Reustuien anad bosks.

Definidtow; The pair (@d f=.a gmp,,_(g;,g,ji,, gpoup wit . iF R s a set, and
(s a wmap: GxG2G with W aelb.c)= [a bc Ya,be eG,
i 3 idewtity ¢ € G suck Mt €.q:zq.ez9 Vge G,
tiiy For each X1 3 rﬂ-‘ such et 9.q' = €= ‘D‘{"j-
Q erouf ma_q(o( May) rla't) be wmmu'ta*iv{ s (QW.., .i.e._.._...Q._e.b__: be.@..,,\é,,g4,h6 E‘.

A subgeoup N ef G b a sdbset WL bk . growp wrt o restricted do WxH. Wile H< G

Rewade: A nen-emphy subset B of & is o cubgoup f abet> a'bel.

Examgles: (Z,4) < (@,4)< (R,4)

Exercise: Al sudqrougs of (T4) are aZ= fox|xeZf, lneZ,)

Examgle: X=§\,..,n5. nglx - i :“..ﬂ_;?.;\f of au-éwdaﬁbm aQX, wml.u coan posibion .
AKX (20,) = the alteinatiq greup  of all even permutations onX

- ;. .S’QL.bCﬁ.Nw.P. of S, of indetl,

Exo_.mg\.e: F o Geld, GL, (F) = all nwn wakrices over F it non-zere déterminant wndler .
’@eme.mi Lineas Quq,\'

_wu Dihedal gronps (ocches Zon) . Diby, = Dyn (=0,
e Grewp of Sy)wwne‘t’nm oF a regula..; w-oyon.
Wh--\—\r--rh @, rotation througn = Elbweste gres. @ Lisw) o catakions.

\

i~ b fleckow,
Jx_.,areec@\m, .

a i fik ™, w reflections.

A‘-\o"ﬁ«gr S.e't op ﬂenem‘tout 2, b, wihc('e - QY I ¥ reﬂecﬂ:\c’v\ "U*f“avtab\ "B’\e axis
at ang\en with axis of b — a cefleckon growp on R

Execcise: Auy subgroup of Dy, s either cyelie of ordder dividing m, or dlnedial of
oyder divicking Im.,

Recall : Lageanse: R €&, & Gurte > lnifrel. -
Pactiak converse: \Gi= piwm (pim) >3ncg \*ﬂ?fa. «r%low Suhamw‘g“,
De Bniton: &, H groups. 836:-)'“ is & \\_omgﬂ_m \F 9 ( g 8, 1’8("_’& 9{%‘) H%.,%EC‘-
(4 i oun isowoibmsm B 'b.}ec{we) o
B Bocndl i o Cpenenl) Womomorguism § _kecd= Tae @ | 9= e, . b
(% o wnjechive ((F ker 9 ___{e ).



A Subgmup Hoof G s pocwal (n G iF gMo'=H For alk qe &, where
%Hq"% fg\na}“'lhe HY . Wrde Hai, (Sa keenels ace uwwtaU.

TF K< G, ‘H«e_ﬂ c\‘-“rw o gtlm{{gﬂ'l: Areup G-/K it e-(.o_mey:b aU Hoe \.QH tocets of
K o G ( Lelt cocet - gk-= gghlke K3). Mulbiplicakion: g X - g, K = 2,9, K. This s well-defined,
QV\A e (a.e,'t a 6”“‘? ‘DCLEQ.‘K/ {:1,1,$Xi=qihtj;ome h{EK =’>7£|7(‘= %I;tf_:g:h"-:%\aaf'h' 69‘31KJ

{wse nammality }

- ﬂf\ms (F;‘gr{' ngum-gw;m%gmit Let 8: G>H be a Momowwwpwm with K= ker 8. Then

W K6, and Sk 8G, the (mage of G wndes 9,

bithece s a natural 17\ corvespoud amce between the set X of all Suksroufs
of & contalning K omd e cet T s ali SuB%wm?s of Dé.
Moreover, Uois gresevves norwality),

‘ CoraUa_mg 2: The \\omow.»P\M‘c |'Maﬂ{; of & are, up Yo ‘ife’mo\rp\/v'um, 3(0&&/3 G‘/K for

N Gt ows K <G
Proof: TF W= 96 then H ¥ Flhed (byheorewml).  Conversely, if K9G Hew i i

e

a hewo uwerp\/v('ivm wag € of G cumdesr Yo nddusal \fkommrplnism g o K.

i £ of Theorem|: W. K<€ & (check). K9G+ ke*\’,%eG—J 9’(31145") 9‘5)%9[3) =€, 5o apa el

The Mfqu 9 /K"’ D&, 5 9K ""39 15 an \SoMorP\AASW TE iseuell- defined g 1-1:2
9, K=0,K (f6 al'a k=K iff o'gek iFF B(a"q):=€ ff 8(9)- Iy,).
Oute dﬁau, as s 9 beu,ua) m\xoMaMprP‘»\iﬁM.

b) TF XSG Hthon OXE0G 50 9 fnduees a wap §:X—=Y 1e vedg,
‘e VY Bor fe slbaronp {3e(ll3,,5e‘f} (wsualk M‘kgﬂ:\w Cor s 977~ pre-image of ¥

thea \9 aw\dﬁ( are wuere o each gther, amd so ave b\_ywl:ww

Finallyy, noemaliby preserved foe 8,Y . eg, it Y936 dhew 0V AG, Sae: led xe ¥,

So 89{9‘/ ;argect 8[(_,)9(9’) 9’% O (9,;)) e ; stnce YQSG Se @"‘3 e ¥ Y a

. §: G-o>H (s a how gt Y of G f H= S‘gm X L some X,

‘ & & =k g G g,;nggi ,ﬁgcgs‘ggig‘ﬁrsn of & |F U= G’Ln[F} {:ﬂ( Soeme W, Sowme F

_Dr Group (s S{Mﬁu {f‘ it har ne Ao — ctvtal wormak SMLgmqrj,

: IF G' i5 @ L;vuk grov\? E&\% G.' ‘Aa‘; a C_/E'M?ﬂ]‘*‘r:m geres : | = GOQG,Q-“"G,f é,

Lith each quotied /o beiy simple. For, tahe Gy %o be «  marimal wormal
g‘ab‘)rvuf of G‘, Seo G/Gr,,,, is SZW\FLZ \w) T\f\eoml‘ Con‘h'vme w Crh.-i.

! \/Ja,rm‘m@: 2y Cé’, g; \»e\.»e ‘Hn.e Soame C.owPos.”'*['\‘a-w seyes.

7—‘ P-Q[&giéh Knggﬁgﬁlﬂs 3 gaLQH EEQ&ME

,DgE'M'Hon: & a droup , X a set. G aé}’ on X Yhere » @ M.Q_Fff.\g *: Gx X —AX

Sud/\ '“Aai (Q,'x)\-? q"x?( [0-’ ca(z), a_)ﬂ., Sd‘H;f‘gi*qf
MI} 9 *[gixx) {39 yRx _1)_ Exw = x V:(exjajt-e O



Lommal: \€ € acts on X, then () foreaghh g € G, e unckion Tg7 XX, x agxx 1 a
) the map (P"G"’chm K;Cjt—)q’g v a \Amwmrp\ms»‘h' a
E‘L_DF_ | %—' v dhe tnverse of ‘Pg : CPa( ("JJ @K[c] -)ez)mu qu 'JKZ ; x -Cvf-eaeln IE-K
fo Gy zi %9, simlarls,
ity Frown &y owd . i),

Perw.;j‘a){-fw en X
peim ahiow represeitabion of &

The Remnel of dhe ackion s K=F9eG [gunx VaeX} . Thew K&, and S £ Sym X (hearen)
The st X srL\‘-{rx wito gebits umder B 2, x, are wn the same ecbit if Fge& suchHal gt =,
The action is tawsthve F X i cn  erbit.

e E‘tgbl’t&!&r GK’,‘ o‘: the F'{“* ¥ s G-“-‘- {@éﬁ—:—\_’t:qjk)t} . MA:‘l‘ is a rub:wo.c G
J M" Crg,(_‘ = 9 al%-l-

Exa..w\ sl W “<G' X= fG:H)‘-'(tK set of left cosets oF W (a G) q&xﬂ: qu g?(\'ows are Cime

“The left coset ackion: Tt s trowmsibive. G 2H, Gz 2Hx™. The kernel of Hus
ackion {5 tre \,a,ﬁcst woemal su\bamwf oF & wlek i codained wm H.
\FH= fe} - left reejwlaw achon of &. X=G&, grx=gx. Gue=5€t, G<Symb.
W/ ' {oa ackion: , —
@ X7 G-/ Q= = %'xg", Kemet= ?(G), the m of k.
G’*:{‘?)GG\%":M} = Cafx) e getiolices of x m &.
Ocbit oF 5 1 el (1)"26%)“ %GG} WOF x o &
(\’) X = SE/t 0{’ au Sulogfvufr ap a— Cj* = @Hg
The stobilhes ofF W s N, (W) = $9eG \ g Hy™ —H}
Ol ofF Y s el ().
iy Ge= S“ - naturel ackion en D/ 1."} - {\:", "}
Taduced actiows : Xz (%) , e st of all R-subsets of [ln). Ackicu is peidtusise
the <tabilier of an eloment {h-.,b} o K & Sex S,
(iv¥) Crwmf; on  combingtoral or al.geﬁmk Ob)'ecis
C « opaph; A G acls ea vestces, Wﬁ?ew‘nﬂj od
Ba i il Ok Pet -

(WaNg (#)). e permaliser

ac.eﬂ.(‘,(ﬂ
5 ” (\JQA’LCES od oF (1_, / Jamed. (F OLY)OM"‘.]_

D?pini{-\‘on: The ackionrof. € ou X and sn?l ase

~ise e 16 FY:XSY, bijeckive, such
Haat I\”owx) =gxﬂf’x v g€ &, xeX.

Theorewmd® IF & is transitie ouX , amdl xeX, dhen the ackions of & en X awd on (G:G,) are

G“\Svuafp\n‘c _ S
Em_r—_ The map W X —>(8:6),; hxx > hG ba G-lomorpluism. Tt is well- oo fned and I-1:
b s hyxw (FE b, hoeG, (FF L.Lc,x:h,c, Oute {s clear.
Tt & a-'\a-ewno,-p'lrv&m%'\f(gk\mx)m::} Y[fgk] x ) 3L\G = gx WG, = 9*4{’(\'\x}

Rkt wset action.

(Owu::x.MlE (Lﬁgmg_)_ Gr l:lw;k, ac‘“*g eaX . L,e/txc-x. Then \G CTA" | GXM_‘ , (G\':Orhﬁ en ‘z)
Tn PMLLL‘ cdaw, & & s troamsitive on X, Haen | G: Gl = IX]




| Exa, ple ¥, o < G. (GH) (i) are G-isaworpk’c W K o G- conjugate.

| Theoreun 6 fS%!nghegm!f Let & be a fate Froup of ouoles paw« ([D ?n"me, \ﬁw\]. ﬂ"c“\,

lll) = o gblﬂw ?—;&h%wqp of wv(er Pq,
(il amey two suck axe w.xjugoie wm &,
v the awmber wp of Sulow P 5ub5\mwf'§ w 1 module p [ andd devides w J

Nete - A Q-areup W A Qroup of eroleg ?r , Seme

a a a

e pomet _E...-p“ﬂ

- —

?w_o?: () Let X be dae et of 2U ?q—m'b;-eis of G, Twen, \XI= (?pﬂm) = P g i
Nete thak X is prime o p: For amy kR <p®, the nuwmbers pim-k and phk
are divisthle by e same power of p.
G acks on X by WPt wulkipheation, i€ iF MeX, put gx M= LamImeM}ex.
Let X, be o G-orbit (TﬂX‘S of size prime Yop , amd (gt Me X,
Then, G, £&  and p“\\fmg stae LGyl* m‘/\x\l. Bad, VGu) € MI=p% | stnee
M= G xM - {@m\ qe Gy, m EM}’, soM 15 the wimion of J*faLtf G - cosels,
Se 1 Gul=gY and Gu 5 ¢ glo[pw P-su\oﬁ\mmp.
0 Prove o bit weove:
Le!“ﬂgqt ¥ a g‘OLow ?-m\xaroupop G)r, Q Ay ?"’guhgfou.{)=> Qsﬂ?z‘|IWfaMexeG.
Proof: @ acks on the set la:9) by left muldiplication. Now, \G:Pl is prime
to p, and | @l ir o power of p, 5o there s a Q-ocbit of sizel,
Seuy £2xP} . Thenm, for ol q.€ Q, f{,xP=9LP/ o x"q{xeP, S0 Q£ 2ePo
G bet Pre a Sylow p-subgroup of G. TH ads on the sat of all Sylow p-subgroups
\)o) oonjugo*fo-v\. The ocbits Mave 3izes Variows Qowes of . XF §d} s an orbit of
size ], then PENL(Q) ., Then P, @ are Sylows in N (@) 50 ave  wonjuqate n
Ng (). So P=Q sinee QR N, (@), So thewe is i Gue P-ovbit of sizel,
namely £93, 5o ngzl wod p.
(R n)el, since G 1 tamsthive en dhe set of Sylows su»l:%wu-ps)

‘Nﬁk: nprlaf NG (P!\ C’( PG Sbtp(a’l

Boplicalions of Solows T

;Lgmmg N\ 1817 pq with pd>g priwes thea @ hag a noomal Sylows P-st—lbﬂmuf.

i Mowover, i€ p¥l mod q, Hen € ¢ (‘jol-.‘r_.

Feeol: wp =l D e Sylow posubgrowe s vormal i & 1F >l then az p, so pzl med g

1€ gl thew & is eqclic: Pe Syl (@), Re Syl &), RIG. P acts on the olements
of @ by conjugablon, so adl orbits sizel, so PS C (@ =,0) CoJ. Let P, @<
then xg=yx , s0 xy |5 orcler P9 -

|

éL-Qmma d4: jel= pzq, (p,q, pﬁmes) D € has o wovmal Sylews Subsroup.
Prock \F >t then w221 modp. W mow ng>l then ng =P - Se we have plq-y elewesits
of order q. S oaly have spoce for ¢ elomedts of ovder et g, 5¢ M=l aftes all,



Remark: Bucnside ? ‘l, Hreorem shows ol \G\= .‘ b > & ot Simple.

Lemmg (o P e & Fu'.ai‘l’e P-group ten Z(P) %1,
P,[an'- At lDtoiD on X=P \‘u., Conjuqaé':{on. The odbits haxe sizei wavous pewess of P s Qumd
$e} s an obit of sirel. So ot Least P elemedts of P awe n ocbits of size | - these

Lie o Z(P).

_._Q.M&EL.“_\F \pl = f doen P as Subrou.PS oF erder P Fos al ba,
PJ'OQF Widudlon own . bet x& ECP} of order P- Now {u)dP So ?/<#> s a P-guonp

01: arol-ef P F ﬁcbmalu&wu,‘ﬂmeﬁ. S Sul’gwuf’ OF? DF oc*ter P '- Ef-gjlne
i‘Sova\/Jsm Yneoverm (l1d) , theve s a wa%muf Q of P with xe A s Huat Q = Qfa>.
Thew 1@\= ¢
Re t Stanlor froa{: shows it a compes (Hon Senes of a qu{:e p-growp L\m cbu-él'l'em&
CU)CA-\C ovday ?

(oraﬂnm\'l-' \¢ 1el= ?Km Hhen & Comj:a.{.u ru}xgmufs ordes f’b fov ey b<a (h}i’ “H'l-ec_a e
o !.owger a.u um.J uﬁait,ﬁj:‘}

‘?r0£2:(+l'om V€ G s @ nov - a belian Sﬂwpte (arouf with & S'ubcaraup QF' W!ol@! v /“un-en Gs-An.

i Moseovei, n>5 s 'e‘V“‘J“{"_‘) G =a¢
,PlooF" Take K€ G of indexn Let G ad on Hhe set oF left cosels of H iy & by left

mdﬂn‘?umkm. We (ﬁd‘— o Peqmui'cd’{by\ represey{ta*\'on (n on-triviad) LO G2 S,

Then, ker €<, 5o her = e} ac G simple. So & £P5,. Nou, & s sivple and
CGaf, 4 P& (a5 B, aS.). S0 PG <A,

Moreover, w»S since By coitadas ne won-abelian sumple GrowpS.
Siaee wo proper Sub@wuw of Ar are non- abellan awd sCMPlz.

Dud, f w=S @ =4

«émﬁ! Cra[a(s- o uon—ﬁ'beLicm SL‘M\D'\.Q %(bmf‘ DE OJP!.’EF 460:,,. =

E““ug&.&’ G s{MPLe of eder 60 2 GEA.

Ell?.[': ne =6 (%), as & SLMP\'E')) Ll eloments oF oroler §.
225 welf, N, =3 > G's‘ﬂs \)u_) ?rp?q::‘{'\.rﬂv\ 3, A M;‘S.heu‘a-e.-v_ e S(—al.ow
PEr@ wilh 14 an. Then PR € ClH) as ?,6? o..bczua«. so () \has  ovder divisible hg

Le amd o_)feaj'-e,f Yom &, so 5125 lndex 5, 50 G2 Ag - Covtvodi dion.

Ny = \o [ﬁai’f{—j, 1o e(lme,«.if of GJc‘LQ_r3.
Z*Su!aj‘-oqu

Ré_w\gtk*-' nr(&lr 6253 @: G—>hAg¢ 4 L\oquf.?.L\ism, Lnjeche. So we wacy assuwme G < A G is transitive
in dhe natirel ackion. Since G las inder 6 ia R, e hane & howmowmorphism T: A Ag,
i jeckive (assmv.g As simple). Hewce T 15 an adtowmerpwism of A, tokivg & do tee
stabilrer of a poink 1 dhe Mold-Vaud Ag. Se T(6) = As. Moreover, wote Huit 3 cloea
pot divide the owder of <dhe stabiliser n G {a <the 9n.¢3tul. actlon, so M elements of
aw‘ug in & ‘.«a.ue twe C«gf/‘«ls size 3. gui, L 'C(&'),, we \ch 2~ ,f-golls. SO"C seuds

the  conjugacy clasce; of elemedts oF tqpe % A b Cejugacy dasces of
domeds oF tye FP-so 1 isan ‘oder’  atomorpisun of AL X




L;nea/( G[‘rﬁut!’.)s,

‘ Fa c\'e\d, nelN. The gene o IGL,‘(FJ/ s the guoup of all wwn wahrices
over F of ot £0. [= GL(V) , ‘e group of all wou- siugulay  tvausformatiows on VA

- The special  Uneas agoup, Shalf), is the grewp of all nxn watsies over T wid olet =l

S (F) G GLLF): SLalF) is the Rernel of det: Gl (P —=F* (= F~fo})
The ceutre F of GlLu(F) consists of all scalor woiteices.
If F=K , e Retd of q,° f“ eloments | weite GLalg) ,ete, For e above.

VGl (g = (g*-)(q"-q) ~lq"-q" ") - ‘ij"tn",j(‘t"-\). VSLalg)l = \GL"W‘/Q,-L

Crojective Unear gops: PELIP - GL.(FI/2 . |P&L.(A) = | S, ()}
PStulP > P asinm . APSLLE - 5 g X

A g‘:jlow F“Qu})a\rawp O{L G'Lu(r.q) s {((‘)‘T)} " upper M;+"f%c5ulﬂ-f Ma:{‘.u—( ces, srebes q’%“h-l).

Beepalisee: Bz RIS 31,

— ackionst Gl.(E) adts M:twau.,., on the set of vectous (hom—'tero) w V= NLIE]L
| Insﬁod, Somebimes ove considlers +the &o{{oa on the se‘t ef ol l’o{.{mey\s{omzl Su.L;fau.f

oF V, PGL,_ (F). This latker &5 wet fatfil -the Rervel s = scalar watvvces .

! a ar+b

.EF&QU: n=2. Fuiw}. ( < :J PR P e

‘ Emgg*: GL;“') -~ ocder |65, & ¥ PO\'-\»*S, T L{.«eg ?o{mis \-d Sc..lagfa% Liwe; 1-d r..Lsme,as]
PaL, (2).

Z - Qegtgi 'on Gm“gs

V, Eucdidean Space Aimension w cuver B wida lnney Proobuci ().

o) = %ge GLiv) | (ov, qu) = (v,u) Nuwe Vi,
| O:I'-o(e\J)' \ﬁ iE o .H“ n N = \,{“.-. dl.—. {\)E\J\[o{,u)-'o} - wdimension L.
- Kebleckion s, in Hy = 5,0 viE>v- e Nete Wt g, fxes M poivtuwise , oud

| swle @ be &, 3o b Ve, wabein (o) i vespect 4o sowme basis.

Mece, ntecested in Gintle reflegion Qrowgs ; 'H«aiis,pn‘.z\;{-e s"m,log.-oups of O), g{ngn:’l*fd b'g eHections
i Suoln a  Geoup is gg&gﬁg& \{' e nowm -eie wector s Ct‘xco' ‘D‘j Ahe W‘“‘.{ Group-

) Type Ty lm) - Hhese dihedrak groups, Do, oder Zin . Here, n=l— ramk 2.

H«,'Hg o&t a-mgl-e -nEn

-2 - €529 3ial9
(ol 5 (s.‘.,.r.s r.o.l'b&) are wakices of Soe, S vt a standavd basis.

Lolmt = <nm, (Note ot S, 5 is a rotatlon of order a].




Wi T:;E Ay - thee Somorpwe to Sav. Consider U, dimension nal, with an orthenormal
basis ®= %e,,,_,s,m}_ Now, Srgw\,w acts ./\ajfmu;j on B, so Haat 7 Eaew i a0 -
AU e Somp, Lox Hhe veddor vz € 4ot Db N= vh= {Las.(Le-0% 50 Sy M < o(v).
Now 9= (3R 5 a efladion enVN: on W it tahes €-g, ™ - (£-5,) €+8 P gra,
N (C+, b, So, o ceflechon on U i henee alse en V. (Fc‘xes (E)-fhj'\‘ ?ﬁn“twisej.

(it T_V,q&_u.& C This is S weSa. ddmVza Now Sa adks naduwrally by PQW-JLMS, o fixed
bciacnemn) Yasis© ek sz,mu\.“ta:'n’ou cam be %ouﬂh:t, of a o ,,Peawd akon w«i‘w‘x)
a \Main‘x with M edres © o) , wida pr—eo{sdg one ven-2zeyo eutry in Sophe s
amd  eoch colwmn. _

The oproup B consists of nxn matrices withh all ewkres O+, -l , with P,-ea'rebj A
Aon-tero ,eming in 2ach row owd eacdh olumn . [ Check %o 5 o 9(“(',).

We \hawe @ L\DMOMV“W 9‘ Ba S'gm.\ , a v \al (re. reflﬂu:e each - "'1)‘“), woida

R exnel l'—on:ir'{‘f-«% of ou%oﬂﬂ,l Makeices wildn  eutnies 2 alowy the Q‘A@gowd- So the
Rernel s CLQMQS\*W R T Mss, & s onko. We 3{1‘: (Bl = 27 al

Tt s a efleckion oreup i gemereter rebleckions ave, for exomple, Traumrpositions ia Sgumy,
Pbus,\c‘r eachs £, Vg Gep-gp , B5e0 o6 (ig])

(v T%ge Do, - S'v\bgrawfs index ARV (9 5 *“lﬂ*ﬁ W\atﬁ:w v B with o even o bey
of -i!s, qmgraied by v\eﬂ-ed-\'ous, €9y, alk ‘&TIWPC:Q‘HM“.,.PWS, Fov AEKERE n,

LR s et TP 7l it 1 (I&J] :

) Some sporodic examples: M, W, Fi, € E5 Es

g oo't Su\s‘f-e»us ;

; LQMMQ‘ : LWt Sy \36 a f&\cteékaw (n Of.\l}; et te oy . Thean ksrnt-—trh[ R R ;
Bk %, be & reflection; +l«) is n:e%qi'eo{ by teu 4 Lo PRI Frxed "Jo{vﬂfw"se by
AT , Stnee My L (), since te oty)

Definibion: The finite won-ewmpty subset 2 of N \s & soct spsten (F:
(1) Cor we E}ceﬁ, coe® [ c=21 (R
() Cor amg e, s (B =F  (so sulf) e bor Bec®) (RY

8y Lmma |, iF we take W awy biste refleckion group , take all wmt vedois pecpendicdar
o reflecking hyperplames For all dhe reflectons W, we get a oot systew. Sometiames
t (s wceFul do vary the ‘.f,ug"cla COV\UQFSQ__L"’_ cb,fl—fﬂg o a. st system, we ebtein

- the reFlecton Qroup W = {S'_,[ ed§f

of

Exampler B =1, () s |

== 4= 2 -
“lu-f d"”




Definikion: Given a coot Scjs‘fe.u é, a tundameital 554!25%;1'% A (s a basis for

<§> ; (_ﬂ, §uc)n ‘{‘Lai eao{,\ e(.z,mami' in §, w\'\en wd‘&eﬂ s @ Linear
combiation of B, has all coefhcients non-ueq ative or wen—pesitive. (F2)

.Exaulﬁn: o, R tna above wmpf-e ore fund amental.

De;in;{{ow: The transidive pelation € s N s o McuV{f:f
(o) Viw D vdw or w<v.
(02) v,w,xeV, V< D N+ < v,
(il VeV, ceR, V€D duicemw [F 0<e) o éuzew (F c2d

‘Exaﬁplﬂ.: L@(\'Cacj\ra.PLic ocder uit a Fxed basis Vg0, Va.

EXﬁwd&-’ Hey, basis Vo, Vi Lexicoc:)myinkc ower wit W, N, -, Y-
Positive vectors tn VM, are Hhose woithe [",w]&o.
G;VEM &, C‘lloase w So ‘Haai (a(,w)*-a Lo‘r ol & é )

Griven §, given ocder on N, deline &7 - {“5 §\ o« Do } S PosH:{ue rocts,
zSweF|wecod - f\éﬁg}{:{& voots

_ﬂnea.-e 2: Let 2 be a ot systew V; (et 2 be a por(Hve Subnj:‘tew\. There s
umique Fundoumental subystewm eoutained i 3,
COMQCc;eL.j’ ﬂwq“ Qa punaln-mcnfql Mbscjs'tem,‘ﬂner-e s a m(%ua. ?on"{—{ve $MLSlgs+€w
Cmdia.,l.«iwq it
‘P{oag'- Exictence of A in E+_ Take A4 be the S\Ma_ﬂe;'t tubsel of 3 such ol each
-€L€w\evd' of 27 s @ noy\-n-egad:fue u.«w combination of el.ewxe-d‘s A
Claswm: % ped> (v )0
Branl! Pigie. nd, 1o (RS0, Lansithy S8 2 Bew, ibine s Tog >0
(e BN 5 () eFY, then b is vedumdanst in A1 5,8 =8 ¥ = R4 ZeyY. (cy»d).
So, ©= Cas (cp-t)p «‘géc,?f (¢>0, cy%0 50 s -189). So B= ,ﬁ;«+,§F%’F
Twis s ww‘tfm—n“l‘v Yhe WL{MWJA.“:‘:) of &
\¢ s, (ple E- "Une“ x s vedundant v A, [E"ecras-e as ebove. See m’R =< §D
et s, fed, (wpro D spxe ]
Cloctun s A s U near (s {mole‘aeuol-evi:
Gock: Pssoume no 7 Saaén““i O, with wet alle;=0. eeowrm-)e +© C_’)&t za;ﬂfc‘zb;h(;:-‘v)
with the «; bbmﬂ Hie Posi'{‘{ue ¢, and b hu-tg (=1 x Hhe Vt-ech;“( devms e
Thea, O £ (vy) = (§aia, £ bye;) =‘£ aib; (¢;,5) €0 . So v:o0 K,
Unigueness oF A {a B Tt equals dhe st fued” !cf— oe=¢f-;,‘ﬂ?‘ wits ol ¢ro Hhew ol bt oue Cg=0§
[Use Lineas J(Pmotur.e of Al
Convegsely: must have 3 - {,,EAC"”" in &| all ¢;20F
[tb»(s a2 . dee [exioogmfab\.‘c ordey cr'sivg From (ovderadl A.].

‘(Oruu\w!ggi A/ FMU‘WGJ— Subs%s*'&w\ of i, TF dkgébf Hoen (%3)50.



Remaﬁt: § a  toot fgsf&u, A Funalmueaial S.vcjﬂ:qs'fem Cowﬂfau\akvtﬁ to a Pan'{{vc Suia.w_)sfcw §+J
wel=ds lue 8> Duwld) = fwalaedl s o fundomedtal subsystem of
e pon'{{ve Subftgs'{’ﬁw w [ EY.
TO wqxclf '{f\de onvkise

Lemw\abf xe AC §+C§, Hen > s Hhe oij Po;{-é—,‘ue_ roat w\moln b-?wwﬂ y\eqa.ﬁ’ue on
applaivg Si. Te, S (FN{xd) = BN {«}
Foof: Let e 8N fu} | 5o p =2 65 all ¢5>0 and ¢ 70, some S, D, S#x.

Now, S, p= }1\31[::: ; in dem tesmsof A, e oefhcedt of so 5 ‘w\fldf\ewa)ed, So

qu C&em\ue“*j >IO [b‘ﬂ Fl) So S“ge‘ E‘L‘

Theorew 5 Aayy two posibive (respe&ue!ﬂ Fosodaumeital sJos stews of dhe oot J‘gs‘('aw e

: W - wﬂduﬂ“je - ie, glven Tr'\T ?on{wa, BWEW- <s‘l~<e$> with (M= T[

Proof: Wduckion on [Ta (- zm. m=0, T=T'. So Wt w>o, and aswme Haal it Lolds
FOJ' m-|, Lei‘ A Be ‘H«e Fwwolame,vd'al Subkjstfvﬂ @F Tf'_’; "ﬁnzn A §-.TT' (Mr‘w"l wmvtrse)
Lt we Apl-T Then s (Halry = (Ta-T)) Nt by lwwma . So, |saTal-m)=m-L.
By induchion, applied to the posctive systems ST and T, theve exists o we W
with W, T)= T Now, ws, W, and sends T + T _

E M(ﬂ 13?:2, An (sgmm,ol\mms-on n) \J Yn“ﬂ) € ofﬂnoﬁorw\ql Bas{s aF G space u/ oF
domension avl, such dhat Vz (£+ 46,0 AU refleckions come Foun tramspositions

For the ‘l‘.'f‘a«ngfon‘l'lm (i ;) can take roct € =€ [c#j)’ so £ fi;-'Z_,'l (;QJ'}_
Caun take A= §6 -8, L-n} coweSfowoLng ‘e =§e-g1c<3§

[No{f Ee-€; = (€o-8u) ¢ (T -T) 4oer (§_—~E;) ., L‘_;]

O‘-Hn-e,r Fwd@mwi-a} S?;h ave wb,_\fvr Uamour w&ssymu,.

}

Nate - S‘O“‘"M«: <Sd\ueﬁ>

.TL‘_ eoveps 60 Given @ voot sy stem §, with A a fund amedtal subset. 1f W= <suleeED
| thea W= <5, | we &85,
Procf @ Werite W= <5, lweAD. Hase W, €W,
Lodua: Be ¥ D WEnA* 4 [
Proof: Weite Wt i 28 ¢, Take e W (B)a 2" of minimal heiqlet.
(%= «fa‘i“i ,¢c:%0). Now, 0< (YY) ’,{51(3 @) DY %)D>0 b come wied
with >0, Then, ¥= ;. For if not, SuTe 7 by lewma &, and

Su. z' _ i 1;!:";::),“; ) <o tf\'t' 5 X‘ L‘f b’ - wv&mng "l‘:b NIU\;M*&.

Uadper W, A=2. (W, A= {\Alnﬂlwew‘, wedl . S
Procf Letpe . IFPe B dhen wPe D for some el so Re wd.
\eBed, theu wi-p) = xed, For rome we W, xed, soff = wls, x.
Finally, W,z Let Pe B Thea B=ole) For some weld, xeB, 555025,4= ws,w™ €U,

,Co,:;g!!gg?= Acuj oot liea A some Fuma.lam-anfni Se}t'.



Cowcuga 3: QM reflechion growp of ok 1 is dihedvel. For it (s ai-zv\-efui‘éﬂl by
tweo rep({d‘fwsf so dihedral by evertise sheet 2, question [

Geﬂ Oy R

fe 2te F [ced. W= (s lae D= Ksolae D

Wnate s;:z 8, Lor ;A - Fmalwm'f_al ref lechioug

Now, $5; ¢ & order my; , so have (s:5,)"% = [ - Eumdamental reladious (Nete s me;; = 1)
We ave going b prove that all relatiows con be educed From dae Fumdamental veleskions

ngE"m:E' fon: wel. Wate Llw) Gor the minimal \.uﬂ%. of an expression Cor w in terms
of dhe Fundamental re‘tdl'liews. Aad, alw)=lw B a Bl = newiber oF ftﬁ*h’ue
"\Ooh VV\GULQ V\-e@&i';\l‘e \)3 F

Note: n(t)=0= (Y, and Llw)=1Dnl)= 1. ln fadt, abodt do show k)= L) ¥ weld

Lewmma 4: F e D e, then alws,) * {:!::)-T .“FF:;:?;‘ ; [n (s,w) = {:f:))—rl i'FF..: :;f]
Ceoof: ¥ al— :
i A Eid S pemdbes EVECL
Now apply wi nlwse)= nlw) £, with + precisely when we . [(Then ws, ed)

Theovem 10 [ DeletionTheoem): Let w=si St , with s¢; Fumdamedtad, and suppese

A

nl) <, Then drere ecists j R (withe 165 €ks¥) sucly Had wom 5655 - fopoony,
Te. Cam odelele Si; amd Scp Frow he expression,

LocoUoma 10 n(w) = LLw)

| E,:ooff nél: ws S, . 8¢, redumeed (50 L= Uw)), then w= ﬂ.i;l.. si, . Now, nl1)=0 , and
Cach Sy “iacreases” n '95 | [tﬂwaq) (52 { such cylﬁa.uges. So nlw) €L =[(w).
A%l by Theorem 10: IF alw)<t, can shorten.

‘?fOOF of Theorem 10: B‘j Lesaun o q:F‘W fome ksr; Sy L “iné§— (otherwise w[uJ=v—].
For some [<R, Sis; .5 o, € ¥ vt St Sig, ¥ € B K followss b wes;, s

“ ‘h

(St'v\r_e L s W“ctm rost wn %Y sept 4o &7 besy S.'J-).

~i ‘ N
“1 = : = - _{‘_ i » s " " = 2 S .= N - =
us, s‘*:- S‘.i S‘;- B Wy ( tiw T S‘u-.J ‘R ‘g‘jﬂ 2 s"a-.) * S"" g‘; i Sin g+ Epy

'J J*a ‘e-y R

(—M—o U \2: For we bj, Qq,wvaleui are: w=l, Llwl=0o 6 nlw)=2, wEt=2"
- LoroUowy 13t There is Wk Qi oot wa, e W wotls w, ("= B ; we have

| (lw)= (21 - 21
;Pmof.' -§f is Po;{-l—{ve n sowe Oiotiu‘, So aw,. U«w{%u-ﬁ brg lewmma 2.



Theoigm W2 B Fundamental set wn the ot system 2. W=\ €8> Then oy veladion
S8l Wl s a consequencl of e velokious [S;Sj)"jsl. [Fmolmedai, or
Coxetec H[o*fww] -
¥ Proof: \nduckion on . Note dd v is even, souy = Zq (simce olqj:si-—l).
Case e=2: Sy si=l, So So =585 75; ,50 we \ave s =l -~ a Coxeter velakien.
New, 2. Asscume okay for shorter welatiows. I simphify notation, delete the i].
Vi nlog (). As q+>q-\, 3 i€ g Scch 4ot P S S Fu B
So Sien 5555, 00 St =1 (1),
\F Hais s shoter than v lettess, can deduce Hris fom e Fundamental velations,
so oo () and the Fundomedntal relakous , \oxe s,..s:..{; - S # Spen ST € @ slee ter
relokion, vhhidh w2 can deduce fom the Fandomental relabions.
So, only problem is F (2) Wan ¢ letters, so =], jrqual, So Spe.3qu S )
Tewy umstead: s,..5.5,=1- Then dhe above LoiU wevk, wnless 550 5,2 5.5, ), so
S35 5154 o Sen o S0 2l Tew ogadu = will weork umless 555, = S385% - 5y (s)
Compore 1) amd (51 ~have 5,75 Now try Sy 5,550 m Wil wock wnlesr S, 23,
By ‘mo\.ud-\"w, wilkl succeed wmless 5,25 - =% 5. amd Sp=%=-=s. ,
Se e onlyy rewmaswing Care is 5% 55 = s5,)%=1 . Sine wm,, is the ordes of

5.5,, we have m,lq , aud the celodion Follows Erown e relakion lss )™ =0

_RQM: A mow taeomdn‘c Pmoﬁ is _ia Geane ﬁ BEu.s:m, Fp_“‘e”-- *

Coxeter Gyophs
 Ac2'cd, U= <5 lue BD =< luiedd, my: o(ss)).  The correspancling
Coxeter graph: verkices 4., a. Jotn ¢, 5 by cun edge i€ w23, label 4he edeye by wa; if my >3,

Ll

*—a

Exawmple : T, (m) = Dik,,, .

Example: P, (= Sqm,..). Fumolamented reFlechions can be deken %o be: (12),(23), - (n nel)

—tr—e - - e
A | 1 -3 .- - ey

Greneqalused Coxeter gpraple: any such (abelled 9rapl. . o
Cﬂrr€SFov\ou-kq @M: nen “13 & = CG#..,_Z



Lemma 150 \F w.,wz are essetial relc(-ed'lrw\ Gyoups  on ) wi th e same
Coxcter graph  dthea Yooy ave Coijo]cd:z ta OV,
?Qg_ff Take the rosts & be il vectors. Let B, By be Fundounewtal sl Lo e
1oot Srﬂ;‘{’&us §(, %, / a{ewtm,iug W, W, res’)zcﬂ:iue(.«g_ Let @: A.—‘>Az, exteud Lmea.«—(a,
Thew @ preserves amgles aud leugthas o B . henie on €8,>). 5o € v,
Mad, @ Ocmjuﬂq.;l‘ef the generators of L, to dhe genevedors of Wi, so tnkes
W v W,

Lemma 16: A Cundamental set on &, consisting of wnit vectors . Then the Loxeter wat ik
i p:iﬁve Aefinte.
Pr‘ooE-' The Coké&[ Mai‘n‘k (s dhe -Moiﬁ'x OF Hee nnes Prvndi‘ of < 3> wida Mge()tq:o -Hae
bas(s A,

Vewmma | F: \F dhe Coxetes G:}ra-fla sa b 5 ugt Cpnned:eci Sawy Sf:(.;":s whe uvestices tato
A" &'1 , %% LJ: w‘ le[w\: @ {\Q_Red\}ﬂ %NUP on \Jl": <A“->l LJ'\': 45_1"(_)5AL>

Proofi No edyes from B o By, 5o <O>= KBPLIAD, F xed, Hren 5, is trivial oa V, aund

s, (M) eV L IF we W, wake ot as dhe pnndi‘ oF . Fusnvlaamental reﬂed:\'ou;j‘ Sivce
SuSg ® 5 S« Cvr oL e A,,ﬁe 01, So we Can r€avvang€ = ojdt W W, W w i Ha waew(—

Hen e W, W Ly Ak, =1 [ So W= W xW,.
Theoem \& (CLasciQ"cajrfon of irredictle port Ssaitﬁins’ - The ?051-{_;\,3 olelaile cammpbed

(Q\mml,{:ed) Coxe,fe.r cj,-af;'h; aye Prec.{;ebj ﬂ_" @ﬂ (f‘)”, Don (w)te) . Iz e, Fq,/
E‘, E:}, Es’ H;,K“” ( g-ﬁ& amp(,e gl/(,ee-t 2}

Lewmma VA Let o be o (qeme“i,(s’ed) Coxetes %N{’\" ebtained Fow the (q)e.,\qnl,{sed} Coneter

fﬁmflnr‘ Bg M&hﬁg vestices (awmd oo[jace»d‘. -eoﬁo)cs) aud [or bg cflewiu) same
labels (l'nol,\gauug removing seme edqe;,. \F dae Coxeter wadrix AMob T s
\)cn‘l-ve olzﬁw.lde e 5o O Mr'J e Coxeler madeix of M.
?me? Nounber e vetices of T 5o Hhat frecueLg L.,k are i P Wity C Q(P} D- A(FJ
e hane clealLJ N ¢ ,J,k \F D s wet pesitive Ol.thm{e Hen 3xeﬁ(' O*x=(x,., )
with (Gt <o Lek vz (Ial,, lx), 0, ., 0) e, Theu V%0, 5o fc,_, Vol gl > 0.
Bk, 0O 20(53 'X;KJ')/ g A;:] 1XE|.IxJ| P fC.’_‘,l’(;\.lx‘;l Y0 - Lontvadiclien

LEﬂﬁg 20 \F dhe vertex o :.«V 5 J‘a;ﬂeal L oa umiatm verfex, Sany n-, aud (F
Wane i3 3 orle, then olet A = 2ot 28 — (m, . -Vdet 2¢, whee A=A,
B= A(PNtnl), €= AP fan-d).

Prook: 8: (@._},g) At 1h= 2det 28 -x' et 1€ , and x'z m-2Z F m =3 ool

=

Rewmark: \F A is the Coxeler wadeix of one of the voot systems Ba, .., Wy, dhew

eb;t?.n ¥ Q"‘““" on EXLrease slA-aei"Z-, @wfs“&w q.
ln r.)a.-’l'luJM Pr ir fwsf{-\'vz A.J«.M-k “—MFZ at fn“»cipal w.u.:rs)



LQ.WLMQ Qli T\v\-e C.oxe/{‘{( w\aj{:n'c.es onc cl:{«e “.-EK‘{thdﬂal“ Cdxejl:-e.r Olaawjrtm: (i.n {—n,“-! A
Pege 1 oF -&(MFL: sheed 3) howe olet ©.

Proof"- 203)&; Howve 7—16:\ = ("‘\\) . Acio\v{aq a/u Vo ws %I\JGS a Tz vews, Etc.

N Ty

- k_,)

Example: et 26, = 24et18, - 2detlp, = ©.

Pooft of Theoreum V8: Ue lemmas 1§ amd Ll - exercise.

EMA#.[;‘;: must howe a Libelled tree (ur'{a.g lewamas 12 and 2| Bor ﬁ'ﬂ)
No i aad S“J"‘s"-'flﬂ of Lim) with w5

Cs s o bede Boat Soatews
- a aPPUc&:fovlfi [Gg w Le 'ﬂneonj) ofden hane o fFurthe, conditon en root s;astems,

Debuibion: The faite set (¥4 of vectoss wV s a C@Eﬂ‘igm?‘dc vost system (f:
(R) wed= cwe & iff c=xi,
(RY o peE~ Sg % c—f/ -

RY) fef» ol eZ - (astay in tegeus.

| Leama 22° I & Eﬂj‘ftauc?fop[ﬁ«‘( rodt system, all Ye labels m; are in fean eb B ony
| 2 b Y o o)
‘Pﬁ?f tij"if.iz°":) * lecosd where gn‘j $ 5 Hhe obtus Mﬂ(.l between «; and oj.
7 5
SO Cfm-.l Q;JE {a"rzfza“’}p So 6&'_56{;-:; —3!4 %r {

[ms'o gadﬁ;\g l‘al.ayqui]rov\ a.buui “K"? fa;‘l‘lfafn!:‘%l - .2'7 L Ez fs_ ]

P
)y

Rowark : This shous Wt each roit tn such & systew Ues n o 2Z- span of 8.
(Ex&ro{ge L0 ".r\gU—«d{ou on 1&&%\&* "d-.

2w, o)

Ca,'tw‘x s dhe tatigrad wxnm wabrix Ay = T, )

 Dyabia dingrom - Uke (oxeber geaph, except that edges lobellod L ave replaced by double
4

edges, and Hose labelled 6 by triple edges. Eq: Ll &—* — ==

! Pnuj W= €, lae®? for u‘os‘taﬂog)m\pmc 5 e W:g_g.\- Yoo up.
:E*g._«pl.u'l&d} A.. €., orlwonormal l'MK““. V= {21;{;[2/\;:0}_

ro;ts-. €.-& , c®) - alay) such
, +ory

FuMO!Mv\.ui‘al Se:l"- o= & ~Lin [lst‘év\]-
w%\d;{’ voot: & = €, - B, T ol -ty .Eﬁ." A, - ‘qg

Bt oo = Goes to “ectouded Bt X I by wnchsion of .



@ Bu. VR Fall e veddors un stamclard labbice of lougth | of IT.

Lo skod eoss , e Tty Lowg vectors, 2€it¢;.

B ay=e -5, (¢n], apzg,.

LAY A

Eq: &- [N

oF EwE, = of #dn 40 4 2e,

E\"{'ﬁv\d-ﬂ-cl CDKdQ‘/ 3@{1 Fbr &n [u>,3)t >,_., = el g

tr " i 1 .2“
Wi Ca. verse or dwal’ o 8,. Rgp[gq ik ¥ b'J M“,o(.
2a l.mg veoots, $2€;. Lnla-t) shoet veels, * & 119
Az oL = Ei'iﬂu la(“:?.iu.

02282045 6 Qg ¥ %,

G} G, is Lt6):
Extemolesl iceyrom; —E=D

AcE ('{/Cglnesf coit o ~ existence clear. Have (&',af;l>/0 ‘dd;eA (GJ-Se Si:f i< hfglner).
2w w He Fundamestal dowmain (evercise sheet L, question f).

Sa

Lewma Lte: The stabiliser W of & (and amy v on Fundawental dowen) &5 o enevaked
| by e fndamendal ceflechous omwespencliug Yo vz L X,
Prosf: Ldmte W, = Cs;lace B atd>. W SWy-clear, '

Let we w'.?'(. Use waduchon on ). F Uw) 70 dhen we W, so wmws assome
Uw)P 0, omd tue for skotter elepads. Now, alwi>o. Let oed wih wuxe $

New, 0¢ (&, 0=z (we, wa) €0 as e 2 oamd wi-& . Se w L&

,Qvu!, ws,eb\i; , Llwsy)= nlwsy)= vlwi-1, so ws,eW,. So we W,

Nioter Hows e use LJ&" (Sﬁ[u‘;c—an 0'24>
By W An @ penpandicalor o %oty o S
gﬂ {,J“:' (S-.z’ S'ﬂ__l> :A"-l'

M’ W trowsitive on the set of all Lowg (shost) roots.

: EKE&A_AP(.Z'- At = #.«Nts.m,._,,\ = alwed). -yl = Las)!

,_Proac': EQ(,I/- roa": \s GOWJ%wtz ‘l?’a FMAMW U‘Ootl Se e&u:wu'ab‘ Yo s o owne
L’\)’O\"Lﬁf oF LDol.j (shaﬁ) FMdM{.Ud_GI {‘-ea’tS, {1,'\4(;(, .Cﬂw e/{asft‘-ﬁfcail-o»(, Q.,u Lou.g

(S‘J\Of“d Fwatw%*wl focly  pu=< od e same end  of ddwe d,igw aumol we
miy CSsume We e emm Comickiing Two jeined Fundamedtal roots, and

i ¥ e o Ct,MJ‘Hm about A, - 2asy.

i'\N?OJ‘tQ\A* Sujogmufj, Paxu\oo’{i‘c S‘wbgvaups; gwau:ted bb \row-\.hou; Sub:\a,‘ts a"(' ‘H»\e
. Fundomental st



Exa_M_A-E(.E7 Qn" a waecinal ?axaLo(A‘r_ = Conu]oou\ob to n- N eilly.. T Sn,xgwl-

\gaok Yo Wnear growps, frow ‘HM/) ?m.d? of vew: G= G—L.(F) U= §( },G=§[*A‘:]}.
B NW 2 UH (K dxgonal) « Nz N —ell monounal s
| w{zj(. Group of GL,. N/H 2 Srgw\u.

L’“ - 1 T‘A-Q.Dur

-of  fraide Growps  Over F=C. &G a F{M'Le Yroup (or, cha F 4 161).

Reorescubabion. Motal

; geok ofF G ower € or c dtg"'sﬁﬂ‘d s a Fwwk Aisrensionad veckor

TL Hpace “ ovRr ¢ , with G aching  ©n N Unearly : 4
\wwe.i(‘ GrkU—-;V sucha Yast  for . %L\ecr \HAGV )\GC kane  (gh)v= g luy), :

‘ 90“-\.;)'"9»\ 9V, [v= v, %[A“) /\ v

! ﬂuw por 2ach ge&- qe?l‘ a me ":rwﬁo.'wﬁ:‘:lom: f‘fﬁj C—GL [\)) M‘-Hme wap 5%

e G GL g elg s a kewomorpliism *G(A&.r_r.tgumi?&u of @ :

| |

:{ This waw), V' becomes OM Wente (2 Cq-= {Z ’\gq \/\ 56}; wa +
z/\gojf Lu,0= Z[A9+/“9)9 " (fl,g [Baqlk) = 9‘" .,/al.,gln.

(A) Hn these ope«i\ms G |5 nwz) (uuw cowmmut ot ve wu[-t‘:f G‘ (s aJ:-oL‘%)

| Vs Q Lft R-wodule iF R is a riAg \J o ebelian Qrowp ,w?%\ X: R*V"'?v
| sudh ok vlvrw) Fevevw, (erIVE vuasy, les)u= wlsw lusv.

j e G"’GL( J (AI\-EM u—ep«f_;.eukaﬂnon OF‘ olégr-?-é VL Ol.wu 'V\-) @ (2.8 ba«s oFV :
T‘ae wap Q) l—-)[f(g]]a s _a \wwmrp\nﬁw Gc""‘ctl- fﬁ - Q w«i‘nx wep—es&nia*fbvt
W\Aai‘ i we toke tusis B inshead 87

iD(‘.ﬁ'uﬂ-{m! The Wtqﬁ‘nx rtpr-esedd-ious, €.V Gc—J'GL,.(E] e Lguav qlbv\.t (oc 5 av-J
| H3 Te GL. () such dat plq) = Toly)T' Yge&.

Debwidion: A Ginear wap T:V-W beteen G:G'Spaa; s o €G- Wowomopvism F
' 'ﬂqxv)’ g% (Tv).

Ho..‘iu,w) hneas Maps V=W, KDMO!G-(UW QG.--MMOM@MSW\!

\F V=W, wak EM! (AN EM{@@ (VW) for e o

The %rﬂf ot £ e glimension ofF V. The rep\rﬂs_-eui'a:h'oa\ is Faathbuld (F ’E{ff.:‘




1

Exewgsr i) G = € gl Dayree . Trivial represetation. |

| i G=C( = <nla®=10. e: G GLa(€)is detesmined by by elw [as Efbr"]:(’fﬂjj.
Let w be am ordinary Nt rect of wily, and Wt p: G- €7 e
Get N such epresetations of cegree [ 3

gbwt(’ Fubles” exw\u: €. C;-—’ G—L.L[CJ P, )ejl——) (0 l_;i) or

| 6, G+ Gl o> (4]

Deﬁm"t—{ou: The SuJMfac.e \WJ eV e ‘Gi'--'sabs o IP oted wmder the cobion of &
- 5o guweWw Vgek, wel.

: Alg) | Cls)
W Hais tase, C,-Lwos.'-«g B semsibly, have [(’%ﬂg’( P B(g))

Vge G.

We soy tat the €6-s5pece V 15 geduehle it we & wea-trvial CG-subspace.
Odwerwise 1t s {{fe%g%lﬂ.

CENEUeW | with U W wen—brivial CG‘SubsPaa:, dhen V is olecouperable, I aemal
-exfs‘fs, " S (Mdewom‘a‘-e.

1 a - [
ExaMEQ: C—\_-:Ds= <Qrb[ a&'=b1=‘/ bab = q-'> bc_ 'j P(Q)=(? 0‘) e ((b)=(o -IJ

Thinking of ¢ as gjiven W it standad  basis, \owe f(a]:(;)l'?(':), (ﬂs):(;)r—) oY |
So s r{pﬂseui’a;l-{m s rvedacible. [‘:)51“’%\’ ‘RPPLJ e{ﬂ), f’“?) awmd qd (;] "9]_

Sd&uf's L?.MAMQ,

Lemma 2 (Schus's Lemma) © @ Assume VW are irreducible FG-wodules . Then any FG-Lomomo: phwism

| B:N-2W s eidler © ar an isomorpuism,

{ (D Rsume V is am irreducble FG- weddle , over F algebmiclly closed. Thew any

i Fe- endomorplism 6a V is @ scalor wulbiple of IT.

EPFOoF: Lei 9: \j"‘?b\)' am F&"Aommr?\,\.\'sw_ Nak "ukai' ked' 9‘—<V O.Md gvéw, as SMLMOGLJ{S

i [Eﬂ; &V is a vector sdospuce,amﬂl Qlven we SV, geG ) Soag w 9\;, Vane qw=59v=99-453‘/1

| @ Pssume 0% 0. Thew Res § FV, 50 Rec$20 [(as V iveducible). S ¢ is jechive.

l Asd 0f BV W ;5o Ivaid (a W (s E.rrtduc&\»bj, $Se 8 \S s:,w_jed-iug.

B St F is aloebrically closed ,§ ko an egewatne A. Thew, F-AL is ¢ singular
endoworpism  on the {raducible wodule V, so 9 =4i by (o).

|
|
|

Corollan 3516 V0D ave tmeducible €6 ~madubtn e din e Homgg (Yinl= § & dhemmie.
Prock: W& V 3 W, dhen How, (VW =0 by lemma 2(a).
EVEW and 8,8,:V>W ave two nou—tew CG-homomorphisns, den 9, is
vehide (by (ewma 261), aud 8;'0,: V2V 15 & nou-2ero €4~ endomerplhisi




| COJC!U%E" \E Hee Gnide Yrowp G Mas a CaidhFul irreducible Complex represeu:l:atb'on , Hen

| the coutre Z(g) s ek,
Procf Let e: G>GLV), fathFul Let 2e 2(G) ; ten gi-2g for all cae@. Heuce the wap

veozy for veV s €& - endowscpliism oV, Thus dhere exist A eC such Huat zv=Awv
Eer all v. Then he wap ZE> A B oa \\amo\ma.—fuw (&)— ix’ (.v\jedfl."f (sfw:eeis Fm‘ﬁﬂu}.
S0 1(6) s {somerpic o a Fiw\‘{i subgroup of € and hence s wyclie

L 1zcl zn, the imoge is Thit ¥,

Com%ms: W G v an abelian grqur“U/\W every  Ivredmcible CR-meduhe has Dlﬂgr-‘e\

éPronF: Consides e Ch-wmodulz V. For xe G, the map 6, cvrrxv ¥ @ € G- endomerphism,
ea V (an xey = Vgéc'\']. So, 8= ALl €or some A € € Hawk (s, xv= ALy for all veV,

So any vector suhs?am ofV {5 in F&d a €G —s‘uJoapaoe, omd ao V is E-rrabudiv(&, bhowe V=1

H

|C"-"°M6’ Lt G be a (:{wi{e ab elicun guowp iSo.ua.—p\Mc do Cu,xmx Consa width 2acl Cn;, ajd,\‘c
Then G: \nas ?.,ec_{sd-g \al irlfdeb‘-( rqn;e,ctdiaus, each of dsegjf-&e‘.

Remork: M Finite ohelinua grougs ave Uke 4hus !

i?rpo,p’ G‘= Cn‘ X-. K C.\._ " N\AM Cu‘v' = 41" ' ‘l;‘€=t>.
| Let pe C:“9 Gl (€), ircedumedle. Then n=l, by corollary S Ld’(’ill,--, LAx, .., ) P2 A (é'f),
. ‘ﬂl\é\.\ /\;"" ; 50 ’\L 5 am v\."an root of |. Now, "U’\Q values AU"; Ar d_@i&h\,ﬁne f/ o :

Ay € G Com 'be‘ wathen as (ﬂ,d’,.., x:r), O£, <ay, "_nM‘;is:(x,'l‘..fll)t"([l,,l’:'__’,r)‘l... (|’_?,J,,rf" |

So el =N A Thus ¢ comepouds %o am r—tuple (A, M) with £zl

Conversely, amy v-tuple Lke 4uis yidds a rcpﬂmﬁdn‘m (on Huis weny) oF eg e |.
Thwr we g#f al e \Gl [=am..-n,) Cm%valu& rtfrfseu&‘:ai-fows, gl %_e% s ¥ 4%'_“‘_

N\asdnke"f '“Ag_,o_m
S

: Alg) | Cla)
| \€ f(ﬁ):(-C;TNa)) F"eaobgeé,‘ﬁnw wecw@bw«ac basts aud s,a(,‘k Lo ( :
%0 reducble D Acowpesable, oves € (or har FXIGI) .

|
| Theovem T (M aschlbe’s Theorewm): Assume Yok G s o Cinte arewp, Fa Liclil oF: chaemitecilic o,
. - F=pdo, p'\’\GrI). WU o an FG——subquu, of e Fla-rpoce V, W Uace ecists

o Flx- ‘;uLiS'Pﬁt;e W osueh Yot V= U W.

Kewake: The ase ous  are necessany. Foc example iF G £ GLo (A widh @={(="T““€ Z} fFF=C
, any ple,
\i) C"-{ (s ?HR&W’;’} F F:QFP “‘Bﬂ'e&\ G has a M-Uv-\%u.e | dsmevgcoual FG- Sq}:srace.

Poof of goeund: Write Nz UBW, shex Wois  any vedor space Complement . let O be du
Cm.—vf)md@g Qrojed{au N-U iven by Urw, P u. Mwl;_ﬁj 9 L %d An FG——Mo.F ¥
P =2 “f‘-:,'}g% 999"v. Thew € w F- Lnar, w\hg & compesHon of F-Untar wmaps : g, 8,9
. e - o Al . i o ; B
Mo, iF xe, (P(xv_)—w 5%5.‘ 994 (xv) = e h%ﬁ.x‘noh,v = ,é W'y = @), o requared o . 4

T
th =g e eavit
b ol



N-ZX'E, Cp(u)':u Vué“/& (P[“d:lé 652@ 99 9 'ws |G-lg££a- Cﬂﬂ"lu =4, since ueld? ‘3“¢6u

> 8 g w= q-iu
Let b\) kee @ Hais is am FG- subspace . Rlso, Unld = (a @, = idu), oud

V=Ue W. [a.a vz Pl « (v~ Q’(u)]]

Corollanmy 8: W G is fuide, auy Bude dimensional €G-wodule is the direct sum of ivveducible
modudes.

Revack: AU fiidely qoneraded CG-modules are completely ceducle,

iwa.-g'ggt q\rredm,;\o(e“ ) (roowfln% reciuolblc“ . Net do be  confused it ba—LSoh..Ing \rcokuc;b(.e..q

.ELo_gE ot (’,w::Ua»;g‘ \nducHon gn dimension, V€ s wredacible, dhen M‘HA&% de preve.
16wt W a wen-tivial €G- sulaspace, dew V-UBW For some (G-subspace
W. (7>¢,3 wdmehion, U= U, @ - @l W= @ ol wit U W wiedumable, aund

hemee VU, @ @ W(.

Thert v sowme mﬁmesy

Theoew 4t G Aute, Va Co-module, U= U@ = BUL= W, ®-B W, it Hae U, W) all
weeduweble. Let X be aun wraduckle €@ ~meoduley (gt U be the scum of all e U;
wiich are iSowwrF\dc Jc-X, and et W be de swm of all e W, wlidh e

\':ame\o\m*c 4o X, Then U=W).
A ‘Qe.JHuJM, e awmber of dhe U KSoMP\M‘c o X Qq/prt Pt wiwmbis oF

da W; w oworphic do X, amd nzm.

‘@em\es: O This Su-\'onM U above ) ) W&ﬁé, \J(Y\), OF’ \/

uruffmolnwg'{'b Jdne ureo‘Mr_,q.\:lz (,Gr wtcal.ula X
Gir Comnct 2pect Uiz W) n oenend . Ba; N = €, G=1.

| Prool of Treoren At Lt 8y;: Uhc-‘.—?' VL\»‘JJ' be dthe composition T ip, Lahere (Rt e
wclusion wap amd T s e ?wjtd'isn, Theaw th i a m@"\dowwwtaqa\w\'sm , So s
O umless ul\-u‘ [SJ"W") lf'uh- / At follows at Uk , sinee oM Hae other
‘eckions are O, So U eW, aud also Well, seU=W.

vrey
The Nw\ Pa.u*l.wlcw '&uows b») Mwmensions.

Rem-\t 10: ln fad, weiting XD e He wumber of swmmands isowevplric o vedincible
Comoduhe X in auy direct sum decomposibion of dhe Co-modde V il
ircedmebles, welowe <X D= dimg Homg, (X,Y) -ﬂ;ﬂc Homg g (V,X).

For, by Schuury, we have dimg Howmg, (U = {o Merwise ; ond , by (2.8, 7,9),
have How gq (X, veY)~HM¢G(x,Y.)e fow ¢ (X, Ya). L, w%upw,eahm‘le‘f w],

TL‘{S \’M w verse [suet]r_) 81 B e!

[ﬂne othes isomonpim, R"“"&G (x.@X.Y) * '“OW\GG (x,Y)e® R0w¢&(X1,Y) s oyiven \uj fe (‘9‘," , 9[,‘1}

]



PcoraU%g“-‘ Let V be a €6 -module. Then V is lireducible EF d'\‘HMCEVWl‘_'G(\JJ =1,
| Procl: (D) Shur
() Measch®e cnd Rewmark 10,

i'gemwkS 12: |n cemark 10, we used and will use: @ “Onn“,f" Y,@%) = Hom,, (3o v,) ® Hom, (" %)
(0 Howmgg (%,©%,,Y) = o, (2,Y) @ umml&,ﬂ
Eg‘tol«w @ X=>V@Y, induces wops T, Q:X2Y, . Get « wap 9!-911-,9*11‘,_9, Linecer,
W esse: givew D1 XY, | the wmay 0.40,: x> 9x¢ 9 x s Ja e LHS
® \FO: X, @Xy DY x4y > Hxysn). Lt 9 9',; , then the map O lel . 8"‘:
Wverse - given 81 XY, define 0=0,4+0,x.

_Exa.w«gl.e!: (@) G= Goz Cxla=> N o Eh pomitale.  Totw o mn W dias be chagemalised , s
V s e A,Cred.’ sum of the vaneus @igenspoc es Vi, for A vewous Nt roobs
of |. These \f,\ are the Wowmogeneows components Ovespoucling to the (rreclucible
r{Pre;em'/{'oJl'lam & At

b Gz By <’(:‘g|‘x. 5‘| *j*(j—a> Vo €G-module . %ﬁd%d#) Haoun

Vigs = Auzi Vi , whewe Wiz tolavs Au}. FueVp, thea yve Vpor , v

wyy) = tyxlv= 5}\"'\! E Aqu\').

M‘, we q«d' a 2’&%&(0»\01 ffﬁ’--fwbmoobulﬂ <\l’\ju>, it 2 ac)‘-'u,
as (; :“) and Y ow'l'i.xg ous (:,‘,J) , Slace 92-l This {s  lreducible. Weiting
Wiz VA @V as vector spaces, have Wy the \Mwwgme,ws ﬂamraned'
CDNPIfow.’(A.A@ ‘o %us 2 &Mmsnoml ireedumcible represestation. This contruction
o ves = ” r(ppag*tv&(o , Z-limensioual fcpm{,d‘.dwm of Du for N odd,

. resfeahuelq N ewen.

. Fox A= ’\, we 32* <O s am {reduable Cﬁr “modade with x  acting as A
and Y as | o=l sine g\, We gt twe such m-eafguluu; F N O odd
(a» A=\ ‘nQvC)f ond Lows such & N s even las Az-l also porsfhw.,
(anespm&vﬂ‘q, VA SPL&S l:-‘d'a fwo LFOISC}JL\:, ‘frivin.u \Aomoqeneou: Cowofanzvif,
Ve (oila xv = Ay, Yoz v Ns) andd Vy - (with o= Ay, yo=-v Vo). Hee Azl or
Az amd N =2yea

Qemof)ﬂ To Rud all Hese L-dimensional i(weduedles of Ou, & is easier to wole Hut

Yoo witrices (o 2 (A=xY and {2 gwemie o dihedsul oyroup of ovder
2“ £N fome k\N/ Clwu‘?Q \N?Mce Ce Ww-‘p‘mc umage of Du

ﬂﬁf Grrm;_{: Pr{@e.laca 6El‘

€& - fsf'; 249 | )\ € ‘f}. e is o g and it s a vector space over €, ted Logether.
| SO \‘i: (S S VYN ,p )
' Le: £A,942 9" lffz\g*yg)g vector space  over €, basis Gy dimension VG,

Ne € , AZAg= Z[Mg)g

/

[ £} k](%w,g) £ ’\h/&;""j o ( z ’\k/"‘h“ l 9



Note: To have an algebe over €, need an additive abellan group and mulbiphicotion
by scalars to wake t a veder sprce over €, and wmubbplication do  wake it
a g with | (ret commdtative w gwu—d) ,se Htaat  Ales) = (A)s = v (A

Menee, €& i aleo @ CE -module , e oft ~veg oy €6 - modude, of degree 1@l

EM Every leduuble CG - wedude # s \Sowerplmc Yoo submodule of “He
| (@t~ regular wodide. The wumber of distined rreducible CE-modules is Ruide.
ProoF' Fix a dicect sum d-eComPos-«{-wn Ca= L& o, of e vegulas medude Lale
ircedmctbles (Maschke). Let U be am irreducible €@ -modile, and \at 0% veV.
The wap 81 €G>V given by LX9 > 209V & o €G- homomerpluism -
Comsider 0;=01,, . Thee are €G- WNomomerphisms. Mso, some §; b wet © (stuee B is
not O)_ Bt dren Hhi 8 s an iromorp\wism from uxsl-oV, by Selvr.

:?r_oggst\l-}mlgz €V ¥ a €G-module , then \‘{omcG[fG,\l):"'V as vector spaces.

Beocf: The map P 9[1’ | - - Hom ((G\J) oV, s a @& C-Linear tromoqo‘m'sm \t i
eady (waawl (5O, stace F O=0 , brew Bg)= 980 = 90 <0, Vg, 5, 820
It (s onbor veV i Yhe wnage of 9'07-9"\'

Corsllawmy \S: (EV & an ireducible CG-watsle , and iF €6 =U@ - Bl Lot e U

| teveduncible " e womber (V, €D of de (U {samr‘»v*c 4V -eet_wls Al N,
| Proot: 63 @emarR  120b), aud frorosi{w’eu Je.

Rr
‘Cowum [6¢ \¢ \J.r " N, are the dichinct teredmelble €6 -modules, Hen | &I - ;_-z,(d-:mtvijl.

' Peoof A\M(GG—= L6l , amd exch V; appears dim Vi imes w @ cliredd sam Az comp esttion

‘ of €& idle jrrecucdble
Examgles: G chelian > &1 irceduchles , all dimension|.
-1
1 G=Dyu: N even > 55 tveduclles of degree? , k of degree .
N odd = "2 reduchle of deoreel, T of olegree l.

WM‘?(W@H&Mj ‘F G‘ ¥ oa Ftw“k Growp aund \‘n, ,vk At a,u oo cLs‘l'luri' mrealuat:((

B.¢).

| €G- wodukes, thew €6 ¥ @ Wou (Vi Vi) |, as algebrms.

' Peoof Vefine 9;: €G—> How e (Ve Vi) by r e (\Jv—)N} and 9 €& -"’.9 “M‘:(\JC,U:J \)gr.-)(s-‘f
Thea 8 & an algejom \!Lawu:’mr')(zv{SM since eagh 9; . Fauther, 9 s anjed{ue: P = S

/7
re ber 0> reRer®

Fimll,«,, 9 s Sw)eol—{oel lbag imens(ouns.

| Theorew \8: The number R of distinct trreducible (G -wodules -Qymlx de wwmbes of

| Conjuqacey classes.
Prock The catre of Homg (Vi Vi) i LALIAeh. So He cadve of dhe nauw
side £ i Wedderhwm War dimension R, tae wumber of dhe Vi. The asediow of

the dheovem now Follows fem dhe next prepesitien.

MDD v aks as0 om ek Vi radks as O on €& Pr=vl=0.



Pf‘ODon"l\ovx \Q: \€ & L conjugay clasres Ty, G, wiike Cis
is o lbass f‘w Hhe Ceuive B(CG) oF €.
M | € xe G, then 1T (gd;‘)’ =‘:\g€a dgu = € . Sa esch (L& 1(eg).
(Lady, the (i awe Lacady ;ndnpmol.ud‘ (frey Wawe differeit suppovt). Tuey span
1(cg): ¢= f'- A - ¢ BAE). Twex xes smr Nxel . so dre coelicienks Ay ave coustaut
o Lacla Loy ugacy class  of (=. Se m:zL 2)‘39 ¥ oa WM\atuﬁ{:tou o( e C‘

Q%g‘. B e Ciyony Cef

Chawactess.

Recalk: A eMy(€), 4rA=Lay; - e taceof A Y (PapY =404

Su for 9V dhe traeg £ 9 00 woell-clebined by < 408 = £c[0]g

. for some (amy) basis
BV,

| Defis ion \Fe: G >G6LY, the chavoder Xv (alfecded b‘,e) & Xul9)= 4 plg), forged.
! go XG> C.

| Vi chasoder % 1 taluaile Lespedionly o) 1F 2 aflardies this.
| The chavacter 1s Fm‘*:b\f-d et Twe gumml_dmﬂ& s Yhe chaveder oF de

»‘i’r,.na). repreren‘katl.\oq, So rx {9’ l VgeG ’n"e dncu'acj:ef Xy s m nF dam V = =1,

- Lemma 20: KSamoqiM\: € G- pmodudes Wave e same charvacler.
Peocf: V€ g (gh= 8ot 8 For some 8€ Homg (V) imvectible Hhen %o lg) = Xuly) Ygeg,
‘ Slaek uujuﬂq}e wmakrices Wane e same trece.

M meede waed \.n.tu‘

gogmﬂm'l Let Xy be Mo MEJ alerdad Yoy dre reprcwia:heu e: G=GLY of &
| @ Xv i a clas Funckion on G 2 Xu(xgx) = Xlg) VYxeQ, geb
(b f)(vﬁgv,_ (9) = Xy, lg) + Xy, lg) Ngeb.
ef Xy :M(\}_ ,
@ F gel Was osder m, then Xylg) is a swm  of wilth veots oF L.
@ X(gY = Xy} Vgeb.
(€) ‘F 9,9" wajwgate n & >Xvlg) cal
Prbef'*(q)(ov“mgqie_ makrices Mave dhe same trace.
b oy g, (9)= (%‘-”ﬁ,) fa Fepgy = te, s br,
© Xy =t Toza, whee o =dim V.
(d) g™ =l > plo) sokishes %7t 3 cam be dioganalived 1 €la) =('0 =2 , (ust
Su.t‘hu.e_lsam) aund w‘ =|,
© elay)” 1(?"-}.).
(6] Fowm (&) aud (a).



M@_ \F gea of order 2, then Xla) EE de{g) X)) wed 2,
\E‘LF‘ Can Ol’*o“‘ﬂ"“mo)w*"’(oi*' ] ( '1‘,) then X[ﬁ)-f rel, ound
X ()= S+r, So X(g) X)) wmod 2 . '
|
Progcs{{'{ou 23: Ld( be a vcp.—-esu‘.ta){:\'ow of G over f, qﬁcwou.a.ﬁtx

@ 1 X@) € XKW | with '?-({,v«aia% F el =W, Gy some we €.
| ) Xlg)=%XW & G kere
‘M @ plg)= (o w) so [Xla) = lw,+ +wal Sl v s lw,l =n =X li cqualily
; \FF M%wwe@ud%eaw%
[

) Follows frow (a). plg) = w L => Xig) = aw, = X)) Dw =l

|

Propuition et \E X 0 & chavacker of G over €, thew

| (@) X s alse & chaader (wheee X(g)- ’X(‘,)).

M) iF € ¥ a Unee chavacter of G over € Yhen £X b alse & chavmder.

| in cach case, Yhe new charckey is ivreducible i T

Sketchh Proof: 1F P GGl (€) affords X, den p: g> P(‘U s a repres-e‘ia:lﬂ'sm
offading X, amd €p:gelo)elg) s a wepreseutation akevlivg €X. Check the vest.

ﬁ/ﬁ? qu)\l 93 V. [n-e-ea( [gh}g 3(5\91 [gh)QV' 9[5‘!!] v ——9|r\ —(‘-ﬂe)g_'u ’%UAQ)U].

|
| 2R Yool
|
|
!_M \n Fact, X is dhe chavadter oFe* givem BeV™ ,so 9: V= ¢ Linea,
1
ENaw Aoing o prove it charactes clhawmdtenise wefarese«iatjrta-us

Lewng 257 \F U 0o o €6 module, Lot U 2 Jualhl s Moe B L.
! Thetrn dMM‘ G“iGig?f; Xy ).
' rai The WMapping TP U D i 3%4 Cula is @ Pﬂ ed:\&u Fom U ouko Ul [ L{—ab{ owd
'“'luur= \ur,] \'LWCE b U =4t = +r iﬁlﬁé&fu(ﬁ)'ia.‘ %’X [ﬂ)
(:Q{N%ui' T wt a bass C-vukmqu ar basis For WG - (ouo)]_

Lemma26: Let VW be €G- mool,u(_zs Wit Q/L\wdg(‘ Xy, X res?euhdel»g Then,
i ¢ Mo g (V) 7 iy . Xo(a7) Xosla), = <Xy, X>.
ProgF! \E u- Howc (V,w, Hen U s o CG-modude with V'esped: do e G-ackon
‘3”9'—)9\»’6'(21: « Then u = H‘-"M(G[UW) So ol Howma_(\/ w) = "Z Xu &),
b‘ﬂ wwma 15 F-‘l“""'u‘ﬂ X Cg} Xy t‘o’)fx ’-‘D) so the assertion \Cou,m;

To prove ks last, Fix ae G. Choose v, uu o basis ForN sudh tat g vo= Ajvp, and
g wm o basts for W such %a'.t guw s aiw;. et By be the winal basris for U
| 8{3 Vg = gﬂw TL\W 9 ° ,J-gv = ’\3 Y, 91) [Smc.e "cw wm the V), so

!’Xlg)-iz\ [Z,l Hgﬂj‘xv(ﬁ()'x\n}(a)

i w

’M Wbt is Seluiad Hois Lui ik Nousg 6904 & Vi W, 5,

(g) = Xyng,, (02 Xl Xslg) = Xy [57)) Xy o)

Howm e



i,

'“Amw 13: A Fudely aenecated €G-module of the faide group Gw is _ cletexmined by

b5 chavaiter
rWE Le)l' V be a CL= mudiade. By Masolnke Vs a Aivect som of ..rfed.uc.t\ale medules.

i B% SC‘/LLUUJ‘, %e {N’eclm‘o!e Wlod..ulﬂ_ u Q.Ffea_rj' w‘%\ \M.ul)lnf‘nh‘(:‘_j Ciu uom (q U)
| W & summond. 3% e alvoue, tals  diwmension s '{"u,’xu>, so Lc. al.d:exw-(ned

\uﬂ dhe chavedkess P

\(mefr waauci's. , o

The set of Co.»?(gx gakued Conchons 00 G Fows 2 vector space :
(8,+8,)(9)= 8,9+ 8,9 ; (A8)g = ABy).
The set of class funchous (Hhose comstant on eadh conjugacy class of &) forms a subspace.
.‘ De&,’\‘ﬁ:{o " ?—g' DEQAC 7S EFM;*\‘QM. g;f\ﬁgc %ﬁﬂdl!‘r: <9a/ z) 2 -éLl ggﬁ, ‘-9_:{;) 91(5)
Reawt 145 \F 0, 9, awe havadtes, toen €8,8) = i@ 2 Ola Bulo) 7 g £, 0,10)8, (97)-<8,0)
and So s feal.

éﬁes‘uﬂo: For class Fumchons in general, <6.,8,>" “:, §, [%:] 9 (9:). 9, (q ) ke
f flz axe QOAJugcmj chasres oFC and the g, ame chosen rerresadtaiioes.
So, <8,8,5- Bz Ba) Bila)

;TMxMWLML,,WQ wredueble chavadtes Form an othonoimal

‘ basts v the space of class Funchions.
jProoF: Of'uﬂonarmwl' gdm—f owd LQML.MO 16. go.sis* \’\MC. ‘ﬁ’\e nﬂ\.\iwbw

,COro\la_.rg 32 W= a.\" @ a Va wi Ha V the m‘{d-uulﬁ(-zf G"F G Q.A"A a, UL' V‘ @@ v;,
{L‘eﬂ a; = <’xU ,'xu}> a

‘ngo:;j;\gnlg 9,k e& are c,OuJuqai‘e W Xig)= X(W) Fev all X tvedu e ble chaactess.

Prosb: (D) Auy chovader is a class Funchion.
(<) Alay) =X (k) for ol X \mzalMuui then 9(9)' D For ol class Funchions 8.

1 Exe r.rLf;J

la ?o.-f{’mujaw’, i F 9(1]"{0 obeiwise , then 9(g)=l D Bh =1 => he ccd (g).

ara%g 9.9 are conjugele ia G B Xlg) eR For all feredicitle chasactes X
P oF‘ @tﬂ meosd'wm 3 a-uol LQ,{MMQ ’2-‘ (FJ s e

Chasacter 4ahles; Obhogoualily relakions

G oa Bk greup, FE €, X [2l], o Xo the tmeduable chavadtess o &,
i t (= iﬂ),-,tk Yhe Lonjug acy lasses of loments of G, it g, € Ce.




vs the kxk makpix  witha U,j)‘&dv"-_-j ’Xb{g}l

o 9 il
i \ \ [}
i - ) -
=1
| o i - |

= O ox (9> Table :

iQ Baction: Thwe chavadter table ofF &
1 &= Cy "Cz

luqng Pmpus[‘{i'w 6 J

Shia & Cx G,

|
gl & wrcs dbiline: oF oidbrBs
| Z(6) Mo odder 2, 30 G/ 1423

Clag) = <95,2> |, ocdele, so \eello)| =12
, (hasacter dﬂgrees.: LLLE 2 (b‘j torollavy V6 oaud Hreovem \ﬂ)
Table: \C(g,;jl g B e Le L
{ 9: | * % % 9¢ =
- : ! : 5 ! G- G/l ; 9r>g<a> :‘—) f,
| i -1 ) =1
i Lo ) & = where ¢ owe dhe Fous
1 _‘ R i T, pr{uvi'alllous aF Conily= qétfcu,{..jm_mieu £C
‘ 2 -1 2] o o
1 e e

-

TN
So\au,r D2 v Scalas Mai.‘i‘l‘a(J
so ¥ T bt wuitie be -,
\h.n ?“’POS:‘H"“ 13

\MO\"&MZ\") lg' ( ‘-‘11 + L. ['—2)1 + lef ij 1 Zilj - l g

u i —_—
Theorem 35 (O.r‘ﬁ\og_gg_aiiiq @doix_@_\_)_ () vow ou-‘u\agonak{-lg ‘,. VCatagll X (a;) Xs(a;) = S,
' i) tolumn odlnegonalidy: & %.la;) Xylaj) = S‘Jlfc.(gtjl
Peoof: 1 This is Theorem 31 = tre chravacters ave willeanmunnt., 5
dv ket A be the R*k 'Maiﬁ!( Ay = IC&(an"-'l(x (QJJ Then Aﬂt:I’ by ).
Memce, A°A = =T, sofh:T - Yuis is Gu.
Example: G - Se lCﬁ(ggjl Ly 3 3 Le b
9; | (123) (B3 Ly G23w)
| | ) i v
\ i i = -1 sgn
3 o -1 i -1 €1
| 2 o - -1 I Py Sgn
7 o~ 1 o (o] From o;‘«ﬂoﬂanwut‘j N‘aifﬁﬂs.
fl’v X = W= ‘, w\f\ﬁre 'ﬂ—[g] = V\ww!h&’ cC Ft’x?d ?oiai'-s oc 9.
| veeducble by odhogonalidy. (See tater).
E xample: G= Ss LN O %S (1)
: h ‘ F: bable for Sy ~rfow 12,5, columns V2t
.

-\ o
K&Muh V dS “/\l,' 353, hemee  tais Sim;\a*f‘("g O.LD\-H’--

B fd
I
|
{

Configany dlasess L5008



N o;wml Su)oaro ggg

i'Lewm, 16: Let NG ('5 Gry = GLY

oun Lirre duncible) r(fﬂfuiai-\'om of &G/n
Thew p: G = Cll«(\l) ;4> flan) is an  lireducible) vep.—esqd-,d:fon of G,

Tue cowespoucivg olaa,xao‘fe:s soksfy  Xlg) = ’x[gN) We say X Llts to X.

biou 3 FNAG He Uft X% above is a bijechon from dhe st of ol ineducibles
of GIN do e seb of thex weduable chacacters of G o N ia el Remel

Proof: \F X Lifts fom X dwen For xeN, Xix)= N (xN) = X[l X(1), so xeker X, by
| P\rbfosul'lm 22, so N $ker X

BlJed'\osu\ \-&Jec‘]:tou s dﬂa.{ 'XQNe.m Frﬂw‘

Sw)w{'low rxa.“:oro’uwl by ' 8. &= GL(U) i N‘-hére Haean (’ G[N”GIL(V) th-bffg)

15 e weu defined repwsui‘ajnon of Gip fa,N 29, N> g, ‘g, eNERere, >0 0) = 03,)
O\FFondmxg 'X \AHMQ o X,

Finally, X teveducitle 16 X trveducible: Toke UV, plglllc U Vae G 1 Elanld cU V gN e /N,

Proeag;‘[-\,o“ 28:a) G is vto't s{.MPlQ CF ‘)([q] X)) for some. ’X IH‘{AMCAHR e/b\a.-:mie-f ofF &
, othes Han e, omd gome qu’t (go, viscble frow  chavades 'Eab[G)
‘. (®) A'Nj ULOJMG-l s‘ubqu‘au.f is the wrtessection of Rervels of some tveduccilde vzf’rtseuioctiwc

|R£W\ark v Hewce w‘?- Cam e Frowm the hovader toble ohellhesr G is

soluable (3 chata 12 G 96,99 G, G, with .Gi."Gt cund G‘./Gg., a ?*3ro-PJ
m'L?o‘teui (att S':J(cw Subgfpu,‘)i, e Mfma.l)

\fraoF @ (<2) Xig)-x0y), g*| 2 & ge kev X QG‘ (Ms'w@ progesition 23).

(3 14 NG, X ireducitle won-princigal character of G/n, dhen LEEIE Lo %
A wr?duq\)[.ﬂ o\na/nﬂ‘:u og‘ G. Then (36 N q‘e b&r'x

[b) NaG. Let rx‘f 7(. be e “ Olﬂ-S‘l‘U\t‘;k \nreolu.ub{g; of G‘(N( Ll(’_'t "H'\eu
to X,.,Xs , \educitles of G, Then, N = f\ ker %
E ¢

c deax F\’D\M ?NPM&\OV\ 3
2: Fge GA\N, dhen gN % N, sa(lw some 145, \ane X; (9N)¢9( (N) | se
xx[g)t’x(i},so g w wit n Rer Xp fr ot o

 Debiuiking: The decived subareng, &', oFG is G'= Cabab 1 abeG>

Note: G'9G, since G'¢G. and xababx

(oean~Joebn M 3 a5 ) (x If'x'(J

Lewnmadd: LN G, Than SN ohelian (FE G'EN. So G' b Hthe wmque swmallet
: noewak subgroup of & with abelicun guctiedt,

Coof: E/n aboliaw i aNbN 'NEN:N Y abeG (ff aba'b'N=N \Ja beG
! i aba": eN “q'beG nFFQ N



| Exa.wngig: G=0p = <abla“=b=l, bab=a"">
‘ (“'1>4G J G/<’a1> of ovdes b and so cu'odfu.u,\ou* G is wet a-LeL'a,u\, So C{" <a®D.

} Lemma k0: The number of ishuct charactess of dlegree | €quals '-H«e tnoley \G: 6.
‘Praoc G/t abelian, So hawe 1& @YU Unear charadess of G ; these are all dhe chavocters
of G with &' i thelr kemel (by fNPO)‘l‘{‘\Mg!’ (£ % is o Untar chavadesr oF 6,

then G/Recx sC* \)5 the somerpism theorem, so & [ kew X aJoe/LM S & Lher X,

1 Peaw ton C .

|

|

| G acking on o set Xz {L.,af. LtV be a vector space Witk @ basis @2{"‘;'7“-*}-
Ha.»e 6‘. v t—'>v9w ‘ cm.o{ ex{-mol, T"ﬂ&a \, N Q c&-mod&l\ﬂ - Jdn-e RJHOV\ Le
Corespending v the achion of G onX.

Lemma ll: The (’.vmu'i'@l'lon characker oF G onX [if, He chavacter of Hus (G“'MM) is
Tlg)= ‘le‘ 9’ {ot&)((ga( “}
ProcF: Uear; woutabitions to trig) ?rearebj from Hiose hixed by 4

Le_mrja_ﬁg_ (6 a7 is dhe Peimdai'lou (‘)Mua_d‘u of ¢ en X, drien (1r \> Hohits of € on X
n ?“f'l"“*l“f \F G WSI{"“‘ dthen - 1@ 5 a G'LMadEf ot ne Pﬂvl&‘t)al coush tuent,
?WGF Lt % SP‘A{ who G-ovbits an X=X, 0. QXL i
e de in géﬁ""g)-m#{fedlecﬂxmd «} = 8 (Gl = ?’«éx m—"" =‘§l =
Lewwa &3: (€ G acks on X, ¥ withh (Wmiai'llom chavacters T , then <Td= Frork (& XxY).
Procf: The permutation o chaveder of G on XxY s Tr, wheve 7T )z Tig) Tla),
so Foch( R xxY)= <1-rt-’|> =<mty ar T —

"Cof.,l'.@ﬂ Lt : (‘Tr,'n>= #o.—b(ai Xk)d- ‘lc G ir tvamsitive on X, Hails e‘tuals *Wb[Gm,k}
FN amdy c-ceX, 'Jébl-e Pumuta*{ou rewuk OF G: o X,

|
:Cvfoum LS: (PG s V-tomelive en X  dhen T—ia is oun wwveduedole chavacter.
l

&@L G is L-tramsibwe on X iF, Fe 2%,y ty, €X, 396 & with gy

l
'M‘ G- n'S', Mﬂlﬂﬂcﬂuﬁjgmw pf'alegue 5, Wno: [Cotan)l 607 & 3 3 5

cels: V(0@ 23] lsw) (23es)*?
i ' ' i i
B 5 rE—— ——pg
o ‘-%-E‘ $5":2!"} 'me celumn orUuoaoqug. g T ;; _: = !LF‘ R —:-—J:
_ gor 4 T
' Fo g S [ z 4 2
: Fibla row -  Consides Tig on st_ﬂlaw 6 90133109.‘1:. Tis has: 6 2 o ! ' Take e -l

l (n\sq'nla,( .. "f{{) "’A':‘ﬂ en Pekesson Grqfk:@ Thishay: 1O 2 { o o Ta.ht‘i‘f’(ﬂ-‘rg



< T(5), s> = & ocbits of As o (3 %522 So TecTis)  (see Sheatle Quetiouts).

{, [{)> I orlote of Ac on [z)"’(s)

RM 2,3:  Obtain 4ne 3% fom 142,54y, +L,. "r5%= 6o.
Obtoum %e 15 Frem 3,43y, +522 and 1*"11‘*:1:= 4

B x ¥
Weide l___J' s B 5. From coleumns ik, have \+3u4 +3f-L=0 D "*F’l
Yoous salicamen b,y hane \+¢1+$1+l=5‘. ,
Fem vows 1,2, hane a+¥=l, so £=7. g"“rf!'wv;lﬂb. .

So we have «(4f=| , g(‘f@z:i,s‘,drﬁm“l‘s of xl-;r-»l--O, so “[p I

Fox o, b Need a '3;(3 Ma*nx C?L‘Rﬂemd oonJugaIé e b Mve.rse of seolev 5.

Ouly vl/\.m.ce}a.«-c( -'J with W= elwr

T&As oy Pn’ co!Motf

| Given clhhavaders X, ¥ of G, cam constud a «(mdad:{m affording XY an it

| c&uad‘u, where MW (g)= Xlg) ‘hfgj. ,

A vedbsy spaces over €, baks v,,. v aud W, wm fesPe&iue,lg. Foon & vector space V@W
;wn"“\ basis vi@w; (1558€n, 1€ ¢m). Vectors ave LAy vi@uw; . Obvious addibion aud

mubbiphation by secalass s do get o vedtey space.
fDeFme vow = (EAv)e (Sﬂ_,w,) £A~)4 vi@w, € VO W,

0 N®Aw = Alv@d) = (A O
G (2 4%6)@w = A, Ou  + 2, OW.
Gill V@9 49,) = V@Y, + v@Y,.

;Lemmo« k6: @ is blinear:

M \ Ny 2w and )., 9, Qre basts Cev V aud W restoHudag’ 2 {‘Z‘:ﬂpjjl 1€ (<a, l‘j‘mi
s o basis for VOW. For, f vizEhuxe, wizEpicn, , then viou; = £ Aty neu,

fo Otaf.m Ca uows.

ngo,l{-.ou tF: W6 VW ae €G- motules e so is VNOW, wnder poo i) £ dcpsifv:@uy) A iy avi)g glu)
Mowecver, the chavacter of bvepw F Kogo (9) = Xy lg) Xy l9)-

&@__ (G’O-C*IQV\ is C{RO-r
Chavadker: fix q; “hesse bases for U, W cousisheg of egen veshess g , 50 we have

I VipVa owd iy i Stcs that gvi "\“*f G 7wy Then glvi®w;) = A Vi ®W;
feo 'XVQWIQ):Z'A;,,A:{Z'A)[Z' '): 4 (g’}( tg)

t

L_ Koc commui’a.ﬂve auq),aMd M,N R-Moa(M\.zs T‘A-en M@N camn be o'.egned as e

R-module Twith o Unear mop. M N >T such  tat Astiy. bilinear map
uN-—PT__; £ e O T—?'U

F:MxN->V (auy R-moduleV) con be Faddoced "ﬂmw?lnf e

(Amzq,.r suchy, tak B:f'ot
It canm be shown Mot such ecish awd s unague Up to isomorphisme.



\.e¥= V¥gw = 'How.( (v, w) dou » (v 9(u)u)

Powess of (hasactess,
’X (g ('X(g)J . This s o dhavader for X a chavedter cud ne “J, - \7.3 wnduchion.

xc_(ag(g\nedlr Queshon |2 }f P X §s a bl chareder of & taking < aUs‘Huci' valies,
fen any liveducible dhavacter of G appeass as o consbituet ‘v oue of x° ’k, - il
i o ;'Fg#fl.
Examgle: X dhe cegular o, dhen Xlg)z 3160 ifg-4
! [Thiak of it as the &Mui’cvhan avacter of G w the vegular achon mG.J
So awny (rredueble aF g afpenis on e mgdax chavacter.

|
| Take n=2, W=V, We have T: V@V = V@V | vi®Vj > v;®V; awd acteud; Uuecwwof-m{u?..

Deline : SV = <V;®v‘- * V;@v; fos” AIV = @y -v;0v | vy - elgem spaces ofr.

;blo{.e 2 We have VoV =3?V€9/\1Vt omd ST\),AiU ave €G- subspaces.

cc_ap esition b9 Wake X=Xy Xa=Xpy (here X is dhe chavacter ouV). Then X7 Xs +%p o
Xslg) = (X (em((g ), % = 1 (X lg)-X(qY).

roalis A Ky vy by Nete 4%

Fox qeR, and ohoose dhe v, 4= be a bask of zigeavetors of 9, Se gui= AL

| Thew glvi@v;-v;@vi)= Aidj (vi@v; -v;0v). So Xalg)= & ad,

| Now, X*(g)z (EANEX) = EAT + LE XA = X(gY) + 1 Xalg), wohenee Xalg)=1 ('X’@J-Ma‘J)

| omd 50 X5 lg)* 'X‘(g)- Xalg) = ‘1! (*1(9)+ 9‘(9’)}.

“ B ) €; i 5 10 1e I e 10 1o

|§&¢L¢; G:Ss ha + Cou jugoey lasses. Clg) 120 % ¢ ¢ v b ¢

| 1

| gt | 2 3 g 1 l g

| ] ] i i ] ] i

[} i [ { -1 =l -t

i Ki=Tg-(: L o \ -t 2 o i

| fX):Sgn: Le o | = -1 o g

! Kg=X=\ 1§ 1 = o oot '

| (‘. K S - 5 i -1 o -1 { -1
')(A s 6 -1 o ] [~ o o
Al i6 o ; « o |
fxt,"j: L W i -1 [ o i
Xt e 2 ' o & & i .-:‘“'(g)

o iF Xaoto seal chagode
1 W 1g ja s

Ricposition golFra‘pqu_j_EM\mmig_l FX v an iveducible chavacler of G wnte (%)= [0 (¢ 45 j2n,
| Then (%)= tmqec, (5’ Monovecmé&, HN *t) - #faeC‘q x} ('ww e (x.
Proo[‘ <'xlﬁ 1ad= (%, x> = { 1;;:;.1 For X real, hane 4&- in X' X+ Xg oot MPL~Q«9I
so 14 appaass wA fﬂaul.ﬂ oue of X5, Xa vo it MuJahfhcA\gi Houee, ¢ ()= g% 16D = m,..,ﬂ_-r )
| by Pre position L. Momouu Wate 0= # fqeGlgnd. Thew 9 0 a clows bunction
| o X mw.u (9,302 5 L WX 528 XY = g £ X0) =i, and s, bs £ in

Wxea Ajrenuchle

(on Yee X0 foom MWW\M@I bmwf- e s‘xu &dmﬁwﬁwél



\S.

| Rewadk (50 conkinued]): X irveducible, afovded by G ouV. Taew, Ig e ¥ @ Howmg, (S'V, €) E€

| &> 3 o wnique lypbe scalar) Goinvanand bilintar sgmmetic fom.  Tlis can be

used 4 show Huat Lo v Xs WX ablercted by a veal v-efreseu*aﬁllrw , ie, p1 G= GLIW),
with W o vl space. (See Sheet b, Question WX, and Taumes & Licheck ©.266).

| Dised Bk

' Theorep 512 (F G auel H are Fulte groups with X, X e wreducibles of &, auwd ¥, Y
Hue iereduccbles oF H, Heen S%Lﬂrj [i¢c<k, “j“-}a:ﬂw“&e distinct irreducloles of

! GxH, where % ¥ (k) = Xilg)Y;(h).

%Ef.?.ﬂ.g" IEV s a (R-moedulz amd W a ‘IK‘MOMU{ dew VRW (sa C(GxH)-medule wndor
the acklon  (g,k): v;BW; ¥ gv; @ hwj, (Whee Hhe vi, v, Form bases fo VU vespechively),
and extend. TWis (s a Urear GxHackon , with chavacdter Kyg, = Xy X

Wl shew Haese XM owe dustinct ivvedues blea: <'x£“'j,'xr%>w=|z:7( ‘é:',%'(‘nwim Yelgl Ys(h)

= ( rléf géﬁ'r fx_"_(gj ’xi"lg))( l-l'!lih% ‘?;(_I;J \r’ U‘))= <’Xl‘,)(r)a . <Wji\r$>u = Si‘rsjg

These ave all of dhe iweducblor: & X1 (0> (£ (£ 3%;0%) =161l \Gunl.

Restrichion aud \nduckion

Tb‘qu]\w-i Huds seckion, K 0 a Su.lﬂgrou.f) of Cr.

- Restrighioy; Let p: G=GLIY be o represeitation, affoding e chavacter X. Thew V s
Calse o CH-wodule, Lith represeutation g0 N> GLIV, dhe ¢ restackion ofp. W afferds
the cavacker Xl (o Xy), e gestrchion of X 4o H.

ibewmng?—: X an imeducble of &, and /)(“-,- ZC:(V,; with ¥ (reduciblecharsetess of H
| (o eNo). Thea &€ € 1G] with equalidy (€€ Xlg)=z0 Yge Cr\ﬂt. )
Broof £ = Ko x2y = & NP Bat <X, i G W <5 5 b+ £ 1)
= :—E:-': Z:C;: +k' w[-{{‘ k>0,

So, fc’ ¢ (G|, wi e G%uaidg W k=0, e ff XG)=0 ‘Jq,e G\H,

=:R

;Excu.uple'- 1Ss tAgl=2. Avuj imedueble of S¢ either remaaius (medecble (n A5, o splits jife two

tvedmedbles (cf sheet b, q’ues‘ﬁou'g). S5 * '\ o ‘*\,‘e’ s ,5_ /(?\/—P“luomoddpe«w#&iws)
N
s Aegyrees of {oreducibles.

Ag- i & s

Caun qe* e ol«a.«adia( teble of A¢ boan dat of S¢y execf}f Ge dhe values of
dhe *wo (rreducbles of clegree3.

Anduchon: Starking fom o characke ¥ of H, get a characker ¥1° (¥ of ¢
Wale CUUX, 0 foc dhe ueshor space o wwxptu cass Cunchions - 4 s a space, with

hemitan e rocuch Abewe, we clofvet Yo Unanr wap it CUAG, €)= CLLK ).
Tis s o wwique adjeldt 1 CLK O (LG, @), a Unar wap sakishying SX4YD, = YT,



i Theovew S3 [ Frobewius Reo{?wd%w= HER X aclhangle ofF G, a clavadter of . Then,
6 Xl v o chavacker of H, @ Y1% 35 o havader of G,
{ii <’Xl‘ "4’) LN 1(1">&_

?mF Chacadtess of G (rspeckively #) ave precisely e class fumckions of & (respeckivels, W),
ld\MOlA ave Unear combinatkious of lrreducible c‘mmcfefs oF G (rupeolwehg)'{) v all
Coemacwl‘! A“Ja. Heomee UJ is O{lef Gy Foulow) Cvow ou d.Q,LW\'L “, and (i) (s owr
O‘Q{:{ni’l-fou,

i Yig) i€ yeH
MH‘:G‘W&C(—[%‘J M‘f (5’ Iﬂ'xeﬁ (""j") wwrlﬂ) foq%-e::‘vesc.

PnaoF For a.w:.“f’ waride W' for e RUNB We ape cem paving Unean Maps: Cilv, €)= Cilg, ()
| Y t1G W’WH‘I’ fo e 'la‘(-nibwo!nwk Mm«%u) eu ab@?“!—‘hc«b
: CL(R,C) e, ea chacactesistic C-mol—wws of M- Cou jugaey Aasses lﬂ"ﬁ)(w § ' i5€,

| wheve 60 0 an H-cowjugrey class. o ib D

' Cousider He G- “tonjugacy dass €. Wate 3= ia oﬂne.-w.se Also, wﬂ-k Xe

: CW "Uv\e Ma@‘,’eﬁ:‘inc Fowwi'fov\ OC ‘C Now <"'l’$f 'X¢> <"‘f/_u ,Xfi 3 m‘ S ial

i !lul <(V-B) Xe>= TQSCG%%) Xelo) * ig’ Ik é« Yo (o gx) Xela) =i Zg. Yo (x74x) X ly)
|c<| 1! 23 ‘tHC&-(ﬁ)“*Dl ,H; 5. ‘D| = xea—,.uugu.ﬂ

So the uvaner prodmets wi Ha each Ke equel |, aud as ixf 1Ca G- Cou) ugyacy cAass5

s o \M.I)Ls, VQTG %

|

I@m%@ R o e s Y6 a ‘hrwsumaj. for M a6 —te \G:tlza aud tH,. t.H
are all e cosets , dhen Y Cq S k).

Pt For i e B 4° (ot bl = ¥2 L6 qbcl) = ¥oU6 g te).

! 50, wm dhe epression tn Theovew Sl sum over Hae respech ve cosets t: H.

| Example: G=Dy= <a,bla™: b= baba¥:Pi=<a>, T= 31,3 Wrafs0®, Lt L e,
| Then. YELaR) = ¥o(ah) + WYL>®) = e u®, YD) V1o s ¥l - 0.

This Wy, ueﬂ 01' an  irredue ble cﬁ' eachh w= [e ~J-’ J4N71-
<YG‘ \f"> = 2~ g2 (Whk .u-u"'](w “+ a} e tN+Nl b‘o Of'u"-o%ow@{'to e H amdd ‘t‘tlf = l

IL; qa56: H< . M’-LTG' w‘lt{/\efermukgﬂaﬂ Mavacter of G on the set (G:H) of all
(e Ft cosets of W inG.

| Proof: Lot T §4,., tad be a tomsersal orfinG. (4,1%)() = & 174 ot:)

| =¥ E tieTl fci‘abgéﬂ} = #’{{-;e‘rl q{:,; et; H?[ = ‘CJF(G!“, ‘j\'

Lem 5% H<G, Y class Functon oF H Let xe G amd assume brat Ha celg 6= m;, ccly bxg)
The,“ "fﬁ(zj \Ca_[x)l i lqu\ Wz}  1a ”Paﬂhml-(, W xel aud Cc:f. (%) rewmaing
. just one H- conjugacy class, thew Y& (x)- Eﬂ';_{g Yo

IP&opt Wnte ‘g cn the characteristic function of the X’wwjuﬁauj class of .

, So! f,‘ = (5) = ; ;@;ﬁ;{':g{ﬂ. Then, Co«r Aass ch)Hon oFG
<.§G,x . x> ‘; G ,,é; ‘gcn,lﬁ) 9([")’ - '_&i.‘ qéa (x) Xlg) = I, wl X(") £
T g Y00 <, YT L e <E Sy, M- fim Y

( bg rfnie_w'ut rfcffm dh‘ﬂmm)
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Altengtive _approack: \J ow FH-wmodule . V16> FG ©pV
Toke tCIt,. 4, a transvesal for the sek of lgf-tc»m,ts of Hun &, amed v, v
a basis fer V. Toke Yhe space V&, geweatel by e basis tv;. )
Define, for ge &, obivys ¥ { I unmigue R widhh ti' gt €M (so cbf,_et.,H)
1’ Then, gtiv;:= " [tu ojfc i [vte- Ve tve . @ t.V].
w This s a % G- ac,hou: 9, (g, %t v;) = 9(+t[h a,tilv; ) ﬂdgm.qrue lLqun‘H‘a*‘ttqf et.
‘ 7 4, (6, ) (9,40 vy o5 Duwique b suck tuat g, teeH
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EE R=¢ i, W+ abtieH , Hen tus conknbaes ¥ (L™ o){‘)
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Theggew: \E X is o complev weducdle chamcter of G then X01) V&1
Proof Let V be o €& -modile cffodiung X. i X e cov g acy cAass, wonte

Ll

€= 5 9. Now, Cv=iv NueV, where /\=1E‘§Lﬁ'xw 2 s Ce 2(¢ﬁ'l,
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by gc»w there 15 o scalar Ae € with Cu=Av MueV, aund é.eu =AT
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Neet, X 0 an algebmic untegenrs F ;. X, ave the claneds of G, thew
Co; = 2:1‘“ x; wida aJ-._C—Z, awd Cu=lv, s0 X & am eigwumhe of the
w ki (a.;) wi Ha UVIL!?QX’ enbnes.

Fh\allg, ot f,,..,fk be the wnjuajaaj olasses ac G;(z)tcg;e‘ep
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