = (=1)"7 7 (-1)5.
That is, we want (p—gl) (%) + B — A to be even.

Now, (pQ;l) (q%l) is the number of lattice points in the box.

Let C' = number of lattice points in the top-left triangle, and D = number of lattice
points in the bottom-right triangle.

We have that (p—gl) (%) + B — Ais even iff (’72;1) (%1) —(A+B)=C+D is even.

So if we can show that C' = D then we are done. We can define a bijection between
points in C' and points in D, as follows:

b—3(p+1)—b, cr3(qg+1)—c

A quick check shows this works, and this completes the proof. O

16



Exercise. Show that if p and ¢ are odd primes with p = +¢ (mod 4a) then (9) (%)
(In fact one can deduce this result directly from Gauss’ Lemma and use it to prove
LQR. See, e.g., Davenport.)

What happens with composite moduli? How should we generalise the Legendre symbol? One
key property was multiplicativity, so let’s try to keep that.

Definition. Let n be an odd number and let a be an integer. We define the Jacobi symbol
(%) as follows.

Say n = pj...px, where the p; are (not necessarily distinct) primes. Then

(=G) ()
where (2

pi) is the Legendre symbol.

(If n =1, then the empty product gives (%) =1 for all integers a.)

Examples.

[ ]
—
=
S
I
0

p is prime, then the Jacobi symbol (%) is just the Legendre symbol (%)
H=1x1=1.

— (1) x (=1) = 1.

° [ ] °
—~
Gls Gl Gl Gl

A~ o~~~
Gl Ol O Ot
S— N

Il

—~ O
W=

)x1l=1x1=1

Remark (“really important”). It is possible for the Jacobi symbol (%) to be 1 even if a
is not a quadratic residue modulo n.

For example, ( 2

1—5) =1, but 2 is not a quadratic residue modulo 15. (If it were, then 2
would be a quadratic residue modulo 3, and it isn’t.)

If is true that if (%) =

—1 then a is a quadratic non-residue modulo n.

It is terribly easy to think that (%) = 1 implies a is a quadratic residue modulo n.
Lemma 26. The Jacobi symbol is multiplicative in two senses.

(i) If n is an odd natural number and if a, b are integers, then (
(ii) If m,n are odd natural numbers and a is an integer, then (

Proof.

(i) By the definition of the Jacobi symbol and multiplicativity of the Legendre symbol.
(ii) By the definition of the Jacobi symbol.

We studied (%1) What happens with (%1)7

17



n—1 2

Lemma 27. Let n be an odd natural number. Then (=) = (=1)"z and (2) = (—1)*5.

Proof.

(i) Say n =p;...pg, where the p; are (not necessarily distinct) primes.

Say that ¢ of the p; are congruent to —1 modulo 4, so then k — ¢ are congruent to
+1 modulo 4. Then

2)- (@) (@) - o

by result for Legendre symbol

(ii) Say that m of the p; are congruent to £3 modulo 8, so then k —m are congruent
to =1 modulo 8. Then

E) = (@) (@) - o e

by result for Legendre symbol d

Slogan. “To prove a result for the Jacobi symbol, use the definition of the Jacobi symbol
and the corresponding result for the Legendre symbol.”

What happens with quadratic reciprocity?

Theorem 28 (LQR for Jacobi symbol). Let m and n be odd natural numbers.
m—1n—1

e (2) = (555 (2).

Remark. To phrase it as (%) (%) = (—=1)"2 "z, we must insist that m,n are coprime.

Lecture 9 Proof. (Use our slogan.) Let n = pi...py and m = ¢i...qe, where the p;,¢; are (not
necessarily distinct) primes. Then

(%) -

m

(—) (definition)

s.
Il B
- E

I
=
IX ~
N
VRS

=

N
Il
—_

<

—) (multiplicativity)

pi—19;—1 i
Pyt Yy (p_) (LQR for Legendre symbol)

a;j

I
=
;@

\

s
Il
—

<.
Il
—

4
where (—1)* = [T J[(=1" "= .
Jj=1

=1 j

Say r of the p; are congruent to —1 (mod 4), so that k —r are congruent to 1 (mod 4).
And s of the g; are congruent to —1 (mod 4), so that £ — s are congruent to 1 (mod 4).

18



Then we count —1 in (—1)® exactly when p; and ¢; are both —1 (mod 4), and 1
otherwise.

1 if r is even or s is even

So (-1)* = (-1)™ = { —1 if r, s are both odd

But n =1 (mod 4) iff r is even, and m =1 (mod 4) iff s is even.

o 1 ifm=1 (mod4)orn=1 (mod4) m—1n_1
So (=1) { -1 ifm,n=-1 (mod 4) '

Example. (%) = (%) by LQR, as 73 =1 (mod 4))
= (35) (as 73 =7 (mod 33))
= () (by LQR, as33=1 (mod 4))

as 33 =5 (mod 7)
by LQR, as 5 =1 (mod 4))

(
(
(
(
(
(as 7=2 (mod 5)

I
—~

[SAIIRGHES BN (SN

= o~ ~— ~—

Key point: we did not use the fact that anything was prime; no need to worry about
factorising.
Binary Quadratic Forms

Question. Which numbers can be expressed as the sum of two squares? That is, which
numbers can be written as n = 22 + y? for some integers x, y?

Definition. A binary quadratic form is an expression f(z,y) = az? + by + cy?, where
the coefficients a, b, ¢ are integers, and we are interested in integer variables x,y.

We may write this f as (a,b, ¢), and we can write f in terms of a matrix:
T
T a b/2\ (x\ 9
(y) (b/Q . ) (y) =ax” +bxy + cy

o f(z,y) = 2% + y?, written as (1,0,1) or (é (1))

Examples.

o f(z,y) =422 + 122y + 9y?, written as (4,12,9) or (é g)

Let’s try f(z,y) = 422 + 12zy + 10y = (22 + 3y)? + y°.

Do 422 + 122y + 10y? and X2 + Y2 represent the same numbers?

. X 2 3 T T
o < 2» ; : 0y g . T > > - 0y L‘
Put X v+ 3y, } y. Then <3> (0 l> (!/) SO (!/)

Ah. There are integer values of X,Y that don’t give integer values of z,y.

N[
D
o

w
~_
A

=
N————
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3ut 422 + 122y + 10y2 = 2(z + y)% + 2(x + 2y)2.

Trv X 1 1 x x 2 1 X
Yy 1 2)\y) ™y ~1 1 Y )
So (4,12,10) and (2,0, 2) represent the same numbers.

Definition. A unimodular substitution is one of the form X = px + qy, Y = rx + sy,
where p, q,r, s are integers with ps — qr = 1.

Equivalently, (if) =A <z), where A € SLo(Z).

Reminder: the special linear group, SLo(Z) = {(p z) :p,q,7,8 € L, ps —qr = 1}.

r

Remark. We don’t allow substitutions corresponding to matrices with det = —1.
. . 2 3

Exercise. Check that there are integers r, s such that , )€ SLy(Z).

Definition. We say that two binary quadratic forms f(z,y) = ax?+bxy+cy? and f'(z,y) =
a'x? + Vzy + 'y? are equivalent if they are related by a unimodular substitution.

In this case, we write f ~ f’, or (a,b,c) ~ (a’,V', ).

In matrix terms, if (f z> € SLy(Z), then
T
a b2\ (P 4 a b/2\(p q
b/2 ¢ . ros b/2 ¢ ros

Examples. (4,12,9) ~ (1,0,0) and (4,12,10) ~ (2,0,2).

are equivalent.

(The point is that equivalent forms represent the same numbers.)
Exercise. Check that equivalence of binary quadratic forms is an equivalence relation.

Definition. The discriminant of the binary quadratic form f(z,y) = ax® + bwy + cy? is
disc(f) = b2 — 4dac.

Examples.
e disc(1,0,1) = —4
e disc(4,12,9) = disc(1,0,0) = 0.
e disc(4,12,10) = disc(2,0,2) = —16.

Lemma 29. Equivalent binary quadratic forms have the same discriminant.

Proof. Say f(x,y) = ax? + bry + cy?. Let <2; z) € SLy(7Z).
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Lecture 10

Then f'(z,y) = a(pr+qy)* +b(pz + qy)(re + sy) + c(rz + sy)?
(ap? + bpr + cr?)x? + (2apq + brq + bps + 2crs)xy
+(ag® + bgs + cs°)y?

So disc(f’) = (2apq+ brq+ bps + 2crs)? — 4(ap? + bpr + cr?)(ag® + bgs + cs?) .
(b? — dac)(ps — qr)?

But ps — gr = 1, so disc(f’) = b? — dac = disc(f). O

An alternative proof... If P ¢ SLo(Z). We have disc(f) = —4 det o b2 .
s b/2 ¢
T
- P q a b/2\(p q
So if f’ corresponds to (r S) (b/2 . ) (T S), then

disc(f) = 4det<<2; (S;)T<b‘/12 b?) (f Z))

a

— —4det <b/2 bé2> = disc(f) O

Remark. The converse is not true. There are binary quadratic forms with the same dis-
criminant that are not equivalent. For example, the forms (1,0,6) and (2,0, 3) both
have discriminant —24. We can see that (1,0,6) represents 1 (via x = 1,y = 0), but
(2,0,3) certainly does not. So they are not equivalent. (Discriminants are useful, but
don’t tell us everything.)

What numbers can be the discriminant of a binary quadratic form?

Lemma 30. There is a binary quadratic form with discriminant d if and only if d is congruent
to 0 or 1 modulo 4.

Proof. (=). If d = b? — 4ac then d = b? (mod 4), so d =0 or 1 (mod 4).
(«<). If d =0 (mod 4) then it is the discriminant of (1,0, —4).
If d =1 (mod 4) then it is the discriminant of (1,0, %). O
If f(x) = ax?® + bx + ¢ has discriminant d = b — 4ac then
laf(x) la®z? + dabz + dac (2az + b)* + (4ac — b%)
e If d > 0 then f(x) can be either positive or negative.

e If d <0 then 4af(xz) > 0 for all .

Definition. Let f be a binary quadratic form with non-zero discriminant. We say that f is

e positive definite if f(x,y) > 0 for all z,y
e negative definite if f(x,y) <0 for all =,y
e indefinite if f(z,y) > 0 for some z,y and f(z',y") < 0 for some 2’,y’.

(Zero-discriminant is not interesting.)
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Lemma 31. Let f(x,y) = az? + bxy + cy? be a binary quadratic form with discriminant
d = b? — 4ac and with a # 0.

e If d <0 and a > 0 then f is positive definite.
e If d <0 and a < 0 then f is negative definite.
e If d > 0 then f is indefinite.

Proof. Idea: do similar as for quadratics in one variable.

daf(x,y) = 4a*x® + 4xbry + dacy® = (2ax + by)? + (4ac — b?) y>.
|\
—d

(i) If d < 0 then 4af(x,y) > 0 for all z,y, with equality iff + =y = 0. So

e if d <0, a>0then f(x,y) >0 for all z,y, with equality iff t =y =0
<

o if d <0, a<0then f(x,y) <0 for all z,y, with equality iff z =y = 0.

(i) If d > 0 then

daf(x,y) = (2ax+by)? — dy?

(2az + by — yVd) (2ax + by + yVd)

— 4a? (:c +y(b— Vd) /2a) (:c +y(b+ Vd) /2a)
= 4a(a— ) — )

where 8 = (b — V/d)/2a, ¢ = (b + Vd)/2a.

If (% < 0 and % < qﬁ) or (% > 0 and % > qﬁ), then the brackets have the same
sign and so 4af(z,y) > 0.

If o < % < ¢por ¢ < % < 6, then the brackets have different signs are so
daf(z,y) <O0. O

Remark. It is possible to have a form whose coefficients are all positive but nevertheless is
indefinite. E.g., (1,3,1), which has discriminant 32 —4 x 1 x 1 > 0.

It is also possible to have a form where not all of the coefficients are positive but that
is positive definite. E.g., (1,—1,2).

If (a,b,c) is a positive definite form then a > 0 and b* — 4ac, so ¢ > 0. From now on, we
shall concentrate on positive definite binary quadratic forms.

We have an equivalence relation ~ on positive definite binary quadratic forms, so each form
belongs to an equivalence class. Our aim now is to find a “simple” representation of each
equivalence class.

Let’s think about (10, 34,29). The middle coefficient is very large — can we decrease it?

o - . (1 £1\ . a b/2
Ity the substitution 7+ corresponding to the matrix (0 1 > ['his sends (1 /o / to
h/2 ¢

1 +1\" [ a b/2\ (1 +I 1 0\/a b/2+a a b/2+a
0 1 b/2 ¢ 0 1 F1 1 b/2 c+b/2 b/2+a aLtb+c
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So (a,b,c) i (a,b+2a,a+b+c).
So (10, 34,29) ~ (10,14,5) ~ (10,6, 1).

o . 0 -1\ . L b/2
Try substitution S, corresponding to | . . This sends (1{ b/ to
; 1 0 b/2 ¢

0 —1\"[a b2\[0 -1\ [ a —b/2
1 0 b/2 ¢ 1 0/ \-b/2 c
S
So (a,b,¢c) ~ (¢, —b,a).

So (10, —6,1) 2 (1,6,10) ~ (1,4,5) ~ (1,2,2) ~ (1,0,1).
We could apply S, Ty in different orders. Try this at home!
e Can ensure a < ¢ (via ).

e Can ensure |b| < a (via T4).

Definition. We say that the positive definite binary quadratic form (a,b,c) is reduced if
either —a<b<a<cor0<b<a=c

Lemma 32. Every positive definite binary quadratic form is equivalent to a reduced form.

Lecture 11 Proof. We have unimodular substitutions, S: (a,b,c) — (¢, —b,a) .
Ty : (a,b,¢) — (a,b£2a,a£b+c)

e If a > ¢, use S to decrease a while keeping |b| fixed.

e If ¢ < c and |b| > a, then use Ty or T_ to decrease |b| while keeping a fixed.

Repeat these steps as long as necessary. Each step decreases a + |b| (while keeping it
positive), so this algorithm must stop.

So we see that our original form is equivalent to (a, b, ¢) with |b] < a < c.

If b = —a, then we can apply Ty to make the middle coefficient 4+a while leaving the
others unchanged.

If a = ¢, then apply S if necessary to ensure the middle coefficient is non-negative. O
Can two reduced forms be equivalent?

We saw an example of (1,0,6) and (2,0,3). These are both reduced forms of discriminant
—24 but not equivalent.

.0 g ¢ D .
More generally, if f(z,y) = ax? + bxy + cy? is reduced, what can we say about the small
numbers it represents? We have

F(0,0)=0, f(1,0)=a, f(0,1)=c.

What if neither variable is 07

23



Lemma 33. Let f(z,y) = ax? + bxy + cy? be a reduced positive definite binary quadratic
form. Then the smallest integers represented by f for coprime z,y, or x = y = 0, are
0, a, ¢, and a — |b| + ¢, in that order.

Proof. We have
f(0,0)=0, f(1,0)=a, f(0,1)=c,

and since f is reduced, we have 0 < a < c.
If |z| > |y| > 0, then

flz.y) az® + bry + cy®

az® — |bzlly] + cv?
alal? = laf? + clyl?
(a—[bD=|* + cly[?
a— b+ ¢

A\YZRRR\VARRR VARRA\VA

Similarly, if |y| > |z|, then f(z,y) = a — |b| + ¢. We can achieve equality, e.g. f(1,£1)
gives a — |b| + ¢ (choose sign depending on sign of b).

Since f is reduced, we have a — |b| + ¢ > 0. O
We can then use this to compare reduced forms.

Theorem 34. Every positive definite binary quadratic form is equivalent to a unique re-
duced form.

Proof. By Lemma 32, every such form is equivalent to some reduced form. It suffices to
check that no two reduced forms are equivalent.

Suppose that f(z,y) = az? + bxy + cy?® and f'(z,y) = a’z? + b2y + 'y? are equivalent
reduced forms. We aim to show a =a’, b=V, c = (.

By Lemma 33, the smallest non-zero integer represented by f is a, and that by f’ is a’.
Soa=ad.

We have f(£1,0)=a and f(0,£1)=c¢

F(+1,0) = a’ and f/(0,41) = ¢ } smallest non-zero values represented.

The four pairs (+1,0) and (0,41) for f must correspond to four pairs for f’; so we
have ¢’ = c.

Since f ~ f’, they have the same discriminant. So b? — 4ac = b'? — 4a/c’ = b'? — 4dac,
so b'? = b? and hence b’ = +£b.

If b = 0 then we’re done.
If b > 0 can (a, b, c) and (a, —b, ¢) both be reduced?

If they are both reduced, then

e a < ¢ (if a = ¢ then middle coefficients must be non-negative).

e |b| < a (cannot have b = —a)
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So0<a<c<a-—l|b+ec

So f(x,y)=a iff (z,y)=
flzy)=c iff (z,y)=

SN—
|
—
=
H
[
N~—

So (+1, 0) for one form must correspond to (1, 0) for the other, and likewise for (0, £1).

!
If the two forms are equivalent via the substitution (;,) = (i) g) <Z>, where

<p q) € SLy(Z), then we have

r s
1\  (p q\ [E£1l\ (Ep _ _
(O>_<r s)(())_< 7“)’ sop==+1landr =0,
0N _(pr a\(0)_(*q _ _
and (1>_<r s)( 1)—< s)’ soq=0and s = £1.

_ p ogy_ (1 0 _ _
Butps—qr—l,so(r S)—:i:<0 1),sob— b, so b=0. O

So we have a unique representation of each equivalence class of positive definite binary
quadratic forms.

Question. How many reduced forms are there with given discriminant?

Example. d = —24. What (a, b, c) such that b*> — dac = —24 and |b| < a < c¢. (Not exactly

the condition for reduced forms, but a good start.)

If (a, b, c) satisfies these conditions, then
—24 = b% — dac < ac — dac < —3a?

So a? < 8,s0a <2 Also, b>—4ac=b?>=0 (mod 4), so b is even.

e a=1. Want b —4c = —24.
Since b is even and |b| < a, the only possibility is b = 0, which gives ¢ = 6, and
(1,0,6) works.

e a=2. Want b — 8¢ = —24.
If =0, then ¢ = 3, and (2,0, 3) works.
If b = 2, then 4 — 8¢ = —24, so no integer solutions.

So the only reduced forms with discriminant —24 are (1,0,6) and (2,0, 3).

Proposition 35. Let d be a fixed negative integer. Then there are finitely many reduced
forms with discriminant d.

Proof. We want (a, b, c) such that b*> — dac = d and |b| < a < ¢. (Reduced form is quicker.)
Then d = b — 4ac < ac — 4ac < —3a?, so a® < —d/3.

So there are finitely many possibilities for a. But [b| < a, there are finitely many
possibilities for b. And ¢ = (b*> — d)/4a, so is determined by a, b and d. O
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Lecture 12

Definition. Let d be a negative integer. The class number of d, denoted by h(d), is the
number of reduced forms of discriminant d. Equivalently, it is the number of equivalence
classes of positive definite binary quadratic forms of discriminant d.

Example. h(—24) = 2.

Remarks.

1. Proposition 35 gives existence for h(d) and a way to compute it, although it may
take a while.

2. The class number will appear in the Number Fields course too.

** Non-examinable section **
We might ask what are the discriminants d with a certain class number h(d).

What happens to h(d) as d — o0o? A conjecture of Gauss: h(d) — oo as d — oo. (This is
known as Gauss’ class number problem.)

This has led to a lot of interesting number theory.

e E.g., what are the discriminants with class number 17 (There are just 9.)

e Generalised Riemann Hypothesis (GRH) = h(d) — oo as d — —oo (1905).
And in 1930, GRH false = h(d) — o0 as d — —o0.

End of non-examinable section

/!
Lemma 36. Let <x,> = (p q> <x>7 where (p q> € SLy(Z).
Yy ros)\y ros

Then 2’,y" are coprime iff x,y are coprime.

Proof. (=). If 2,y have highest common factor d, then 2’ = px + qy and y' = rz + sy are
both divisible by d. So if (2/,y") = 1 then (z,y) = 1.

o wemae (2) = (7 ) (%), v (7

immediately from above. O

n Q

-1
) € SLy(Z). So it follows

If 2,y are both divisible by d > 1 then f(x,y) will be divisible by d?, so we will concentrate
on coprime z and y.

Definition. Let f be a binary quadratic form and n be an integer. We say that f represents
n if f(z,y) = n for some integers x,y. We say that f properly represents n if

f(z,y) = n for some coprime integers x,y.

Remark. We know that equivalent forms represent the same numbers. Lemma 36 shows
that equivalent forms properly represent the same numbers.

e Fix n. Which forms properly represent n?
e Fix f. Which numbers are properly represented by f7

Which forms properly represent 17
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If the first coefficient of f is 1 then f(1,0) = 1, so f properly represents 1. So any form
equivalent to a form with first coefficient 1 must also properly represent 1.

Is that all? That is, if f is a binary quadratic form that properly represents 1, must it be
equivalent to a form with first coefficient 17

Say f(z,y) =1, where x,y are coprime. Does (z,y) correspond to (1,0) under a unimodular
substitution? If so, then f is equivalent to a form f’ with f'(1,0) = f(z,y) = 1.

So, is there a matrix (p q) € SLy(Z) such that (I) = (p q) (1> (p) ?
r s Y r s)\0J\r

Put p=x, r =y. Can we solve zs — qy = 17 Yes, by Bézout, since x,y coprime.

Lemma 37. Let n be a natural number. Then n is properly represented by a form f iff f
is equivalent to a form with first coefficient n.

Proof. («<). If f is equivalent to f’, where f’ has first coefficient n, then f/(1,0) =n, so f’
properly represents n, so f properly represents n.

(=). If f(x,y) = n, where z,y are coprime, then there are integers ¢, s such that
xs — qy = 1, by Bézout.

So then (Z”) . (Z” i{) <é> where <9y” z) € SL2(Z).

So f is equivalent to a form f’ with f/(1,0) = f(z,y) = n, and therefore f’ has first
coefficient n. O

Which numbers are represented by z? 4 2y + y2?

From Lemma 37, we see that n is represented iff there is a form with first coefficient n that
is equivalent to (1,1,1). When are there b, ¢ such that (n,b,c) ~ (1,1,1)?

If (n,b,c) ~ (1,1,1) then (n,b,c) has discriminant b? — 4nc = —3, so b = —3 (mod 4).

What happens if we know that there is a solution to this congruence? Then there are integers
b, ¢ such that b> — 4nc = —3, so that (n, b, c) is a form with discriminant —3.

But we do not know that (n,b,c) ~ (1,1,1). All we know is that (n,b, c) is equivalent to a
reduced form of discriminant —3. What are they?

We want (A, B, C) such that B> — 4AC = —3 and |B| < A < C. Then —3 = B? — 4AC <
—3A%, 50 A2 < 1,50 A=1.

Then B satisfies |B| < 1 and B? = —3 (mod 4). So B odd, but B # —A, so B = 1.

Then C = (B? + 3)/4A = 1. So the only reduced form of discriminant —3 is (1,1, 1), i.e.
h(=3) = 1.

So every form of discriminant —3 is equivalent to (1,1,1).

So there is a form (n,b,c) ~ (1,1,1) iff there is a solution to w? = —3 (mod 4n).
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Lecture 13

Theorem 38. Let n be a natural number.

_(any form)

(i) Suppose that n is properly represented by a form of discriminant d. Then there
is a solution to the congruence w? = d (mod 4n).

(ii) Suppose that there is a solution to the congruence w? = d (mod 4n). Then there
is a form of discriminant d that properly represents n.

N
N, 3 3 .
(some form, we can’t choose it)

(i) Say n is properly represented by f of discriminant d. Then f is equivalent to a
form f’ with first coefficient n, by Lemma 37. Say f'(z,y) = nz? + b'zy + 'y

Then f’ has the same discriminant as f, so b2 — 4nc’ = d, so b*> = d (mod 4n).

(ii) Suppose that there is a solution to the congruence w? = d (mod 4n). Then there
are integers b, ¢ such that b2 = d + 4nc. Then (n, b, c) is a form of discriminant d,
and it properly represents n. O

Example. Which natural numbers can be properly represented as the sum of two squares?
Put f(x,y) = 2% + y?, i.e. the form (1,0,1).

By Theorem 38, if n is properly represented by (1,0,1) then there is a solution to

w? = —4 (mod 4n), and if there is a solution to this congruence then n is properly
represented by some form of discriminant —4.

What are the reduced forms of discriminant —4? We want (a, b, ¢) such that b* — 4ac =
—4and |b| <a<e

So —4 < —3a?, s0 a? < 4/3,s50 a = 1. And b must be even, so b = 0.
And ¢ = (b* +4)/4a =1, so (1,0, 1) is the only reduced form of discriminant —4.

So Theorem 38 tells us that n is properly represented by (1,0, 1) iff there is a solution
to w? = —4 (mod 4n). This happens iff there is a solution to v = —1 (mod n).

Caution. Take care with (;I') as it’s a Jacobi symbol. This congruence having a solution

T
is not the same as %) 1.

We see from Theorem 38 that if we want to know which numbers are properly represented
by which forms, then it would be a good idea to study the congruence w? = d (mod 4n).
More precisely, for fixed d and n we want to know whether this congruence has a solution.

Examples.

1. The natural number n is properly represented by the form x? + xy + y? iff there
is a solution to w? = —3 (mod 4n).

2. The natural number n is properly represented by the form z2 + y? iff there is a
solution to v? = —1 (mod n).

The key point in each case is that the class number is 1, i.e. there is only one reduced
form with the right discriminant.
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1. What can we say about w? = —3 (mod 4n)?

Let’s study the case when n = p is an odd prime. By the Chinese Remainder
theorem there is a solution to w? = —4 (mod 4p) iff there is a solution to

w? = -3 (mod 4)

w? = -3 (mod p)
There is clearly a solution to w? = —3 (mod 4), namely w = 1. So we can
concentrate on w? = —3 (mod p). This has a solution iff (%3 =1lorp=3.

Now

= (-7 (-1)"= (%) =1 (by Corollary 22 and LQR)
= ()
< p=1 (mod 3)

So an odd prime p is properly represented by (1,1,1) iff p = 3 or p = 1 (mod 3).
2. This time we study v?> = —1 (mod n). Focus on the case when n = p is prime.

Then v? = —1 (mod p) has a solution iff (%1) =1, and this happens iff p = 2 or
p=1 (mod 4).

So the prime p is properly represented by (1,0,1) iff p=2or p=1 (mod 4).

What happens with v?> = —1 (mod p?)? If this has a solution then there is a solution to
v? = —1 (mod p). What about the converse?

There is a fairly general result that will be helpful here. ..

Proposition 39 (Hensel’s Lemma). Let f be a polynomial with integer coefficients, and
let p be an odd prime. Suppose there is 21 such that f(z1) =0 (mod p) and f'(x1) #
(mod p).

Then for each r > 1, there is x, such that f(z,) =0 (mod p").

Slogan. “If we have a suitable solution modulo p, then we can bootstrap it to a solution

modulo p".” (Surprising!)

Proof. We shall show, by induction on r, that there is x, such that f(z,) =0 (mod p") and
xr =21 (mod p) (so that f'(z,) #0 (mod p)).

Case r = 1: this was precisely the supposition in the statement.

Inductive step. Suppose we have x,_; such that f(z,_1) =0 (mod p"~!) and x,_; =
x1 (mod p), so that f/(z,—1) Z0 (mod p). (Here, r > 2.)

Then f(z,_1) = kp"~! for some integer k.

Consider z, = x,_1 + A\p" !, where \ is an integer.
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(If f(z,) =0 (mod p) then f(x,) =0 (mod p"1).)

_ _ (Taylor series, higher order
Then clearly z, = x,_1 = 21 (mod p). We have X ghet prael

terms are divisible by p

flzy) = fla_1+ /\prfl) Y and so by p".)
f(@r—1) + X" f(zr—1)  (mod p")
= p kA (-1))  (mod p")

So f(zy) =0 (mod p") iff k+ Af'(x,—1) =0 (mod p).
Since f’(x,—1) Z 0 (mod p), it has a multiplicative inverse, so we can solve for \. O

We are interested in the case f(r) = 22 + 1, so f’(z) = 2x. Hensel’s Lemma cannot help
here when p = 2, but should help for odd primes.

Let p be an odd prime. Then v? = —1 (mod p) has a solution iff p = 1 (mod 4). Using
Hensel’s Lemma, if p = 1 (mod 4), then there is v; such that v? = —1 (mod p) and 2v; # 0
(mod p).

So for j > 1 there is a solution to v?2 = —1 (mod p/).

What happens when p = 2? Clearly there is a solution to v?> = —1 (mod 2).

If 5 > 2, then a solution to v? = —1 (mod 27) would give a solution to v> = —1 (mod 4),
which does not exist.

So we have proved:

Theorem 40. The natural number n can be written as the sum of two coprime squares iff
n is not divisible by 4 and all odd prime factors of n are congruent to 1 modulo 4.

Summary of proof.

1. n is properly represented by (1,0, 1) iff there is a solution to w? = —4 (mod 4n)
(by Theorem 38, since (1,0, 1) is the only reduced form of discriminant —4).

2. This happens iff there is a solution to v?2 = —1 (mod n).

3. Let n = 2*1p52.. .py*, where p; are distinct odd primes, a; > 0, and «; > 1 for

2<1< k.
Then there is a solution to v? = —1 (mod n) iff there is a solution to
v?= -1 (mod 2°)
v?= -1 (mod p5?)
Chinese Remainder Theorem
v?=-1 (mod p5?)
4. There is a solution to v? = —1 (mod p;) iff p; = 1 (mod 4).
5. There is a solution to v?> = —1 (mod p$*) iff there is a solution to v? = —1
(mod p;).
6. There is a solution to v? = —1 (mod 2*) iff a; € {0,1}. O
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Lecture 14

Corollary 41. The natural number n is a sum of two squares iff each prime congruent to 3
modulo 4 occurring in the prime factorisation of n occurs to an even power.

Proof. We know that n is the sum of two squares iff it is the product of a square and a
number that is a sum of two coprime squares. d

Remarks.

e One can classify sums of three squares.

e Other proofs of Corollary 41 are available.

Theorem 42 (Lagrange). Every natural number is a sum of four squares. (Surprising!)

The Distribution of the Primes
In Lecture 1 we saw Euclid’s proof that there are infinitely many primes.

We have results such as:

e There are infinitely many primes congruent to 3 modulo 4 (see examples sheet 1).

e There are infinitely many primes congruent to 3 modulo 4 (see Numbers & Sets).

Can we generalise this?

Clearly we cannot show that there are infinitely many primes congruent to 2 modulo 4, or
more generally to a modulo n where (a,n) > 1. But what happens if (a,n) = 17 Are there
infinitely many primes congruent to a modulo n?

Things in favour:
e We have some examples.
e All primes lie in ¢(n) residue classes coprime to n (with finitely many exceptions), and

there’s no obvious reason why one class should be more popular than another.

Theorem 43 (Dirichlet’s theorem on primes in arithmetic progressions). Let n be
an integer greater than 1, and let a be a natural number coprime to n. Then there are
infinitely many primes congruent to a modulo n.

Putting this another way, there are infinitely many primes in the arithmetic progression
a,a+n,a+2n,a+3n,....

Slogan. “If there is not an obvious reason why there are not infinitely many primes congruent
to a (mod n), then there are.”

Proof. Not proved in this course (so don’t use it unless you have to). But we shall see a
small hint of an idea of a proof. “0”

We have a successful strategy:

e Want: there are infinitely many primes with some property (e.g., in some congruence
class).

e Suppose only finitely many, and aim for contradiction.
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e Do something clever to find a number with a prime factor that also has this property.

e Check that this prime is not on the original list — contradiction.

The “something clever” seems to depend heavily upon the property in question, which makes
it hard to see how we might use this strategy to prove a more general result.

We need another strategy for showing that there are infinitely many primes. We’ll see an
approach attributed to Euler, namely to study the sum of reciprocals of primes,

1
b

How do we expect this to behave?

We know that > 1/n* converges and > 1/n diverges. What will happen to > 1/p?

.. 1 1
Proposition 44. For x > 10, we have Z — > loglogx — 3
' PLT
only interested I
in large x not important

Remark. With a bit more work, one can show that > _ 1/p =loglogz +c+ O(1/logz)
as x — 00, for some constant c.

So >, <. 1/p diverges, but more slowly than }° 1/n.

n<x

Proof. Idea: look at log (Hp@ (1 R )) This includes 3. __1/p, plus other

terms which we hope are small. We have:

() - I0egese)

ps@

Pz p<zx
1
> —
> > -
n<x
x+1
1
> /, —dy
1 Y
! e
> loga 12 3 +1
Also we have:
IR 1 1
log|{1—— —— = —log|l—-)—-
p p p p
_o(r, 1
 \p 22 3B p
< 1 1 1
So2p? o 2p3 0 2pd
1/2p*
- 7_1
p
B 1
2p(p — 1)
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Summing over p < x, we have:

o[ T (1-3) |- 22

PST p<z Pz

VA

g
=1
5 —
=

VA
N

| =
oY
S

| —
p—

\
S|
N———

<n<x
S NN A
2 T 2
So .
1 1\ 1 1
loglog x — - < log (1—) — - < -
P P P
So

1 1
Z— > loglogz — —.
p 2

Pz 0
Corollary 45. There are infinitely many primes.

1
To prove Dirichlet’s theorem, one can show that Z — — 00 as s — 1 from above.

PST b
p=a (mod n)

One needs a way to pick out primes in this congruence class, and can do this using Dirichlet
characters. We shall not say more about this.

We know that all but finitely many primes lie in the ¢(n) residue classes coprime to n.
Are they evenly distributed? Look at #{p : p prime, p < z, p = a (mod n)}. There are
some results and one notable conjecture that is still open (the Elliot-Halberstam conjecture).
Roughly speaking, these sets all have approximately the same size.

Let’s return to the primes in general, and to w(z) which coutns the primes < x.

1
Examples sheet 1: 7(z) > __o8T
2loglog x

We can get a slightly better bound using an idea of Erdés.

Proposition 46. There is a constant ¢ > 0 such that 7(z) > ¢ logz.

Proof. If y < z then we can write y = m?p{* - -pp*, where m < \/x, and p1, ..., pi are the

primes < z (so k = m(z)), and each «; is 0 or 1 (so p{* ---pp* is square-free).
There are < /7 possibilities for m, and < 2* possibilities for aq, ..., ax.

Soxz#{y:lgygx}g\/gff(z).

1
So 27(®) > \/z, and so 7(z) > 2(1)5;2.
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Lecture 15

Definition. We define the Riemann zeta function ( as follows. For a complex number s
with Re(s) > 1, we put
— 1
=2

n=1

In this context, one conventionally writes s = o + it.

Lemma 47. For Re(s) > 1, the series Y > 1/n® converges absolutely. Moreover, it con-
verges uniformly on Re(s) > 1+ 6 for any 6 > 0, and so it is analytic on Re(s) > 1.

Proof. For s = o + it we have: |n®| = [n?t| = |e(otit)loen| = gologn — po,
So |1/n*| = 1/n?. But y_,°,1/n° converges for o > 1, and converges uniformly for
>1494. O

We can see a link between ¢ and prime numbers in the following result.

Proposition 48 (Euler product for (). For Re(s) > 1, we have
-1
P

where the product is over all primes.

Proof. Intuitive idea:

OO

H(l 7/)5\,)4 . H (’—] +p* +/}72\ +) - Z n

P P T n=1

Fundamental Theorem of Arithmetic

Fix s with Re(s) > 1. If M > lﬁig, then p™ > N for any prime p.

So H <Zp JS) equlals 1 4 27° 4 --- N~° plus some other terms n™° for n > N.
p<N \ j=0

(Terms are all distinct by the Fundamental Theorem of Arithmetic.)

So
oo 00
ansi H (Zp jS) < Z 75| Z n7 < C]\]lfa7
n=1 p<N n=N-+1 n=N+1

for some constant ¢ > 0.

This bound is uniform in M, so taking M — oo, we get

o= [T =) | < evie.

p<N

But N'=7 — 0 as N — oo (since o > 1). So ((s) = H (1 —p_s)_l. O
P

Remark. This is linked to the study of > 1/p (Proposition 44) where we looked at the
product [, (1 -p~")~".
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It is important to know the location of the zeros of (, that is, the values of s for which
((s) = 0. We can say something about this now.

Lemma 49. If Re(s) > 1 then ((s) # 0.

Proof. For Re(s) > 1 we have that ((s) =[], (1 — p~%)~L. (Clearly each factor is non-zero,
but it’s an infinite product so we’re not sure.)

So [[,<.(1— p~%)~! # 0 for any natural number z.

We have ((s) x [[,<,(1 —=p7%) = [[,,(1 - p~*)~L. This is 1 plus the sum of terms
n~° where n has a prime factor greater than z.

oo

1
So |¢(s) x H(l —p ) =1 — Z n % > 3 for large enough z.
PST n=z+1
“tail — 0 as ¢ — oo
So ¢(s) = TT,(1—p~*)"1 #0. .

It turns out that we can extend ¢ to the whole of C using analytic continuation. One can
extend ¢ to Re(s) > 0 using an integral. Then ¢ turns out to be meromorphic, with a simple
pole at s = 1.

We define the Gamma function to be
I'(z) = / e~ t*71dt, for Re(z) >0
0

This can be continued to a meromorphic function on C with simple poles at z =0,—1,—-2, ...
and nowhere else, and with no zeros. The function satisfies zI'(z) = I'(z—1). (So in particular,
for a natural number n we have I'(n) = (n — 1)1.)

We define the completed ( function to be
E(s) = 7 */*T(s/2) ((s)

It turns out that = satisfies the functional equation =Z(s) = Z(1 — s).

In this way we can extend ( to the whole of C. It has just one pole, namely a simple pole
at s = 1, with residue 1. It has trivial zeros at s = —2,—4,—6,.... Since ((s) # 0 for
Re(s) > 1, the functional equation tells us that any further zeros of ¢ lie in the “critical
strip” 0 < Re(z) < 1.

In order to prove the Prime Number Theorem, mathematicians proved that ((s) # 0 on the
line Re(s) = 1. In fact, we know that there is a zero-region for ¢ in the critical strip, and

this allows us to prove better error terms in the Prime Number Theorem.

The Riemann Hypothesis asserts that in fact all the zeros of { in the critical strip lie on
the line Re(s) = 4. (Famous open problem!)

The M6bius function p: N — {—1,0,1} is defined by

j(n) = (=1 if n = p;...p. is a product of k distinct primes
0 if n is not square-free

Exercise. Show that p is multiplicative. (Note p(1) = 1.)
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Lecture 16

The Mertens function is defined as ) ., p(n). The trivial bound is that | Y onga pu(n)| < a.

The Riemann Hypothesis is known to be equivalent to the assertion that > . u(n) =
0. ($%+8) for all € > 0.

That is, for each € > 0 there is a constant C. > 0 such that | Y n<a p(n)] < Coxzte.

T

Theorem 50 (Prime Number Theorem). We have 7(z) ~ oo’
ogw

m(x)
x/logx

This was first proved in 1896 independently by Hadamard and de la Vallée Poussin. Their
argument made use of the Riemann zeta function and complex analysis (Cauchy’s Theorem).
This left the question of whether there is an “elementary” proof of the theorem. (“Elemen-
tary” in the sense of avoiding complex analysis.) This was answered in 1948 when Erdds and
Selberg gave an elementary proof — independently, but building on earlier work of Selberg.
This is interesting but not substantially easier than previous proofs.

That is,

— 1l as x — oo.

One can prove the Prime Number Theorem with an error term:

*odt fore
Theorem 50" We have 7(z) = / ont O(ze V'°87) for some constant ¢ > 0.
2 log
\\]uj_;mli]lmir integral li(x)
. . . . codt 1/2
It is known that the Riemann Hypothesis is equivalent to: 7(z) = ont + O(z'/*logx).
2 log

How might we study m(x)? We have

n(x) = #{p:p <w,pprime} = Y lprime(n),
1<n<Lz

X

N
avoids whether z is an integer

where 1,rime is the indicator function of the primes,

1 if n prime
Lprime (1) = { 0 otherwise
Using indicator functions in this way can often be helpful. For example, sometimes one can
replace an indicator function by its Fourier series.

For this problem, it turns out to be more helpful to work with a weighted indicator function.
We want to give more weight to larger (and on average sparser) primes.

Definition. We define the Von Mangoldt function A as follows. For a natural number,
we put
. o k; . .
A(n) = logp ifn = p" is a prime power
0 otherwise
So A is a weighted indicator function for primes. There are so few prime powers that their
contribution can usually be absorbed into the error term, so we think of A as a weighted

indicator function of primes.
Instead of studying m(z) = >~ ¢, <, Lprime(n), we study ¥(z) =37, ¢, , A(n)
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Often it is easier to work with smoothed indicator functions as this can make issues of
convergence easier.

Not but i \ or / \

P(x)
g

One can show that 7(z) ~ ] , so Theorem 50 is equivalent to the assertion that i(x) ~ x.
ogx

The next result links ¢ and A.

Lemma 51. If Re(s) > 1 then CC/((;)) = - 7;1 AT(:)

Remarks. > 77 . A(n)/n® is called the Dirichlet series for A. More generally, is (a,) is a

n=1
sequence then we can write a corresponding Dirichlet series Y7 | a,/n®.

These turn out to be useful (a sort of generating function).
Proof. Idecas.

¢'(s)
C(s)

° is the logarithmic derivative of (.

e For Re(s) > 1 we have the Euler product for ¢ — this is our link between ¢ and
primes.

For Re(s) > 1, we have ((s) = [[,,(1 —p~*)~1. So

log[¢(s)] = log [H (1 —p‘s)_l} =-> log(1-p7%)

P
We want to differentiate both sides with respect to s. Note that p~* = e~*198P g0

4
ds

S

(p°) = —(logp) e *18? = —(log p) p~

Therefore

¢'(s) B (logp)p~*

— p—s
p 1 p

= —Z(logp) (1 +p_s+p_28—|—...)
p
= = logp Y p7*
p Jj=1
_ A(n)
B Z ns a

n

Using Perron’s formula, based on the Mellin transform, one can use this to study . The
idea is to integrate — CC((SS)) §

this to deduce an explicit formula for 1,

B » )
v ==X T

along a suitable vertical line in the complex plane. One can use

where the sum is over all zeros p of ¢ (counting p at the same time as p).
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Lecture 17

So the problem is then to carefully bound the error terms. One important estimate in this
is for the number of zeros of (.

Let N(T)=#{s:((s)=0and 0<o<land 0<t<T}.

Re(s) N Im(s)
One can prove that
T T T
N(T) = Py log (%) —5-t O(logT)

Try to find w(123) = #{p : p prime, p < 123}.

e Rule out multiples of 2.

Rule out multiples of 3.
e Etc.

Rule out 1.

Every composite number less than 123 has a prime factor p < v/123.
Write Py = {2,3,5,7, 11}, A; = {n:1<n<123,i|n},and A; = {n:1<n<123,ifn}.

Then

| P11 1 not prime nor composite

o o o o o e
7T(123) = 442ﬂ443ﬂ445m447m44]1|+5—l

= 123— [A; UA3UAs UA7 U Ay| +4

By the inclusion-exclusion principle,

ApUA3UAsUA7UAn| = ) JAil = D A, NAi |+ +[A2 N A3 N A5 N A7 N Ay

i€ P11 i1 <ig

If i1,..., i are distinct, then |A;, N...NA4; | =

A ] — | 123
fllluﬂ;,‘ - \"’/I---ik‘J

E.g., |A3 N As N A7| = [Asxsx7| = { Y J

3IX5XT

Proposition 52 (Legendre’s formula). For a real number z > 10, we have

avoid small cases

m(2) = 7(v&) — 1+ N(z, /)

where N (z,/x) is the number of n with 1 < n < z and n is not divisible by any prime

up to /.

Moreover
Nam) =)= 3 141+ % Mandul—+ (1702 ) 4
iEP /5 11,12€P /5 PEP /5
i1 <i2

where P 7 = {p:p prime, p <y} and A; =n:1<n<a,i|n}.
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Proof. A number n < z is prime iff it is a prime up to /z, or it is not divisible by all primes

up to \/z, so w(z) = n(y/x) — 1+ N(z, /7).

The formula for N(z,+/z) follows from N(x,/z) = ‘ﬂpeP\f A,| and the inclusion-

exclusion principle. O
So Legendre’s formula allows us to find 7(z), knowing only primes up to y/z. Underlying

this is the sieve of Eratosthenes. This is perhaps the simplest sieve, and the study of more
complicated sieves has led to deep results.

Our next result can be stated in the form of a poem!

Chebychev said, and I say it again,
there is always a prime between n and 2n

— Erdos

This is known as Bertrand’s postulate. Erdos gave an elementary proof.
) vy . . . . B . o e . . v . 2
Erdos’ idea: if a prime p is between n and 2n, then it divides the binomial coefficient (‘I:')

We need a couple of preliminary lemmas.

22n 2
Lemma 53. For any natural number n, we have o < < n> < 2%,
n n

Proof. The upper bound follow from (*") < (1+1)2" = 22" (or count subsets of {1,...,2n}).

n

For the lower bound, we use that if 0 < r < 2n then (2:1) < (2") and (27?) > (2") + (2")

n 0 n

So 22" = (1+1)*" < 2n(*"), giving the lower bound. O

We also want an upper bound on Hpgz p, the primorial function.

Lemma 54. Let x be a real number with 2 > 1. Then H p < 4.
psT

Proof. It suffices to prove when z = n is a natural number, since [, p = HngzJ p.
Use induction on n: case n = 1 is clear.

Induction step. Suppose the result holds for values up to n, where n > 2.

e If n is odd, then n + 1 is not prime, so by the induction hypothesis,

Hp:Hp<4n<4n+1

psn+1 PN
e If n is even, then n = 2k for some k£ € N. We have
k
p<2k+1 p<k+1 k4+2<p<2k+1 k+2<p<2k+1

by the induction hypothesis.
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2k +1
The product H p divides the binomial coefficient - , since
k+1
k4+2<p<2k—+1

2k +1\  (2k+1)(2k) - (k+2)
(k+1) il

and each prime in [k + 2,2k + 1] divides the numerator and is coprime to the
denominator.

2k +1 2k + 1 2k + 1 o

But 2 = < 2%k

b <k+1> <k+1>+<k+1>
2% + 1 ok .

S < < 2%k — 4k,

o I » (k+1)

k+2<p<2k+1
So J[ p < attoab = 20 O

p<2k+1

Theorem 55 (Bertrand’s postulate). Let n be a natural number. Then there is a prime

p with n < p < 2n. (Equality for case n = 1.)

Proof. Consider (‘1:') We want [] o > 1.

npzn -
For a natural number N and a prime p, write a(p, N) for the exponent of p in the prime

factorisation of N!, so
N N
a(p,N) = L—J + L—QJ +...
p p

(See examples sheet 3, question 6.)

<?>< 