JS 96
Groups and Representation Theory 1

Here A, is the alternating group of degree n, and p is a prime.

_ 1. Let P be a finite p-group with 1 # @ < P. By considering the action of P on the
elements of () by conjugation, prove that @ N Z(P) # 1.

2. a. Show that any group of order p? is abelian. What are the possible isomorphism
types of such groups? :

b. Show that a non-abelian group G of order p® has centre of order p, and that G has
pPP+p—1 conjugacy classes.

3. Describe the conjugacy classes of elements in the symmetric group S,,. Let g € A,,.
Prove that the S,-class of g either is a single A,-class, or splits into two A,-classes of
equal size. Prove further that the latter occurs precisely when all the cycles of ¢ (in its
disjoint cycle decomposition) have distinct odd lengths.

[Consider centralizers.]

4. Find a Sylow p-subgroup of As and of Ag for p = 3 and for p = 5. Find the
corresponding normalizers.

5. Consider the symmetric group Sp. Show that the only elements which commute
with a p-cycle are its powers. If P is a Sylow p-subgroup, show that |P| = p and |[N(P)| =

p(p — 1)

6. Prove that any group G of order pgr, where p, ¢ and r are prime ﬁumbers, has a
normal Sylow subgroup.

7. (IB 75/4/5) Let H be a proper subgroup of finite index n in the group G. Show
that G has a normal subgroup K, contained in H, of index at most n! in G. Show further
that, if G is also simple and non-Abelian, then n > 5 and G is isomorphic to a subgroup
of the alternating group A, on n symbols.

Prove that a simple non-Abelian group having a subgroup of index 6 must either be
isomorphic to Ag or have order 60.

[Sylow’s theorems and the simplicity of Ag may be assumed.]

8. Prove that any simple group of order < 60 must be cyclic of prime order.

9. (75/1/4) Let p be a prime and P a Sylow p-subgroup of the finite group G. Show
that the index of the normalizer of P in G is congruent to 1 modulo p.

Prove that a simple group of order 1092 has a single conjugacy class of subgroups of
index 14 but no subgroup of index 13.

[It may be assumed that in a finite group Sylow p-subgroups exist and are all conju-
gate.]






