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M!!E- bes T\ne.o%

1 Diaisibility  oud  Gaugewseuce.

L. Distscblity.

Notakion: lnteqas- Z= 10, =! 22, 5

| Dl‘\!l(ﬂ.loy\

UL Rasic Goncepls.

abeondy « 6= Y B2, o %

Well ~orleing principle - (woP) : Euery non-empby subset SCIN codning a munimal

elomest.  Nobt! woop<=> Prﬁ.noipqle of  mathemabical laduckion.

bG?QMHOni Have A, € il S.uj A ldﬂ‘w}i‘o‘ﬁ € T3¢l such Haak Y= xz Wate X[ﬂ.

BM xlo, [ V xe Z.

i Gven xe L, ye ZN303, Hhen there (s @ wmque paiv g7
such Habt x= 44+, v heee q€ Z (s Y %u.o{‘t‘ewh re 30{ 'r'r‘t)"} is Hee remocnder,

| 1.1.2. Greatest Comamen Divlsor.

2 auwd zlY

.\lgé}‘\i‘(.‘foa’l" G{U&ﬂ A€ Zf an ;Nthe-( 2e L s e CoMM O {M‘:J&;&f } a!: A, vy I\F {kii ouned (j\?. )

?w?gs&{an'- Fee Hoo € I\ioff thee is c We dowaion olusee d%o of x4 Alvisible
hj wh common uvisors of Ay Wate Gl: QCJ [:{.,g)‘—‘ (2.9).

Noket 2l <> 2[-%. Thas, %cd (n.y) = gcd (lﬂ‘l,lgl).

Shekdy Pooft  Unigueness:Td,d' > dld et d'[d > d=d', e dd >0
€tsbence: - 5ax+b5r a,be L, axsby >of e v, Luel 215 7P 5 ﬂ.ch‘E.w\P{—(j.
By Wob, b d be the miniwmal element of S.IF 2x, 2ly, then 2 dividles
every element of S D 2ld. Must show dix, dly.
Diviston algoathm =2 x::q,al-rrl 0¢v<d. S c:x-qlax+by) €S, so =0 by
minimaliby of d. So dlx. Stmilady  For dly,

AE gedlug) 2V sany Hat » is  celabvely pame do g , or tat ANy are opame,

1.3 EBEuwdds HL%O,—;'H/LM.

CTwis  tekes  lnput ¢ oA e ZNIE > d - ged (y) = ax by (a,b net wiique).,
la ojmeml we  Can assume that um xTy>0. We we the duvision algovthm.



!Exm&i zjcol(?z,’lOJ, F2= %.20 + (2

T E Yo BT 2 B
\2 = . %+ 4 “ 3 ch[?-leo) = e,
£ = Sute  4.p
Bod L= 12-8 + 12-(20-12) = 2.12 - 20 = 2.(32-3.20) -2 = 2.32- 3.20,
L %ev\oml o=, My =é ez q X+ Xy, x,D %
X, = q x, + Ay, x, Vo3

)
%

Ap-r * ‘Ln-, An ""(M', ’ln>xwﬂ
N = %n X s + 0,

X.>X2>" S0 2 mwt s‘écp aflec o fimte  pumber of steps.

.aa).m! Hag = cacd(xuj].

Proel s L0 Kool e D Xl xacd D Tadunckivedy | sand e Ve P Xy 0y
(i) Hoase = Xane -(Lw N B ‘1,,_,(’('\—2"{1—: O axa-btg,

Xow® qed Drg) by SLLL.

L. Prome Nuumbes

.be%ﬁon: ﬂf\ :ml?-qer »f\>i s o amé  auwwber \‘(' ot Wasn rff_are!ﬂ 2 Pb&L‘HVQ ou.rfrors‘

bewmwa: Every iabeger w>1 05 divisitle by some  prime  awmber o,
I?mof-\ ne Ja>i: alnf=S cin - mw—em?’c'n. WoP D I minamal element PGS-

Note: f ad( dlp > deS > d-p.

Theorem: There are inﬂwl‘cdﬂ Wany ?A.me numbecs,
Prod 1 Glven pmes 9, Pe (k>1) ) P"‘k ne PR Pe %1, 50 n>l. Klj lewmma 3 Pn‘m-e. Fl"
\Foplps then pll ~#. S0 o4 Y6, RS

14.8, FuMmeu}:a){ Theoew of Antametrie.

Ap

| Moo, LETAJ: E\Iemj ‘wl‘eﬁe,r 02l can be wabka n g wMque Wiy Qs w= P:l"'i’n -@

Where - a; >0 ip; % didshuct prmes. \(Lm'%uucss wp to peamutabion of factors. ).

épreoF' Edisteuce: Lot S= ;_n?l ' al.zcomfus;.‘{?:m ® dee wet ?XL'stir-N wan: ‘o show €= &

€S2 WoP > I minimal neS. 14D ndl, 5o Hiwd I prme pla.
Mimmaliby > gﬂ SR I A .-.—,P.R“'- R
Ukﬁt 4 e €SS° Let S=1 n20 3 twe duffeedd Olaww\?osiﬁws & abwl Aga/'wg el K = 9,
ICS#‘P, 3 minimal weS 21D 3 prime ?‘n-
e, VP“" = §P‘at_- ?:R => ?=§o\na of the ¢
ﬁ,,b"‘ ‘{,:'1' one of e aq;.



EM&I!; Lemma: Let P be a ?Me, and x4 € W\ic} if ?"“ﬂ Huen P\x o P[‘ﬂ-
freof :  Asswume p»i’x, Waut to show ?\g. lech ab ol - ch (p,2).
Now dlp, b dtp > d=i 12 apt b (some abe 7.

P Yz apy + by buk plp, plag D ply.

oA, a [ by — )
M Lek x=f "'Phh r Y=h (?; - distinct Pruvles') Then,
o xly <= ap € bl e,
i Mmin (a,b,) min (ap, ba)
W@ gat tug) = o

z 7 -] - i 7 0o -©
Examele: 722 2.3.5°, 20:2.3°5" » gud(3,2):1.3°.5° =4,

1 1.6 . Least  Lommwon mwu‘u?&.

ngog{h‘oac For oy x9e ZNof, there & a msva.z common  mulbiple edo  wimch divicles
M common  wmudbples Wate €= Lewt (x.y).
Skebch Prosf ¢ Uw\..,q eness: 38,6' > C‘\?l efle => 6:6'.
5 . 4 ap ’ b, by max la, b,) marlaa,bs)
Exstewce: - tp --p, Yt P h - Then, e= g i
Sa)L:SF\'ES‘ a,u we

G)Nh%f gcd fxlj)-{(’ml’flj) = inyl

Pl minlaib:) + maxlaghbi) = a;+by.

' R

wank by ");-c»-n'ous w\rz:\ia..nj,

r minla b c) [ bl s il
Rewack: Can debine  ged(xg,?) = T ¢ , lemlxg )= T pr e bud

#

there 15 no velaben  ln genernl  between ged by 2, Lewmlty, ¥ amnd xyz.

|-2. Congruences.

1221, Rasic Facks.

veliudon: Fix w3l "‘mm“. Twew, abe Z axe . lo n if nla-b. NALe a;b(_modﬂ)

Note: "2" is qua q(w'ualwce chars cloablon on T (le, ceflecive, symmobnic, tvausibive),

B Wuwl.wu Aass for =z is Clled a

caidue _Aasy  (med n).

Twe cancdue  class rch-ue,uhd by ael s daneted bcj a (mod w).

Mse, { wsidue classes mod ) = Z/nZ aud s o olemeds (O(M«J,.., o=t lmodu)) .

1€ almedn) = xe 2z, blmeds) = ye 22, then %59 la L/aZ FF azb Imedu) .

- Resuhbs ¢ AEY (\M»o?a), x‘zg‘ (modu) =D ) a2’z ‘j-*‘:}' lwmedi) , Ui} x2'29y"  (weda/.
So the oyem.:{-\;our -, ¢ aake seuse w LT - ks a n:-l-a. .

i i -~ 3

Buk, x* % 47 (wedu) la gerd. Ba: 532 (med 3, 225 (mod 3) bk §'§ 52 (mad3)



i iz D"sh‘sfcv\ W Z/nZ.

Quesbion:  Lhen does e evist w ZjnZ 2 le \f x=a (medn), Y= blmedn), e

wauk Ay =l € Z/wD | o abzl (medn). Given ae Z, s toere  sudn o be T 7
| L{mmg: Gleen e Z’ 3 be [/A Suo!n ‘Hdat ab:z| (wed n) ;FC SCd {Q,ﬂj =,
Precfi (D) (F abz V4nc amd d = ged (au) then dlab, diac D dlt D d=1.
(¢=) V6 d= %cd [Q‘n] =, then = aAxiuny , some AYE Z S axzl (modu) . Toke b=,
-j}_ec-iw{Hou: B wesidue class xe Z/oZ s colled taved bl f age ZIwL ot xyc| e Zlnk .

S The  lemma  aew  implies Hiat Hads is dhe case FF D x = a (medn) sucdh Hat ged (a0 =1

‘_ Notabion: (1/aﬁ)¥ = S taverd bz rescdue da;:esf = ;a (mace) ¢ \$a€n | ged [q‘...):|f,
} \F V\‘;P [P‘{w\(’ U\ﬂ.‘.’e le: Z/Pl g \F;:ﬁ.\fog‘

;NoLef Every nen-2ew xé€ Bl laverhbtle ¢S n & ?ﬂLMQ-

1 1.2.3. Buler FRunchon.

i Debinibion For w%i, Wb @0l = # (L/m)™ = l faricatn ged tam) =8

Propesttion: i) {F P peiwme then Pler) = ?h'fh" = o' (1 )
w @la) = o WIH-Yp),
Pin
Ppoef: (0 Pe® = [§a: t.cas,ahfl- |§P|,:|,sbg?‘1"j|= ?R__Ph.'l‘
i) Follews Eom ...

\nckusion- Exclusion Prseigle: | R v vlgl= Z, 10:0 - Z Wiasile.. —t-n"lapap,l

VEigTEN

] aN
Ncw, n: P\nl g G g oQ_}stof P({m-es_ q;\»o. Laf R;= i‘if '405"‘, Pi"‘"}
Then, @)z n- 18,0 084l = a- TN+ Tlarak;l - .. :n[i-ZT,'E ¥ I‘;:—PJ_-. J :V\‘IEH-T;J

X2l Theovews of Evler and Ferwmak.

iEuL?.r's Theovem: IF xe[_aln?l)yf Hren xw’) gt By BT “c, FoeZ ged (aa) =] 7')Q(Pw3! (Medn])_

| Rl w  iverbanly mulbplicaion by x s @ bljekion on (ZAWL)™

Ty = T (xy) zZ ’ = ot L i { = =
! gelringy e 9 & Jn WL s a A ) bt A (Xu‘l‘l i Z/nI > \ x

@ln)

iFWaf'J LitHe Theowwm: \Ea=p, P;ime! W apl‘fl {wcod p) Jae Z Pfa, () a\,Ea (med p) Vae Z.
| Pcf: 1 Follows fvom Eulor's Theovem.
} wil I pfa, Ellows Bom L, else f P\q, then both sides ogue wugiwent to O (wmect p).




Cocollary: W6 n=pq (pq, pames), aud if mzl (wod p-t) , m =zl (wod ¢-1) then a2 0 (wmed pq) Veel.
Reoef i \F pla, then a™ 20 (modp) , azo (mecdp) D a™ za (wed p).
VE pfa, them a™ = a(a®)® (vhee m= V4 p0s)  bot a” 2l lmed p) 50 2" o (modp).
The same cwgmek Mowi & o8 [l gl.
Hewee, pld"-a, qla™-a > pgla"-2, as pi9q.

1.5 The ZSA P{(@L&%m

Bacrgpbion- " public hey cryphogaphy’.  Tedb > Coher teck > Teck,

The idea s tual thee ave PBunclions F: Z/nl — B/nL such that, quen F,
6 {5 prackically impesible o compute F7

We take n=pq (pq pames) , Gs2 such Hat s 2l (med p-t), vs 2| lwed g1,
Fla) = x, Fr T = LinL.  (ovollany > F (%) = x5,

Puklic data: pg, v, Sewek daka: p,q, s ks e

CThis wevks  becawse i€ is alwmost impesibl do  evmepde n Ly lavge pig ) , aud it
s velabvely easy to gemewmle bl pames p,q -

3. Soludous of C.ou.@mwccs.

: ot :
Given Pxlz o, vax « pagx’ | aie Z, consider o cengruence Plel O (mods)

 Look for sdudions xe Z/a T

1-3.1. Chinese Rewainder Theoem. [CRT)

“\C‘N‘eﬂﬂ-' ‘F N, Ay ,),' 5 qco' (_ﬁ,_,(\:_) :I ¥ a“ql € Z i R‘e.m 'at\e Sasfem Oc C-Gﬁ.ﬁfb{waf

$xz o, mod n,, xza; mod vy} es o wneq e solhion (wed nyn,)

Remork : 1§ gcol (n”ﬂ;)>[, X Wy Aot exi:{:._E:g_f EJ’-E\{_MG)/ ocio(wuﬂ”#}}.

Voot of Thesvem: Umqueness:  solubions 2, ge Z. '\Fi’x;fj (modn,) } 5 { N x-g } 2 xzg (medniny)
nzy (wmedd,) Nalx-y

o-s.,‘.((e LCW‘ [ﬁ,‘,“i) = “.“1/§cd(“”n’) = A.ﬂLI (3(~¢:|)_
Exisbence: ged (n,na) =l D I uve Z such dat au +n,v =1l

Take %= v 400U D %z almed n), xIa, (med n,)

Remarhs: (i) Plgebeac ue:sion“‘- laye) Z/az x (a,e)Z/n, 7 ﬁﬂn (xe) Z/nn, 7.
Gl oxe (Z/ony D) €D agelT/em)®, =2,
Wy V6w, e sabisfy qed (ag,n;) = V (t) Hiea §xza; tmed ay)% L 2l k, \Mas
o u,w'.cbae Solul"’on wodulo N ng .



b jecklenn

L{a) (i) \wu)A Eo-( o So\.wlnow of (&1) 2 (Z/n, n'l) 4_')(76( 1) x x(ll....IJ
@lﬁm@i‘[. ?[l‘ v\g) = Cp(ﬂl} (p(ﬂgj "'> M'&{&Q{ Pmeg ‘F
a"] = qg(ﬂa‘J - ‘-Pfﬁ,_al) (R *PJ}

q;‘(P'all .= PR
be the

(a; e 'I)’ and w2l let N(P, nl

d
S ag X
of e form e Z-/V\Z.

F Pl =2 a, va x +-

Naeo«bfm‘tf
vwumber of colubbous of Pl¥) 20 (wmed n),
Rewak: |F Pllx): ‘1:.+0(.'x+--+ﬂrd?‘d such  Haak a; za; (med ) V%0,  thea
NP a) = NP, n). (Pl 2 ') (edn) Y xe Z),

thea NP an,) = NP o) N(Pa,)
Px) 20 (med mn,,}fl

]?Nas:Hm: {F qul(nun,) =\
Doof: Chinese Remainder Theowew. WSz |ixe Z/an 1
RUS= | S e Tfn T Olxd 20 (modn)F| ¥l T2 6 Bln, 20 Vlxy) 20 (wmoedn,) 31

Bad P 2 0 (mod n,1,)] <> § Plx) 20 (medn), Plx,) 20 (moduy)

2.5, So' nw, - loe.

Pl = w* =, o =t,
£ WE 0,1 (medu)

Eka.w«gke.f
Plx) 2 0 (wmod@) = x* 22 (wmodl
POot) 2 0 (Mmod 28) > e 2 (Mmod 28) 2 % 2 0 1 (mod 15)
Px) = 0 (mod 100) 2 x' 2 x (mod log D %2 © 1 28 36 (mecd log

n, =

A 3 2 L:u'\ea-r Conqu U ences,

Lewnma: Lek a2l be 2. Then, the cougruener axzb (wedn) har a solukion xe T €€ ged(an) Ib
Il axzb (medn) =D ax bwhj ye7Z7 2> Alb.

CLémmac
Reof: Wale A= ged (qu).
\E d[ b Hen d= au+rny (a,ueﬁ) MML:) b9 bfd. bxa(bﬂj+ﬂ( )-)a[ ) L(Mnj

_(ZQM@.J.Q: 14 0(\’9, then e A ber of s.;Lu.Hou,; [w,gdﬁ} 's eq,u.aJ to d,
Proof:  x Y soluhons > nlalz-y) 3 (3 (x~9) = 3 [ x 9 an ¢ q,cd(m/ﬂ’t, a/a] =\
) is a solutlon.

(ﬂﬂumdﬁ, {F 9 is a Sobu'uo\" O\Mﬂ{ ‘C 5‘{)( Y  dhen ¥
pu 5,,[“,{1'0‘&5 (Moal anJ ! Y, Yt d BCE; 5(01-—‘)
.33 Lagranges Theovew.
4 ’
{ Zax ‘aez,drof.

Lt p bec prlme wumber, Lekb P(x)e ZLY Z ax"
Congruences ,P(X) 20 (mod p) — ® 6 mokes seuse do cowmsider PN (wmed p).
Te, P(x) Z’a Xt ams Bl = Z a (modp) X' € T IX] Auew @ <> P00 =0 i Fp.

be prime CQUUEH:P[X] G own - o po(‘jmmai aF

Laﬂme‘s Theovem: Lek P ! ,
MJ{E d .ﬂé\ﬁul Q(Y):OEFF \ras 0/{' MUS& d sob,.Jnom; A \FP

ge,wu—k Fov Q—’-ﬁ, @ o=l <='>a).' Last one toefficicut of P & wot o s ble \)ca e



| Proek of Theorea: Observe, i€ Q%) € DA H QU = (x-u) Q(x) + Qu), ue F.
Assume R(x) = b +bX + - +b,,>(d (by $0 in \'\"'p) vousshes fer Xz u o, ua, €,
(u; sBactl. Now, Qx)= (X-u,) @ (x) + M:D'
Lek X 2u, & 0= Qlug)=z Wa-u) Qus) > &) 20, an y -« +0 = lavedible uald),
Conbinue... Get Q0= by (X-w) -(x-ua) € Fp. Let X=ugy.
D 0= by lug ~u) (ugemud) D b0 as cach (ugy - i) 20 aud so is iuvekble 36

Corollavey, [ W0:Lson's Theorem) i 1F pis pame then G- 2 -1 (med p)
| Peocft Comsider  Ple) = &7 Al = (x-uix-2)o (-(p-0) , € ZLx), olagree <p-2.
Terwat's Theorew D P(w) 20 (medd p) for uzl, -, p-L.
So, Logrange > all cocthicients of Plx) are livible byp > p\Plo) » -\ - (-0 (p-u!

D W/ gon's Theovem.

L.l Prmibive Rosts  and Couguruences.

\beel. Ovcless  amd Exponents,

Definition: The omler of o (medn) € (L/n2)" s Whe smallst d>0 such taak
o 2l (modw) . (4 exists, and o § Pla) by Eder’s Theoveud.
The aegne,wl: of ('l/nll“‘ is the smallst dd0 sudh that o2 5l [neodta)
V atmeds) € (Z(n 7)™
®a s a pamblve yeok (wod u )62t s bas o vder P8 {<=‘>§a¢ latecl ) : iscswn)fe{?/nzﬂ

Proposcbion: Let o be Hhe odder of a (wmods) € (Z/ B | and bceZ.
Then, 0.53| (modu) <=> dib  aud @:a  tmoda) ¢=> bzc (med d).
Proof: iF dlb, then a’ = &“)w z | (med )
¢ abE\ (modn) , wate b= q’al el ocecd H a' = ab[a
M\‘M'm,u{g of d > rz0 D o[lb
a’za (modal <D a 2l (moda) |, aud apply Hast vesdt,

AU

‘*J—“ [ (wod v)

Cocterton: The ooder of o lmeda) € (™ is cgual to o given dDO F
ad 2l (medal awd ¥ pn'vMS p\d’, aﬂpil {wmod a) N )
Proof: 12> G‘j Bl llin,
(42 Pssume @ \«,ougl ound ?.,J: - oder of a (.\wo{wj Ve waut d=e.
New, P@posu:{—fcn » eld. (¢ dé‘i’d,%w e'd/P, Some pprme F‘O(
o o Y o Geta] = 8,

COmM‘ ExPoweAi‘ of (Z/a EJ)(’ [Cmg ocders of OCWo{nJ}.
Example: n=12. (Z/n)™ = § | luod 12), Slmedi2z) , #(medki2) | |1 (med 12 f

Ocoleys : \ Z 1 2
1 2._- i == 2 )
Expone.d' =2 (a.a sz ¥ = 2(* 2t lwisd l2})



Le;MmoL:

‘ ?raor"

| Lo,

d
\F d= order of o (meda) € (E/nl}k amel m20, then owder of a (Moc(»] /cd(d,m)_

b e bt
a™ = (") sl Lwwds) o3 dlbem ¢ ged (d,m) b qudidnl 7 gcd(a(, ) (b

A ?n',,w[Hve vook (e w) exisks <=2 n=), 24 , ov FR,QPR (p>2-, ?a{.meJ,

For n-= zR R>2 euu omeat can be a‘,,_med in (Z/2°Z)° o
M{q’ud.j as @ = t‘; (Mool 2") $0¢ 3 CP(z"} = g¥* -2

Existence oF  Primbive Reots.
' Theoyem:
Remark:
Exponw«f of (/2% ZEJ is 2“ 2.
|- 4.3 Q)umgrumczs.

Notakion: Let Nyln) = Hie number of solubions of Xd?[ (wed v) v Z/aZL.

' Obsecvakions: v \F ged (ma) =1 Huen  Na(mn)= Nj(w) Nalo) - Collows Gom CRT.

Rewk-’

\.

£ xam ple

be- b .

() |€ e erponent oF(Z/.aJ“’ £ qco((d ¢), then Nulal = Ne (w.
Pock: Cloim that™ X 2 [ (medw) ¢> X% 21 (mod)
(=>) Obulgus, an Fld.
() F=duaev (uve z} 2 X [Xol) (}(e) 2 Twad al.
() \F Hrere is a anl:vfue voot [wmod ul, thea d| Pla) = Nyts) =d-
Preof: Let a (moda) be o pamibive ook, z a™ (modn) Lor some m.
0% (modul This 15 =l (weda) <=> Plo) imd <> G im
ok ¢ o2 BV (31 -1 o d selu
Cio] \F a=2" (h)Z) Fod=27 (j<r-2) ( aa &me £ (212..”;(:2&-1)
> M,;(Z"J 2 {“«m;

Proof ¢ Wake Az o [vud ZR), Now wre same a»ejmu\k oy Tw ()

4

[ & ()’ «,‘7"'“),
Q- v gjive  forumulae for Nalal in general.
3o = 3 3 t 7
woozl (med 216), 216 = 273 0 Wt s N, (216) ¢
Nio(®2%) = Ng, (&). Ny (27), by L.

(| Z/ 0™ \/\M aponawt 2 E'Z/z.?zJ \wan apanew\: @23 = (8.
t t
Now, N3 (%) = N ?) = &, Nm“'ﬁ' N‘(‘L?) "€ D Nao (UE): bbb = 2.

lnd ex. (D{cue}e Lea_‘\aw-{{‘hml.

Debnibion: 1€ a (meda) (s @ P Hve yoot [mod ) | the incley of xe (1/“?1)* wiet Hhe base a

is dhe wM'ntue eloment me Z/OL sudn aak x za" (wmed n) (Wak m= tnd, () .



CRule: tad, (xyi = oind, (0 * indoly) , € Z/ %,

,‘*_:’5 2 ik 23) P(23) =22 = 2.\, . Chede Hiat § s o ‘,dw‘{{\,e ol (MchZZ)

ula u-ft{:eu{an Lo Le (_See: 5—2;[' S-Hff (mwg'lyj
So, Linde(d) 2 lado 13 (wmed 20 | and g nd, (3 (wed 22) s 6.
Sa_ 2 "r"‘df (M) H g (wwA H} :’) ;V\CQ.; (Jt—) = ""’ LMOG‘ \l) ’ "(_’ t‘v\d{(”} = azig_ (M»O’ 12}

o 2% §% &7 (oad 28 5 x 2 24 (mad 23

EXMDT

Theowen V4.2 R primf\:iue voob exists (modu) ¢=D n=12 4, rn, 2t (p> ?n’meJ.

Proof: Step |t Claim: F n=an, , (0 n) =1, A, D2 D edponent of (L/aW)* ddoiden ;3 P/

D e primibive vect.
PmaF; 0, ﬂ1,.>2 = Q(ﬂ) ‘P(ﬂz) £ en. qﬂo{ (“ltﬂ’) | C{’(JIJ - CP(WIJ ‘-P(ﬂa)
‘I‘PM] ( ‘?(m])’lwﬂj =| (M.of ﬂj } = a.%'Q(“) =\ (Mdo’u)/ h‘.’} CRT.

[GQ(ﬂz))lw"‘5 2l (aaslng)

Stepl' p:z) 2 (I/“RJ*’ §‘(maoln”, nelet 3 (medt) 5 oo pdwmibive veot.
Stepd Agsume thet o s @ ?dm.;h'ue ceot  (med fk) , P2l pame. Let b be
Hhe OM etﬂme.ui' ameng f-h.
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e M tp-1 oH?x (wmod PH = |y ?(.j-a ) Twad P
As p‘fa_"_z , we can Had x such ook t._‘,-a?- ¥ 30 (med p) > & halds,
Ugim: d = order 6F blamed pf) = @P) = (p-0 " ¥V k1.
Procf:  R=1 - aubomakic
R we kuno dl pop™, and -0ld , as @ is @ pamcbve goct (medp).
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E{Mg"“ We showed : b @ pu'm;h‘ve tect (mod p*) 2 b & fr\'\mfu-‘{ root (wmod pn) Vv RYZ.
- Te Gaish e ?fecc' of  Theorem Vil e \ave Owhj to prove!

S-ub%\.eogm'. V€ P is Fr{we renw I xe [FP¥ Gud.- Yok fF'P" = <.
Preof: Mdew: x il hawe  Llogest posscble  order.
' Sulsbepl V6 xe K™ has oeder o, then SLx-, o] = E_.,e:ﬁ,"‘: .j"‘zt:‘i,

! Voo F: LU € Rus. But \LHsj =4, (rusi €d Lhy Lagrenge's Theowm) . -5 LHS = 2HS,






