Reustuien anad bosks.

Definidtow; The pair (@d f=.a gmp,,_(g;,g,ji,, gpoup wit . iF R s a set, and
(s a wmap: GxG2G with W aelb.c)= [a bc Ya,be eG,
i 3 idewtity ¢ € G suck Mt €.q:zq.ez9 Vge G,
tiiy For each X1 3 rﬂ-‘ such et 9.q' = €= ‘D‘{"j-
Q erouf ma_q(o( May) rla't) be wmmu'ta*iv{ s (QW.., .i.e._.._...Q._e.b__: be.@..,,\é,,g4,h6 E‘.

A subgeoup N ef G b a sdbset WL bk . growp wrt o restricted do WxH. Wile H< G

Rewade: A nen-emphy subset B of & is o cubgoup f abet> a'bel.

Examgles: (Z,4) < (@,4)< (R,4)

Exercise: Al sudqrougs of (T4) are aZ= fox|xeZf, lneZ,)

Examgle: X=§\,..,n5. nglx - i :“..ﬂ_;?.;\f of au-éwdaﬁbm aQX, wml.u coan posibion .
AKX (20,) = the alteinatiq greup  of all even permutations onX

- ;. .S’QL.bCﬁ.Nw.P. of S, of indetl,

Exo_.mg\.e: F o Geld, GL, (F) = all nwn wakrices over F it non-zere déterminant wndler .
’@eme.mi Lineas Quq,\'

_wu Dihedal gronps (ocches Zon) . Diby, = Dyn (=0,
e Grewp of Sy)wwne‘t’nm oF a regula..; w-oyon.
Wh--\—\r--rh @, rotation througn = Elbweste gres. @ Lisw) o catakions.

\

i~ b fleckow,
Jx_.,areec@\m, .

a i fik ™, w reflections.

A‘-\o"ﬁ«gr S.e't op ﬂenem‘tout 2, b, wihc('e - QY I ¥ reﬂecﬂ:\c’v\ "U*f“avtab\ "B’\e axis
at ang\en with axis of b — a cefleckon growp on R

Execcise: Auy subgroup of Dy, s either cyelie of ordder dividing m, or dlnedial of
oyder divicking Im.,

Recall : Lageanse: R €&, & Gurte > lnifrel. -
Pactiak converse: \Gi= piwm (pim) >3ncg \*ﬂ?fa. «r%low Suhamw‘g“,
De Bniton: &, H groups. 836:-)'“ is & \\_omgﬂ_m \F 9 ( g 8, 1’8("_’& 9{%‘) H%.,%EC‘-
(4 i oun isowoibmsm B 'b.}ec{we) o
B Bocndl i o Cpenenl) Womomorguism § _kecd= Tae @ | 9= e, . b
(% o wnjechive ((F ker 9 ___{e ).



A Subgmup Hoof G s pocwal (n G iF gMo'=H For alk qe &, where
%Hq"% fg\na}“'lhe HY . Wrde Hai, (Sa keenels ace uwwtaU.

TF K< G, ‘H«e_ﬂ c\‘-“rw o gtlm{{gﬂ'l: Areup G-/K it e-(.o_mey:b aU Hoe \.QH tocets of
K o G ( Lelt cocet - gk-= gghlke K3). Mulbiplicakion: g X - g, K = 2,9, K. This s well-defined,
QV\A e (a.e,'t a 6”“‘? ‘DCLEQ.‘K/ {:1,1,$Xi=qihtj;ome h{EK =’>7£|7(‘= %I;tf_:g:h"-:%\aaf'h' 69‘31KJ

{wse nammality }

- ﬂf\ms (F;‘gr{' ngum-gw;m%gmit Let 8: G>H be a Momowwwpwm with K= ker 8. Then

W K6, and Sk 8G, the (mage of G wndes 9,

bithece s a natural 17\ corvespoud amce between the set X of all Suksroufs
of & contalning K omd e cet T s ali SuB%wm?s of Dé.
Moreover, Uois gresevves norwality),

‘ CoraUa_mg 2: The \\omow.»P\M‘c |'Maﬂ{; of & are, up Yo ‘ife’mo\rp\/v'um, 3(0&&/3 G‘/K for

N Gt ows K <G
Proof: TF W= 96 then H ¥ Flhed (byheorewml).  Conversely, if K9G Hew i i

e

a hewo uwerp\/v('ivm wag € of G cumdesr Yo nddusal \fkommrplnism g o K.

i £ of Theorem|: W. K<€ & (check). K9G+ ke*\’,%eG—J 9’(31145") 9‘5)%9[3) =€, 5o apa el

The Mfqu 9 /K"’ D&, 5 9K ""39 15 an \SoMorP\AASW TE iseuell- defined g 1-1:2
9, K=0,K (f6 al'a k=K iff o'gek iFF B(a"q):=€ ff 8(9)- Iy,).
Oute dﬁau, as s 9 beu,ua) m\xoMaMprP‘»\iﬁM.

b) TF XSG Hthon OXE0G 50 9 fnduees a wap §:X—=Y 1e vedg,
‘e VY Bor fe slbaronp {3e(ll3,,5e‘f} (wsualk M‘kgﬂ:\w Cor s 977~ pre-image of ¥

thea \9 aw\dﬁ( are wuere o each gther, amd so ave b\_ywl:ww

Finallyy, noemaliby preserved foe 8,Y . eg, it Y936 dhew 0V AG, Sae: led xe ¥,

So 89{9‘/ ;argect 8[(_,)9(9’) 9’% O (9,;)) e ; stnce YQSG Se @"‘3 e ¥ Y a

. §: G-o>H (s a how gt Y of G f H= S‘gm X L some X,

‘ & & =k g G g,;nggi ,ﬁgcgs‘ggig‘ﬁrsn of & |F U= G’Ln[F} {:ﬂ( Soeme W, Sowme F

_Dr Group (s S{Mﬁu {f‘ it har ne Ao — ctvtal wormak SMLgmqrj,

: IF G' i5 @ L;vuk grov\? E&\% G.' ‘Aa‘; a C_/E'M?ﬂ]‘*‘r:m geres : | = GOQG,Q-“"G,f é,

Lith each quotied /o beiy simple. For, tahe Gy %o be «  marimal wormal
g‘ab‘)rvuf of G‘, Seo G/Gr,,,, is SZW\FLZ \w) T\f\eoml‘ Con‘h'vme w Crh.-i.

! \/Ja,rm‘m@: 2y Cé’, g; \»e\.»e ‘Hn.e Soame C.owPos.”'*['\‘a-w seyes.

7—‘ P-Q[&giéh Knggﬁgﬁlﬂs 3 gaLQH EEQ&ME

,DgE'M'Hon: & a droup , X a set. G aé}’ on X Yhere » @ M.Q_Fff.\g *: Gx X —AX

Sud/\ '“Aai (Q,'x)\-? q"x?( [0-’ ca(z), a_)ﬂ., Sd‘H;f‘gi*qf
MI} 9 *[gixx) {39 yRx _1)_ Exw = x V:(exjajt-e O



Lommal: \€ € acts on X, then () foreaghh g € G, e unckion Tg7 XX, x agxx 1 a
) the map (P"G"’chm K;Cjt—)q’g v a \Amwmrp\ms»‘h' a
E‘L_DF_ | %—' v dhe tnverse of ‘Pg : CPa( ("JJ @K[c] -)ez)mu qu 'JKZ ; x -Cvf-eaeln IE-K
fo Gy zi %9, simlarls,
ity Frown &y owd . i),

Perw.;j‘a){-fw en X
peim ahiow represeitabion of &

The Remnel of dhe ackion s K=F9eG [gunx VaeX} . Thew K&, and S £ Sym X (hearen)
The st X srL\‘-{rx wito gebits umder B 2, x, are wn the same ecbit if Fge& suchHal gt =,
The action is tawsthve F X i cn  erbit.

e E‘tgbl’t&!&r GK’,‘ o‘: the F'{“* ¥ s G-“-‘- {@éﬁ—:—\_’t:qjk)t} . MA:‘l‘ is a rub:wo.c G
J M" Crg,(_‘ = 9 al%-l-

Exa..w\ sl W “<G' X= fG:H)‘-'(tK set of left cosets oF W (a G) q&xﬂ: qu g?(\'ows are Cime

“The left coset ackion: Tt s trowmsibive. G 2H, Gz 2Hx™. The kernel of Hus
ackion {5 tre \,a,ﬁcst woemal su\bamwf oF & wlek i codained wm H.
\FH= fe} - left reejwlaw achon of &. X=G&, grx=gx. Gue=5€t, G<Symb.
W/ ' {oa ackion: , —
@ X7 G-/ Q= = %'xg", Kemet= ?(G), the m of k.
G’*:{‘?)GG\%":M} = Cafx) e getiolices of x m &.
Ocbit oF 5 1 el (1)"26%)“ %GG} WOF x o &
(\’) X = SE/t 0{’ au Sulogfvufr ap a— Cj* = @Hg
The stobilhes ofF W s N, (W) = $9eG \ g Hy™ —H}
Ol ofF Y s el ().
iy Ge= S“ - naturel ackion en D/ 1."} - {\:", "}
Taduced actiows : Xz (%) , e st of all R-subsets of [ln). Ackicu is peidtusise
the <tabilier of an eloment {h-.,b} o K & Sex S,
(iv¥) Crwmf; on  combingtoral or al.geﬁmk Ob)'ecis
C « opaph; A G acls ea vestces, Wﬁ?ew‘nﬂj od
Ba i il Ok Pet -

(WaNg (#)). e permaliser

ac.eﬂ.(‘,(ﬂ
5 ” (\JQA’LCES od oF (1_, / Jamed. (F OLY)OM"‘.]_

D?pini{-\‘on: The ackionrof. € ou X and sn?l ase

~ise e 16 FY:XSY, bijeckive, such
Haat I\”owx) =gxﬂf’x v g€ &, xeX.

Theorewmd® IF & is transitie ouX , amdl xeX, dhen the ackions of & en X awd on (G:G,) are

G“\Svuafp\n‘c _ S
Em_r—_ The map W X —>(8:6),; hxx > hG ba G-lomorpluism. Tt is well- oo fned and I-1:
b s hyxw (FE b, hoeG, (FF L.Lc,x:h,c, Oute {s clear.
Tt & a-'\a-ewno,-p'lrv&m%'\f(gk\mx)m::} Y[fgk] x ) 3L\G = gx WG, = 9*4{’(\'\x}

Rkt wset action.

(Owu::x.MlE (Lﬁgmg_)_ Gr l:lw;k, ac‘“*g eaX . L,e/txc-x. Then \G CTA" | GXM_‘ , (G\':Orhﬁ en ‘z)
Tn PMLLL‘ cdaw, & & s troamsitive on X, Haen | G: Gl = IX]




| Exa, ple ¥, o < G. (GH) (i) are G-isaworpk’c W K o G- conjugate.

| Theoreun 6 fS%!nghegm!f Let & be a fate Froup of ouoles paw« ([D ?n"me, \ﬁw\]. ﬂ"c“\,

lll) = o gblﬂw ?—;&h%wqp of wv(er Pq,
(il amey two suck axe w.xjugoie wm &,
v the awmber wp of Sulow P 5ub5\mwf'§ w 1 module p [ andd devides w J

Nete - A Q-areup W A Qroup of eroleg ?r , Seme

a a a

e pomet _E...-p“ﬂ

- —

?w_o?: () Let X be dae et of 2U ?q—m'b;-eis of G, Twen, \XI= (?pﬂm) = P g i
Nete thak X is prime o p: For amy kR <p®, the nuwmbers pim-k and phk
are divisthle by e same power of p.
G acks on X by WPt wulkipheation, i€ iF MeX, put gx M= LamImeM}ex.
Let X, be o G-orbit (TﬂX‘S of size prime Yop , amd (gt Me X,
Then, G, £&  and p“\\fmg stae LGyl* m‘/\x\l. Bad, VGu) € MI=p% | stnee
M= G xM - {@m\ qe Gy, m EM}’, soM 15 the wimion of J*faLtf G - cosels,
Se 1 Gul=gY and Gu 5 ¢ glo[pw P-su\oﬁ\mmp.
0 Prove o bit weove:
Le!“ﬂgqt ¥ a g‘OLow ?-m\xaroupop G)r, Q Ay ?"’guhgfou.{)=> Qsﬂ?z‘|IWfaMexeG.
Proof: @ acks on the set la:9) by left muldiplication. Now, \G:Pl is prime
to p, and | @l ir o power of p, 5o there s a Q-ocbit of sizel,
Seuy £2xP} . Thenm, for ol q.€ Q, f{,xP=9LP/ o x"q{xeP, S0 Q£ 2ePo
G bet Pre a Sylow p-subgroup of G. TH ads on the sat of all Sylow p-subgroups
\)o) oonjugo*fo-v\. The ocbits Mave 3izes Variows Qowes of . XF §d} s an orbit of
size ], then PENL(Q) ., Then P, @ are Sylows in N (@) 50 ave  wonjuqate n
Ng (). So P=Q sinee QR N, (@), So thewe is i Gue P-ovbit of sizel,
namely £93, 5o ngzl wod p.
(R n)el, since G 1 tamsthive en dhe set of Sylows su»l:%wu-ps)

‘Nﬁk: nprlaf NG (P!\ C’( PG Sbtp(a’l

Boplicalions of Solows T

;Lgmmg N\ 1817 pq with pd>g priwes thea @ hag a noomal Sylows P-st—lbﬂmuf.

i Mowover, i€ p¥l mod q, Hen € ¢ (‘jol-.‘r_.

Feeol: wp =l D e Sylow posubgrowe s vormal i & 1F >l then az p, so pzl med g

1€ gl thew & is eqclic: Pe Syl (@), Re Syl &), RIG. P acts on the olements
of @ by conjugablon, so adl orbits sizel, so PS C (@ =,0) CoJ. Let P, @<
then xg=yx , s0 xy |5 orcler P9 -

|

éL-Qmma d4: jel= pzq, (p,q, pﬁmes) D € has o wovmal Sylews Subsroup.
Prock \F >t then w221 modp. W mow ng>l then ng =P - Se we have plq-y elewesits
of order q. S oaly have spoce for ¢ elomedts of ovder et g, 5¢ M=l aftes all,



Remark: Bucnside ? ‘l, Hreorem shows ol \G\= .‘ b > & ot Simple.

Lemmg (o P e & Fu'.ai‘l’e P-group ten Z(P) %1,
P,[an'- At lDtoiD on X=P \‘u., Conjuqaé':{on. The odbits haxe sizei wavous pewess of P s Qumd
$e} s an obit of sirel. So ot Least P elemedts of P awe n ocbits of size | - these

Lie o Z(P).

_._Q.M&EL.“_\F \pl = f doen P as Subrou.PS oF erder P Fos al ba,
PJ'OQF Widudlon own . bet x& ECP} of order P- Now {u)dP So ?/<#> s a P-guonp

01: arol-ef P F ﬁcbmalu&wu,‘ﬂmeﬁ. S Sul’gwuf’ OF? DF oc*ter P '- Ef-gjlne
i‘Sova\/Jsm Yneoverm (l1d) , theve s a wa%muf Q of P with xe A s Huat Q = Qfa>.
Thew 1@\= ¢
Re t Stanlor froa{: shows it a compes (Hon Senes of a qu{:e p-growp L\m cbu-él'l'em&
CU)CA-\C ovday ?

(oraﬂnm\'l-' \¢ 1el= ?Km Hhen & Comj:a.{.u ru}xgmufs ordes f’b fov ey b<a (h}i’ “H'l-ec_a e
o !.owger a.u um.J uﬁait,ﬁj:‘}

‘?r0£2:(+l'om V€ G s @ nov - a belian Sﬂwpte (arouf with & S'ubcaraup QF' W!ol@! v /“un-en Gs-An.

i Moseovei, n>5 s 'e‘V“‘J“{"_‘) G =a¢
,PlooF" Take K€ G of indexn Let G ad on Hhe set oF left cosels of H iy & by left

mdﬂn‘?umkm. We (ﬁd‘— o Peqmui'cd’{by\ represey{ta*\'on (n on-triviad) LO G2 S,

Then, ker €<, 5o her = e} ac G simple. So & £P5,. Nou, & s sivple and
CGaf, 4 P& (a5 B, aS.). S0 PG <A,

Moreover, w»S since By coitadas ne won-abelian sumple GrowpS.
Siaee wo proper Sub@wuw of Ar are non- abellan awd sCMPlz.

Dud, f w=S @ =4

«émﬁ! Cra[a(s- o uon—ﬁ'beLicm SL‘M\D'\.Q %(bmf‘ DE OJP!.’EF 460:,,. =

E““ug&.&’ G s{MPLe of eder 60 2 GEA.

Ell?.[': ne =6 (%), as & SLMP\'E')) Ll eloments oF oroler §.
225 welf, N, =3 > G's‘ﬂs \)u_) ?rp?q::‘{'\.rﬂv\ 3, A M;‘S.heu‘a-e.-v_ e S(—al.ow
PEr@ wilh 14 an. Then PR € ClH) as ?,6? o..bczua«. so () \has  ovder divisible hg

Le amd o_)feaj'-e,f Yom &, so 5125 lndex 5, 50 G2 Ag - Covtvodi dion.

Ny = \o [ﬁai’f{—j, 1o e(lme,«.if of GJc‘LQ_r3.
Z*Su!aj‘-oqu

Ré_w\gtk*-' nr(&lr 6253 @: G—>hAg¢ 4 L\oquf.?.L\ism, Lnjeche. So we wacy assuwme G < A G is transitive
in dhe natirel ackion. Since G las inder 6 ia R, e hane & howmowmorphism T: A Ag,
i jeckive (assmv.g As simple). Hewce T 15 an adtowmerpwism of A, tokivg & do tee
stabilrer of a poink 1 dhe Mold-Vaud Ag. Se T(6) = As. Moreover, wote Huit 3 cloea
pot divide the owder of <dhe stabiliser n G {a <the 9n.¢3tul. actlon, so M elements of
aw‘ug in & ‘.«a.ue twe C«gf/‘«ls size 3. gui, L 'C(&'),, we \ch 2~ ,f-golls. SO"C seuds

the  conjugacy clasce; of elemedts oF tqpe % A b Cejugacy dasces of
domeds oF tye FP-so 1 isan ‘oder’  atomorpisun of AL X




L;nea/( G[‘rﬁut!’.)s,

‘ Fa c\'e\d, nelN. The gene o IGL,‘(FJ/ s the guoup of all wwn wahrices
over F of ot £0. [= GL(V) , ‘e group of all wou- siugulay  tvausformatiows on VA

- The special  Uneas agoup, Shalf), is the grewp of all nxn watsies over T wid olet =l

S (F) G GLLF): SLalF) is the Rernel of det: Gl (P —=F* (= F~fo})
The ceutre F of GlLu(F) consists of all scalor woiteices.
If F=K , e Retd of q,° f“ eloments | weite GLalg) ,ete, For e above.

VGl (g = (g*-)(q"-q) ~lq"-q" ") - ‘ij"tn",j(‘t"-\). VSLalg)l = \GL"W‘/Q,-L

Crojective Unear gops: PELIP - GL.(FI/2 . |P&L.(A) = | S, ()}
PStulP > P asinm . APSLLE - 5 g X

A g‘:jlow F“Qu})a\rawp O{L G'Lu(r.q) s {((‘)‘T)} " upper M;+"f%c5ulﬂ-f Ma:{‘.u—( ces, srebes q’%“h-l).

Beepalisee: Bz RIS 31,

— ackionst Gl.(E) adts M:twau.,., on the set of vectous (hom—'tero) w V= NLIE]L
| Insﬁod, Somebimes ove considlers +the &o{{oa on the se‘t ef ol l’o{.{mey\s{omzl Su.L;fau.f

oF V, PGL,_ (F). This latker &5 wet fatfil -the Rervel s = scalar watvvces .

! a ar+b

.EF&QU: n=2. Fuiw}. ( < :J PR P e

‘ Emgg*: GL;“') -~ ocder |65, & ¥ PO\'-\»*S, T L{.«eg ?o{mis \-d Sc..lagfa% Liwe; 1-d r..Lsme,as]
PaL, (2).

Z - Qegtgi 'on Gm“gs

V, Eucdidean Space Aimension w cuver B wida lnney Proobuci ().

o) = %ge GLiv) | (ov, qu) = (v,u) Nuwe Vi,
| O:I'-o(e\J)' \ﬁ iE o .H“ n N = \,{“.-. dl.—. {\)E\J\[o{,u)-'o} - wdimension L.
- Kebleckion s, in Hy = 5,0 viE>v- e Nete Wt g, fxes M poivtuwise , oud

| swle @ be &, 3o b Ve, wabein (o) i vespect 4o sowme basis.

Mece, ntecested in Gintle reflegion Qrowgs ; 'H«aiis,pn‘.z\;{-e s"m,log.-oups of O), g{ngn:’l*fd b'g eHections
i Suoln a  Geoup is gg&gﬁg& \{' e nowm -eie wector s Ct‘xco' ‘D‘j Ahe W‘“‘.{ Group-

) Type Ty lm) - Hhese dihedrak groups, Do, oder Zin . Here, n=l— ramk 2.

H«,'Hg o&t a-mgl-e -nEn

-2 - €529 3ial9
(ol 5 (s.‘.,.r.s r.o.l'b&) are wakices of Soe, S vt a standavd basis.

Lolmt = <nm, (Note ot S, 5 is a rotatlon of order a].




Wi T:;E Ay - thee Somorpwe to Sav. Consider U, dimension nal, with an orthenormal
basis ®= %e,,,_,s,m}_ Now, Srgw\,w acts ./\ajfmu;j on B, so Haat 7 Eaew i a0 -
AU e Somp, Lox Hhe veddor vz € 4ot Db N= vh= {Las.(Le-0% 50 Sy M < o(v).
Now 9= (3R 5 a efladion enVN: on W it tahes €-g, ™ - (£-5,) €+8 P gra,
N (C+, b, So, o ceflechon on U i henee alse en V. (Fc‘xes (E)-fhj'\‘ ?ﬁn“twisej.

(it T_V,q&_u.& C This is S weSa. ddmVza Now Sa adks naduwrally by PQW-JLMS, o fixed
bciacnemn) Yasis© ek sz,mu\.“ta:'n’ou cam be %ouﬂh:t, of a o ,,Peawd akon w«i‘w‘x)
a \Main‘x with M edres © o) , wida pr—eo{sdg one ven-2zeyo eutry in Sophe s
amd  eoch colwmn. _

The oproup B consists of nxn matrices withh all ewkres O+, -l , with P,-ea'rebj A
Aon-tero ,eming in 2ach row owd eacdh olumn . [ Check %o 5 o 9(“(',).

We \hawe @ L\DMOMV“W 9‘ Ba S'gm.\ , a v \al (re. reflﬂu:e each - "'1)‘“), woida

R exnel l'—on:ir'{‘f-«% of ou%oﬂﬂ,l Makeices wildn  eutnies 2 alowy the Q‘A@gowd- So the
Rernel s CLQMQS\*W R T Mss, & s onko. We 3{1‘: (Bl = 27 al

Tt s a efleckion oreup i gemereter rebleckions ave, for exomple, Traumrpositions ia Sgumy,
Pbus,\c‘r eachs £, Vg Gep-gp , B5e0 o6 (ig])

(v T%ge Do, - S'v\bgrawfs index ARV (9 5 *“lﬂ*ﬁ W\atﬁ:w v B with o even o bey
of -i!s, qmgraied by v\eﬂ-ed-\'ous, €9y, alk ‘&TIWPC:Q‘HM“.,.PWS, Fov AEKERE n,

LR s et TP 7l it 1 (I&J] :

) Some sporodic examples: M, W, Fi, € E5 Es

g oo't Su\s‘f-e»us ;

; LQMMQ‘ : LWt Sy \36 a f&\cteékaw (n Of.\l}; et te oy . Thean ksrnt-—trh[ R R ;
Bk %, be & reflection; +l«) is n:e%qi'eo{ by teu 4 Lo PRI Frxed "Jo{vﬂfw"se by
AT , Stnee My L (), since te oty)

Definibion: The finite won-ewmpty subset 2 of N \s & soct spsten (F:
(1) Cor we E}ceﬁ, coe® [ c=21 (R
() Cor amg e, s (B =F  (so sulf) e bor Bec®) (RY

8y Lmma |, iF we take W awy biste refleckion group , take all wmt vedois pecpendicdar
o reflecking hyperplames For all dhe reflectons W, we get a oot systew. Sometiames
t (s wceFul do vary the ‘.f,ug"cla COV\UQFSQ__L"’_ cb,fl—fﬂg o a. st system, we ebtein

- the reFlecton Qroup W = {S'_,[ ed§f

of

Exampler B =1, () s |

== 4= 2 -
“lu-f d"”







