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‘ ‘ Prereq srbegs * T ‘ZwowUJgP of risgs, v(:\‘elds, vectos spaces awmd rugbiacedls of Gralogs Theony .
© Mo, shall  assume basic Yepics w Discrete Malls.

- Shall aﬁlmal o e b&:)‘:v\w;u_e)‘l'ﬂ:

; Siqrwmdftc Funchon Theovewm : Let R \e amy rng . Every Sc:jwmeirfr_ Pabgwoma.,l on REm-q 0] i
expressidle w0 a pelynownal ever R in dhe dlametany symmetic funchions s,., 5.,
wheve (++"¢.}- (++x,) = _{:n & st_tn-l o d S, (8, S, Ay, Spr X e X Ny st A X
Thus e ngmmdﬁc plymownals form @ Rug=on Pa.l..ou,w.;a.l s 5w BBy el

P._ooi‘ See, Foe exwle’ PM. Coln | "Alqe bre, vl - [Ny 1282), A%

,Frectuv.i’bﬂ, one velers o dhe _aﬁvis(e)m olq}on"BAm. Fos im‘hgen, Hars states duak F ab ave
posthive  unlegegs, hen I inlegers q,r s sudh it azbg ve ik oS <h,

 For ?o\ﬂuw;\.ais it states U119 ity alxl, blx) ave Po%n.cm.‘alf over a beld R y Haew 3 peluguewnals
glul, rlx) Over R such ot ala)e blxdqid vital , =it digvix) < clee, bin).

\. Fowmdatious

Aok Mq@bm,:c N cunber.

Pa giggjgm,‘c wawbes ® 1S @ o of a Pohy-owviai Pl w ke wional coefliciedts. The

- avawial plomenaal For ¥ s Bee gobju_\\.w\‘al p as obove of loast Aﬂg.ree and  wda lenchine,
- coefRuedt of |, e, Hhe yb{@mwal VW aowic.

The (‘.Dyt';ﬂa*ed oF o art dhe Rmes o, wm of p, e winimal ?a\,.jww;\ai for o, Here He
Pol}gmow&a} i5 cowsideied 4o be defued over €, dhe compleduumbers, so dhe degree of p isn.
We call n the degree of .

M‘- i The wrniwed Pahjwuwial PL?« x v olgy Y “MMMJ Poldjvu:w:bl fov oy [_j:',.’ HJ‘
Peel: Lot ) b dhe winimal polumemicl For 5. Then by the divisien alyoribun,
v Aiviches P- Hence o 0 o 2ere of ecther P, or P/PJ* ; 52 Hegt P:F:ibﬂ
s st gt g
G AU e ¢ Gobpl ove distinck
E{e_&_-. \mj (i) we haxe (p,p) =1, wheve p' v Hee cdenvahve of e Heuce P canaict laase
G SVW binear facter | e the o« ae Adistiact,
@i\ R 35 a polyneaial suh Wit Rlxy) =0 for some j, then Rig)-0 ¥,
(Rere, R M rahioual coelicicts, daws the winimal polgnounial for x divickes R J.

| I‘Af dotelily of all atgfﬁa.mc avmbers Levws o Geld, Ueav, siace e +f v o rero of
g (z-(2i+48;)) | here ¥, #m amd Bi, fu ave the coujugates of and § vespechuelyy,
Here "fke ?oLijoMl Wans {d‘faual c,oeﬂ;w&«i? wm viewol He rgmwéi‘ﬂ'c fundhow Yhesrem.
Alse, g ,For p%0, is o o of x"p(z), a ?,olljmwéal with whoual welficiets,
wheve ¢ is the winimdl pelygrowial for B,



We S’bla/u alzuo’& "HA? Qelo! GF auU algebrm‘: W‘Mx: bg JL Ne‘k ‘Htai a Zeéerd aF a
?objmcwua.l P il ﬂlgevau'c coefRcients (s tself québma\ij 'GN if Pl dn%f*"" LR
i Pf“"o/ Lo Ra)=0 , i Rx) = JT: (e(,:l"z“+—- & n!,U") ; where djhi) fums

‘ ‘Hﬂd"o%\n q_u %2 w&tj%“i‘&c OF Dlj ()5 L .-.'n) omd e Qb)) s d‘ci‘lbvlal c..:peg:\g,@,d)
\)9 dae !g}ww‘da‘c Camchion Hreovem

Let « e anm algebmic nw\»r!amol et @ dewote Yhe biowal vumber Gield. We deGue
dthe feld K= R | de Q‘L@wﬁw oeuerated by o over B, osthe sk of
Aemends Olw) whee P is any polyy wonnmal it coefficiedts m R The set e be
.J‘lga.fdzd ar owbedded C, w\r\ev-ce we have dhe usual @Mws of addidtion and
wubbplication, W ia e, the set forms a Geld (o sdbleld of & 1) Tlus is duav,
eg, Pla)s Q)= [Pr@)(w) , Plt) QL) Pal(u). The owhy axiom Yuat nseds am elowret
of ?mof- is dhe division awiom. QGOML:Q, SU-Pf’ose fat Pledto. T\mem, tfﬁw\ Yo
davision GJ.%@-”{"HAM, we bhave POIRE) + QIS =1, Where Q%) is the wiwinad ‘av(gwmw.aL

b %, and Rlx),S(x) \Lave coellicents w Q. Note bhee dat (Pla), Q6)) =1, siuce Plu)+0.

Now, gty 226 in Yhe aboe equebion , we oblaia AR, aud o5 = RO &
w XK, an u-evtwwec{

‘ Tlme degfee o ¥ s Olﬂr’lﬂeo' a» e C‘e_g.—m of X, SamA. Thew, b«ﬂ dhe division
Ql.gor[‘{’hm, K cowsists of all Sloveits a, +o, X+ -+ qﬂ_‘o(“ql sl @o, -y Ay WA a,
Now ot o, .., K be the &owéu,e)aief of w. We deline 0,.,Tn an Hhe QM&L&
Koo € (Mwaw‘rpmsw) Qven by ()= o). Twis qgives coujugate Gelds
¥, 0 Kn, ohee K= QR()

\E 9 “pla) b the typical elemert m K, we defive Ye field cownjuaales ofF 0 as
g‘(.,f‘)ﬂ/ where §, :P[a(_-,)= 0'3{9)_ Fw:ﬂ-{r’ we cal dhe Pob.,w.,omal (.9(-9,)'-f2-'9u,
de Feld Qob:\'wa,[ of §

- The Reld ?,oijwwal s @ powes of dhe wpanmal fo\.«jumal.

E_“fi" Let 9 be Yae plelﬁ ?ol'gm»w{aj— €or g (e k] aund P dhe wminimed PDL‘:)MM(.U{ ﬁw .
We wale q- wa‘_ for same polynownel ¢ widh ('r,;):f- Now, iF v, e
c(8,)70 [ov some j. We have 9J‘— Plx;), ((asswming afpl#},. Hewce, r(plej)) =0
ot vpld € QL2 oamd so wote (ijy above gives rlplarj})-:o v . it fellows Yt
o divides v, Codrudickion - (r,p) =l (See also: Stemart & Tall, p.43).

Nole dat e deg.r-ae ofF K s ond.efeud.wk of e Moice of oyeme,mslo.r, fov e lhave K
a vectes space  over B with basis |, ¥ -, " Hewee de dlimension (v: @] of He vedor
Space e o[eg\pu, of K. Hewee iy other cjmwioa' B il have the sawme oleg e
| (MWNJH\J@L;, observe tat Hee wnnimal ?o\.‘jwowﬁal foc § ivides dhe Reld polyicanal,

hien ce d-ﬂgu-a.e(gé degree «; Si‘ww, Aoeypree « £ d.a?,.u B. Hence Yo mu,u.')



‘ NOL«J \.ei k’ @[5) be awn alqdﬂm‘c Ambe{ de w-? a‘(&ae K‘: k(ﬂd {:N Clan
dlqebmxc wamber o  as dhe \C-'dd Consisting of all @(fres:“ous f[c(l whee p s a
‘ ?cbﬂwouwxlal ot with coefhicieddts w R

?vaﬁf‘l-fow K s also an qlﬂe]om,cc o fid over R, Te e Vave K=k(a)= &(agﬁj:afuﬂvéﬁi
p"* Sowme M%@ﬂ “WN

Coot: Lot o, w omd B, fu be the conjugate oF « g We choose u,v such tat
ulw-oa) «v(B;-fule0 Y Lit, 55 ea(cq'f isil . Foc brevidy, let Wpsud +ufiy
amd asswme o=, Bzf,, so dat w: A ““’(‘“’P -
We whodumee dhe abgw«l Qx)= I, (x-wiy) gud f'u;t fhl _. e Bi Ql")/tx-w.;).
\'{H Rix) is a ?.oLija.i amd ‘)ﬁ dhe sywmetac Famckion dHreo vem, 1 baw
welficiewks (n @. Fwﬁ\“ﬂ-er, ?uﬂ'mg X=w, e qe;l' B= @, = R[u)/ﬁ)([u), whieee @ s
e dervalive of ®. Hemee Le Qlwl. Simidacly oe Qlw), and so (Q(n(l@}rQ(u-wF),

a5 requiced.

We define e dugyee of KoverR as Df(’k], Hre ol-egwea of X over R (r-e.%edwgm
‘ Of' e wdnimad pelopmomnal for 0 vndhe coefficiads or k). Then Gnn e dimension theeo rem
Cor vedkor spaces , we oJej: [«: s f] - [we R][l? ®)] . (‘“me Aimeusion Hheoven ctates Hk £
L ae Gelds amd Mg Kel "KAEM Ure dimensious 9a:115\3 [L H] [L K]k "0)

j L2, n{qeﬁm-«fc \n‘t&:\eﬁ.

, nv\ a.)ﬂet)mc MBU s Ccuuwl (e UV agebmc W‘iﬁ \P %\e W\AMwa. P,cbg Mmlaj- &vu
koo nteges wefhiciewts (sHU wile o (eaclina V). [Nvtz Rt G e @, Hre miwimad

chy,e\,maj s A~ OMG{ So d&\e &LM‘E\OM %;\J_ej ‘-UAQ Onrdu% wé«eg-evlf WA CHAAJ(‘_QIC]_
The ‘l-b‘{“nl\% of alﬂekm Gvu‘kge\:s foims e iy
Neta : covtjugcdfj @F aun ai@ebmc {M“:ege.r owre ai;o ax-gebrwtc w‘kg%

Let plx) be dhe miwwal golynounal for am algelom,«:c nuwber . One calls e

- Lowgest Commen w.,\.l;l-lpte ot Mo dvipsinidoes o Ve coclhicieits of p L He
Aonowmuglora of «. Thww, Yne dewoninaleor @ i» dae \east Rasibive wrleger sucha that
Cepl® e Nlo.‘i:l“’/{& prme  wikeger w@%o«w&

: Corou%h as v am elgebruc witeyer,
Brod: We bave  a'pliz Qlas) For some wmomic @ wih ordinany witeger coolficiedts.

A L4 - Y
(l{: ﬂot): 9(“46{“_‘)( +..+Q.,‘RMM (Q('xj*-' H & a.qn_|x“+--+ - S~ [ (.

jCorou e Ao, 1S QM a)@&kw ‘F&J J/S‘[TM(* aJl“f "/ . N oFx

;Proe@ we shall ?mue‘ﬂmf‘F B Bux +- +Bo€ @f’d,md FHY) =0 ‘{Lw e 0["J The w"ouauy
Pou,cum oA ‘l:a.LMg Flul= ap[w) Eor % ‘r?('i_';'dé 06’] ware. o PunS “Hwbwd"n wu‘ﬁht wij)aifi
of « lecthan o, ,xu , Whnce alx-w)- (x-sa) e O0), c.wol 2> Hre cowstond coellicied av, . a

(‘9‘“’“"“) SL%“’ V2] w 0 (e ¥)] W\NA
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New cousider Cix) = F[""ﬁk X“b'(x“w. This s a ?abjmw..'ql of due%J-ee Sh'h
and we have P¥z0. Fudher, we have P)e O[T, stne Pe¥e@ asin eorollaml,
e, $:_' Fla): qfys) For some wewic gt € OB . Tue veguaned assedion follewss by

.
WA O,

Ll Units,

Q‘v’\ algebmu'c widege g i called a M NS _;'F W ooaa alge,’mw\‘c M‘L&jw
[N_rﬁ wA d;, e atg-ebm,\‘c Cw\-igen e CAM nd'{ouai M%&S. W%,iiram{ o E:i’l:l
;Df[*vmaiwcl»j e it o want Y gt , whee €. €. are e cowjuf)alu ofe
Reool \P €522l Hhow €7 258, aud 0 F 22660 | Hhen 5y, 8@ (by aite
| ai:ta..ioPﬂ-?)mA!o, since @ v a Ang , we bhave £ed.

Conversely, IF £€O0  Haen 2,5 , te dhe conjunabes of &, must bolowg

o (9( whence \79 e n"ug propety) of O, €, ,6, art tumts. Bt tien g8 is

a ra;Jc(Oual W‘L"-g@( and o uwmt, so g5, =t

| Nole: e produck of vl it @ & again & ik, and dhe wncls form & mubbipbodne
| Growp cabiohs. wae  elguate b") u.

Rewak: i R v an algebaic wwwber held dhen ogain He  alyebmic wegers w k
foem & r:-M) Cpk 10/“-9[ Mo wnidds v R i & MMH';PL\I(“:"{‘,Q Vo up Uk.

LS. Novw aud Trmee

CLet o be oy algebmic nwmber, with onjugaks o, o, We olefine e (absoluts )
Ao omd trace of w as N zofdn amd Tz daor %, Thas, £ s @ waltiF Ng -2l
iNGw U.i k be an algefam:c wuanber c\&{ol MD. (.J 0',,.,0'.\ be e Mcuom‘:p\nasws
‘Grow\ Rto €. 1€ Y S oy elemedt of R, we Aefve  de celohive worm  amol draca
Coak by Nl o0 o) Teld)= 000+ 5 (6)

Tven clealy, Nig 199 = Ny 00 Ny (€, Tig (04 9= T (8 + Ty (4,

Mso, by Hue property of dhre Feld pelyuonial, we have Niyq & (NO)™, T, 07 w T3,

i e Sowe Ov\‘LdgM wm. Nt "'Umi' w\wv\ o V) amn o,lp)elam‘c \'M“cege,.r, NQ_JTQ o riliowal n‘»:[‘az)eﬁ_

\ b Basis and Detesminaut,

Le*kb? cun O.L@damfa w\wx Leid Then thee 15 @ \:Lﬂs ‘\(l,»,’?:\ of R an o v;.dor
;sf)au over Q. We deline dne Q‘SEH‘M.IM of dhe bosis as B[ \Fn) 3[0[0*[09(4{3»]

Loy

Thien e Yome B, 0 = et ?"‘“*'""?“‘:'“’)M(GEM‘ m’m) s Aok ( Toge (%)),
T () - Galea) T, (% « - Gul¥n)

Now sugpose we  have austuer basts for R over & s -, W Thea % S0,
roioual Q. Let A= ot (a;j) £0 an daam)e-o@- basis madvix.

l C,UAA/-, we \Mw-e, b["f,',..,“{’,.l)zﬂiﬂf‘(,’.l‘(,,,J &



\f R= QReo), thew we can toke Wj"’( ; omd A[ g > is He g‘f/“““"“"ﬁ a
 Nndimends devimnit, olevss S0, y, S i (vm 7).

Siace o ¥ @ gemernber e B oy 1B e \We 0. (0 % 0;la) (i%)) ,u\»we
‘ A(\,d,‘,d“h')*o W Fellens G ® Wt A(‘V ‘V ,#O for oll bases ¥, br-y ¥a
of R over @,

- Now  cousidder e ({M) 0k of algebm/ic &A‘t&j&rs wmR. A basis 'pﬂ' 0!2 ovee L
Eos called oun wgﬂ bascs for k. Thus W, dgWa VvV ous uwla)m) basis Lor k
2113 ey ehoment 8 oF Olz Cam be -@J(,Orﬁf-?d w o foran 9 UYWLt F U Cor

. Some mﬁk‘iovwl Ln{r-eqews‘ U, o, Uy

Theowem : Prn w‘Legml Dasis a/lnda.&gs exists Cor k.

Peock: Note Hut ot dhee cotainly exists an Op-basts for R over ® oidhe elonents
wm @fz} Foc instance, we cowdd eke \, as,,., (ax)™ where a s dhe dewominador
pw «. Nowf amy 0];_- \DanILK R over (Q, Sy Wy, .., w.,., e c’l&s\:,r{Mlv\aMi‘
Alw,, ., w,) is a vohoual nteger by symmetn, (stuce w; ¢ G, vhere Ae O). Thus
e 2xtst Gloments v, . wn i o such Huat \Dlw,, ., w,)| dekes b smallest velue .
We proceed d» prove okt v, we s an wtegval basis [oc R
Acwrouwg\-g, (et & by be  any edemet of Cr. Then cer’{'wbg Yoore ceist vahionals
U, ., Uy Such dat 9’“.w,+--+ U - We have to show Haat , stnee De g, Hhrese
ws are wm fad M‘tfgus. fut fF, Sy, U= UV, v woam wdeger and ©<v<],
dhron |, on wating wi= $-uw, = v Ctdy b+ uwa , we woudd  have an
Ok - basts Fer R ouu@,ﬁmgbj W, wy o, omd frow 8, we would Lave
Blw,, wa, o wa) = V Bl w,) | whee V= olei'(v o u) cv. Slnee o<v<l, Hus
Cpﬂ*.rud»\ci‘s »mmwi ?{‘D(’-Q/A‘\) op \D{w” o w.n)l , The Heoren ﬁouﬁw

M is clear From dee proef above Hagt Blw,. . Hokes dhe sapme vae For anmy witeg ral basis
i Car R, Cor e Aetesaiant oF de Tandormahon From oune kaegmi basis t¢ anmothesr s cun
‘\hM{‘aaar anmd So ti, NOW,. b‘d @, Ane al-e'{'e‘rw{mdt is Sqlbtaf-eal omd 5o Hae vglu.e. of

L O, ] umchanged.

We define A(w.,..,w,\j for am wrkegm,l basis as +the discdmingnt of k.

Exercise: prove dat € 0,..,0, we elements of 0;; sudh ok A(S,, ., 8.) s
Squore -Free Hen 8,.. % is an wikegal  basis for R

‘7‘. Q ‘e Freld.

- Consider k= R ,ee d v a S%W—Qu 'wiec\;)e,r (Faf[‘lsiue &r.necaa:‘:iue}.

Then dhe elemeits of R bave dhe fom A+ yld, Witk xye @ We dotewnme
imlegeel basis for k.

ﬂccmwﬂb, Suppeose x+3f e O, . Tren Niglatn @) and Tyg (e id) € Z. (Mo clear

G it sl P"\"OM“‘"“’[ Kemee | x-al,ﬂz and 2x € L. Sipce A s S%M-Fm, ot

Follows Hat 2= 74, y=1v , where v ave wilggess. Futhe, b divide u*-dv?.



Now, 16 d=20e2 (mod &), then slace @ square = Oorl (wodl), it Pollows thot
w=v =0 (wmed &) , ie. w,v ase even, wheace x  awmd Yy awe wmlgers | amd Ly

is an  witegrad basis fer k.

\¢ dz\ (wodb) , tee a«Lﬁ other 9.;55'519«;&;@ , ten wv have e same ?M%
(ce, usv wod 2/, aud 30, ou w-f.‘-ﬁuﬂ A+y 'z Slu-v) +3v(1443) |, amd weting Hat
Caley) amd N aw< ;\J\{‘eﬁedfl we see that \,%“*J) S o ;.:v\"c%rci basis fov R.

The dhscrimminont of R 15 dus bd when d=? or2 (wmodle), omd ol when ozl (medd),

| . Voa(e/a
Sad \y s ) = Yd.

?-— . ‘O{GQES,

L L, Opialag.
2]

o Net 2n ey glc_;)e‘muic W ber F\@U Wwad a u-w-'otug Foctosisation . C‘Own'otuf \fw-examrle,
Rz Q3. An inbeaval basis is V5 Thew, 212332 (W 2F)(-275).
Now, dusrajarcing wmts, 3,7, 122/ canaot be Fudther fagtonsed wm Gh.
| gupfwk, Fo( fms‘to.mu, 3= “s, whee « be 0;;- Thea Na Ng = q‘l so b neiiher Mn:ﬂ;ﬁ
week a wmb we wold hawe Nao=3. && fuis s wpossible since H implies
‘ x"-\'gnz:g for {M%e_;s‘ %y, omd dhew s we such solubion.
Note Hut dhe wuits v Q(FF) are givew by x+Sy™=d 2l (stuee Nlxry [F)= <4547,
wohege m:il/ 9= 0. 55, de o..ulaj wints bk ave 2(,
| S.L'MC(;MLQ, F, 12 UT camnct fudonse Futher. Homee R(FF) does uet bowe «
JI.MM%M &dm{sd'l'oﬂ.

C\degls were bodnawd by Kummer, Dedebiud, ete. do restore Hue Prof’-e-'i‘j.

7, Oelilio e

Let k be aan algetowco{c nsder feld and gt 0,; be <he iy s L.A{eqe,\;gprk.
Bn idkegh w ks @ won-empty sihset ofF Gk, dewoted by g, say, such At
i GF o, o, €8, then o, % € .
@) iFxe &, Be O, hen wfe 2.

Theogm: eveny (el & a R s Fiw\-’:(b) weol Tt is, e exist ehomests
diyo, X @ suck that @ 05 the set of all elomets B + 4 duPu with

: B, Bm w Fi Ue wate g% . )

et Cleady Oivem %, Hm G ohow, the set of ol it Xnf  with By fu
wm Tr sabishes 1 and e/, whenee & 15 an cokeed .
Conversehy, tF ¢ © cun itdheal, Pren doee 0 an ntegual basis fov ¢,

=

€ o st U, % of demewts of a such Ut ewey eloment ¥ @ g coum be

Lt ¥

expressed o Hae Jorm a8+ xu Tu with ratowal wdegers ., ua. The






