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METHODS OF MATHEMATICAL PHYSICS. Revision Document

The following is a summary of material that will be assumed to be familiar. The exposition
is not intended to teach, only to remind. The material appears in detail in many texts.
A small set of revision examples follows. They can be used to check familiarity with the
material, but they should not be allowed to take up supervision time. It is assumed that
the reader is already familiar with real variable analysis. The symbols C1, P3, etc refer to
the Part IA and IB courses denoted by them.

Chapter 0. Revision of Complex variable

0.1 Elementary properties

0.1.1 Algebraic definitions (See C1 and C2)
Define C as R x R, with notation z = (z,y), 2 € C, z,y € R, with 0 = (0,0) and forming
a 2-dimensional vector space with usual axioms.

Multiplication: z;z2 = (z172 — Y1y2, T1Y2 + T2y1), wWith 1 = (1,0).

Verify distributive, associative and commutative laws (hint: identify z with (_xy z)

and complex multiplication with matrix multiplication),

—1 def T ==l
Define - i (;r:? v Kl yz) (z # 0)

giving an inverse. Thus C is a commutative field. The subset {z : y = 0} forms a subfield

isomorphic with R.

Change of notation write (0,1) = ¢ and (by abuse of notation) (1,0) = 1. Then (z,y)
becomes z + iy, and i = —1. Introduce the terms real, 1maginary, complez plane, Argand
diagram. '

C has the same algebraic properties as R, but the order property is lost [Attempts at similar
generalisations to > 2 dimensions result in loss of more properties, e.g. commutative. For

example, vector product in R?]



0.1.2 Modulus, complex conjugate

def
2| =

1
(x2 + yz) 2 > (0 with equality only if z =10} 74— 1y .

0.1.3 Elementary functions (see C; and Cz)

A function of a complex variable will mean f : C — C, written f(z). Polynomials,
remainder theorem, Rational functions: R(z) = P(z)/Q(z), P,Q being polynomials. (So

far all similar to real case).

The Riemann Sphere. (see D1) Project point P on the

Globe from O to Q on the plane, giving a bijection

from the sphere to the plane provided an additional
point, {co} is added to C to correspond to O itself.
Mobius transformations ¢ = (az 4 b)/(cz + d), are bijections C — C provided {oo} is

included. Can map any 3 points onto any other three, and map circles or lines onto circles
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or lines. The cross ratio (z1, z2; 23, 24) = %_—;’3 54_2—2‘11 is preserved. Note (0,00;z,1) = 2.
Mébius transformations form a group (generated by translations and inverses). The 6

values of cross ratio resulting from permuting {z;} also form a group: ¢,1 — C.17Es

L =)ol = 1J/&
0.1.4 Metric Properties, limits, continuity (see C5 and C6, also C9).

Introduce a “distance” between z1, 29

el
d(z1 —22) = |21 — 22

Satisfies axioms for metric:
d(z1,22) =d(22,21); d(z1—22)=0 &= z1=2
d(z1,22) + d(z2,23) = d(21,23) (triangle inequality, verify directly).

This can be used to define convergence of sequences {z.} (n € N). Converges to a if
|z, — a| < € for n > N(e).

Cauchy sequences. Completeness: every Cauchy sequence has limit point. Convergence
of sums 3 a, by convergence of sequence of partial sums. Absolute convergence, uniform
convergence of functions, etc. Continuity of functions of a complex variable by €,¢ char-
acterization or by open sets mapped onto open sets. So far these properties introduce
nothing novel compared to real case; they are equivalent to same statements about u and

v where f = u(z,y) + 1v(z,y).
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