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§1 Field extensions

(Much of the material in §1 and 2 was covered in the IB Rings and Modules
course. )

Recall that a field is something in which the elements can be added, subtracted,
multiplied and divided (except that division by zero is prohibited) and all the
usual rules of arithmetic are true. In particular, addition and multiplication are
commutative. Examples are Q (the rationals), R (the reals), C (the complexes),
F, := Z/pZ (the integers modulo p, where p is prime). A further very important
class of examples is given as follows. Start with a PID R and an irreducible element
f of R. Then the quotient ring R/(f) is a field. For example, if K is a field, then
K[X] is a PID.

If K is a subfield of the field L, then L is an extension of K. We also say that
“L/K is a (field) extension”.

Assume that L is an extension of K and that a € L. Then K («) is the subfield
of L generated by K and o; concretely, this is the set of elements of L that can
be written (not necessarily uniquely) as quotients of polynomials in a with coeffi-
cients in K. K|a] is the set of elements of L that can be written (not necessarily
uniquely) as polynomials in @ with coefficients in K. So there is a surjective ring
homomorphism p : K[X] — K[c] such that p(} a,X™) = 3 ana™. (N.B.: X will
always denote an indeterminate.)

Definition/Proposition 1.1. (1.1.1) a is algebraic if it is a root of a nonzero
polynomial f in K[X)], that is, if ker p is non-zero. In this case kerp is the ideal
generated by a unique monic irreducible polynomial f (recall that K (X] is a PID,
so that every ideal in K[X] is generated by a single element). In this case f is the
minimal polynomial of o. Moreover, K[a] is then isomorphic to K[X]/(f), and
so is a field. It is then equal to K(a). Note that f(a) = 0, so that although f is
irreducible over K, it picks up a Toot (= zero, by abuse of language) in the bigger
field K(a).

Conversely, given an irreducible polynomial f € K[X]|, we can construct a bigger
field L in which f has a root a, by taking L = K[X]/(f) and a to be the residue
class of X in L. In fact, this particular L has the following important property
(which is the first step in proving the uniqueness of splitting fields): if M/ K is any
extension in which f has a root B, then the given inclusion K — M extends to
an inclusion L — M, and this extension is unique subject to the requirement that
a— f.

(1.1.2) a is transcendental if it is not algebraic. In this case p s an isomorphism.
(1.1.8) a is separable (over K ) if either it is transcendental or if it is algebraic and
is a root of a polynomial with coefficients in K having no multiple roots.
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