G'GLOIS Tl'\-eowl

O. \(\troMDL

Feld: A seb where + -, T ose :\ust as Ofd;v/\ﬂ-ﬂ‘j antlamebic,
ca: @ R C F. (o Z/z, 240 3%9 buk 2.520 ~not o Eeld]

B ectension  of Felds s J“fi e  pais of Relds one ilnside the okhes
Eyr R R, @ > €, R — C.
e wetbe "LIK s an exbnston Eo wtae L K g Felh aud KL

Gaiofs Thee is  the SE of He symm of sud o |'ofu.v£,
| %3 ?

A

i\

Vefiniion: V€ LK s oum exbeusion, then ts  aubomesphism aroup s
Rut(l'ff‘cl = {9:""-‘*"' XS V7N amtomov-?lw;suuj Sta) = x ‘dxc—K}

\

Veriby: e Ak(vin); s befuk > so do st and 57, s tue Ak > s(bd) = Gstu.
Just check:s'. s s a bCJCdtDHI se §': Lol exists as @ map of sebs.
Kaow s(xay) 2 s0) +sly) , so x+yg = §'(sesly), Now take acbituny
X, Yel. Slwee € s o b:jeo{'{onl 3, gel with X = sl Y=sly).
Equuvalently, skl =x, sT{VI=g, Swhsbibule: ¢7'(x) + s (¥ = s (x+Y). Etc

Suppose LIK i an  evbension. Thea the degree of HK, wovibren fLie], o jut
the dimemsion of L an o vedor space over K. Say that L/K is B te
F o the deﬁree_ s Rt

Galeis Theovwy s the study of Feld ectensions and Heir awbomorplism
groufs, e&peda/ufj when  the eeteusion s Raike.

DeCuction: A  number feld % o Falle ecbeusion of @

a,kqeb.:cu‘c nuwmbes theo,y

] / \’
Galos Theavy TS olgebruc  qeomebny, ey >
‘M“.‘e “&waﬂfs OF «‘(t’

( Cld = Reld of Frackous ofF Pe Lj\wwal n‘v.ﬂ (8 [t})
A Rvu' le ectension of c [E) s the Same Qs Hae C\m@):'ov\ Leld oF a
Com f(&f a,‘ﬂ&&:mu‘c Cuwve, ©OF C.Ow\f(lr/(: Riemomman swr face.

Croof of Feimalk's Last Thearem .-

2e¢Ct 2 Caw be wabten, wot necessarily uniquely, an tae

Exomple ! Griven we €, Q)= %r,,uo of bwo polywomials (n o each Wave weficients in @

‘ W

This s the subbeld of € gevemded by « over @ = B adjoln o .

Quesbions: 4 What is [ @l @] ? , W What s At ( Qo) / @/ ?

Stracture of AL (L/W as a group tells wa n  certadn  cvwmsbaness  abook
e natue of the eefzu\siow L/ Frow a fw&lﬂ Geld - dreoretic Fw’.«taF Vieas,

}



V. Fleld  Exteunsions.

D ¢ Fackion /Pm‘pos;‘,t&m -l - gu_,?Pas? LIK s an exteusion and xel. Thes there s a
\i\.oM.om\rP\M'sm e KOXI>L cuck  that ex) = o, Q(Iﬂt;xé}= Zﬂ;xi Cor a,eK.
KIXT s ¢ P so Rere: fFJ, Say.
fLisls o g Q%zbm“( over K oF £ 30, Thew £ 5 irveducible and &

wa que Quubj‘h‘): to b&'«j wowdc.  ta Has case, (o) = KLe],

Kloy= §zel: 2= P/q,, 29 polywomiads in w coeficlends in K f

Wlal= §2€L: 2 &5 a polynowiad ind, coeflicients n K]

So, KLal= imagele). Reason- ¢ R is a PO, and EeR \s loreducdble

nok a wut  wob e, then R(F) s a Reld.

Twis € is the mimmed polynomiod of ¥ over K.
(Li2): wel s  tromscendeskal F it s aot a(gebm.,tc over K.
(C13)o s separable F € s algebric and s minimal pdynomial

Fe[X] wor wo Npea.l‘t& voets  {a Gy exbeusion Feld wohatsoever,
Lig): LK s algebuale f enery del ¢ alﬁdamj{ over ¥. LIK s

Backe F the imension of L as a veder space over K Vs Falte.

Execcise: L acbualy (s a vedor spece over K.
LK s Bt we wale (L] for die degree of Lk,
ém VPl ten KOV 5 Balle > x is algebade over K.
| &
b Bl case, & B 15 the wwtied polyrewsal of w, Hiew LK K] = dey @

Lowans. 130 W A%F’“, [ — i\} M’,,d“—'i s 6 ¥K-basis of Hiw
foof: Recall teat € w is algcbrovc, they, Klx) = KT = KDI/(P)
if C’é\o“”‘;, G.A:{; ew o = —tg‘,C(;occ, Use Hauis relobion 0 chow
that every &7 Ledn] dan be walen & tewun of il,d,-,"‘m'a-
$q %‘!dl”( D(‘“"} span K lal over K.
L. T (F 1::: AL ut =0 ()\CPK): Has (s a Po&jwoulwl o ot OG de"j"ee £in
- # o mawmalily of £

W6 L/K is Gube then E s atgdomcc, becawse € wel then Y o Klx)e L.

Se Kla) (s e sub-K-vedor space ofFl. Co ou.MKK(od i Auaibe, so w (s a(g&lomc,
Conversely, an  algebpmic exbension need wot be Fmile, 241 K=& L =, ®(2)
Then L/IK s a[eje(owu‘c bk wot Gnite.

Theorem L3 (Tower baw): 16 M/L ound LIK are ectensions, thew [M:KT = [me].[Lie]
| ln parkiewdar, MK Galke <> ML aud LK Halle.

- Proof - Sd.g {“;%;el 's akbasis of L, amd gb;} s aun L-basis of M.
Clats iqlbﬂ

ieT

ypeng Vs @ Ko basis of M



ti) SPo.mnﬂ M over K: Ld: Y- N", so wm= Z-]_ Ay b (A el, ouly, Ruitey
Many A} o) . Now 4; (KJLeK ouly ('-l.utdﬂ wany K to).
Then, w = i Ki (az b ] - $o ‘Hne,ﬁ span.

207 s A 4 Z'K“a b; =0 then Z—{thd ) b; =
Now, b are LI, S0 ZKja; 20V, ‘owl: a; ore LI, so W) =0 Y5,

K a Ged, fe K[X]. Thea 3 exteusion LK such that £ splits ODMFW':;
Say €7 T Ix-o) owmd L- K(o,.., o).
”Au voots  of € Ue n Ll and L s ﬁwmbeé l"j Hiore coots |

Theorem 2.1° QFU&L% Felds evist aud are Waque  Up o 5o Morpusm.
Mare ?rtdsélg, o PK2K ic am somaphisv,  thew C evtends o o
\‘som?\misw KIx] - K [x], (% = KJ’ omd F LIK s a xf‘)m,\ﬁ Celod Lo F’
amd Li/K, s a splithng Redd (or @) then ¥ K=K camm be extended

g &
o oun  isowmorphism BloLl, & 0 gt necessanily \,uwlut(ue‘ F “-'—"’Fu
Yroof ©  See ”@uﬁs and Moob,.u;.“ N

2 Se?qfab{.e Ex!‘.'ww.

Delindtion: A  Falte extension YK s separable T every wel s separoble over K.
Te, if the wunmimal ?a\.jwovw;a)\ £ of o \as we N.Fealcal toots fn a SFUw@
Held of £

Lewma 3.0: 1 WK i Claite and char K20 Hhea LK s Sefofab(.:.
(CJM./ K=0 meaus ®c2 K The allerolive s MK’P, prime. Thea, \T’;‘/’K]
PfDoF’ (DM;&CA

So Hee are lobs of sepavable edteusions. Egr KZQR, L= algebaic pwmbe, Feld
K=C, L= K([E)

;lf_eﬁ_:'i_“_g_'i,: gupeo:e LIK s o fReld ecteasion and F,C-eKEX]_ Slﬁ-ffajP W= Web(F 6
tn K[X], Then His shll the WeF (a LExT.
Proof: We \awe F=Ma G-Hb Jhee abe KIX) and ave copime. (K[ & P > UFD).
Thew = ap \31 Seme P, q o KIX]. $s W= \—[Q{, & m’"lf = Fo+Gq,.
gu{fO;e Ke LD‘] divides € and G. So, % ond e ace polynonials.

BefergeelDd s RN Thabis, W= WFF G W L(X]



 Theocem 3.2 ["Mesren of the Clavkive Element): gu.ﬂ?sse L/K s Bade and 9&()&%&-
Thew, 3 0l ot LK), (0 &5 a pawibive doment, wot necessamly wnique ).
Ceoof : \F i”"l,.., w,\} s a  K-basis  of L, Hen Ltk Dty | , e, auny elemedt
of L s a ct_u,oﬁfawb of Fe\‘ﬂuw«:ds in o, ., oa.
guﬂ:ase L’K(ﬁ,’..,[ﬂ,), where {(5,,..‘(3“? is  arbibravy subjet to gemevahuy
L an o Fedd overe K. Pk M=K[$,'.’[§M_‘), so MK s sepavable.
, W m=l, done so assume mDI and Utk the ceswlt s brue Cor wll
, s€pavoble erteusions genevated by £ m-t elements,
So, M= K8 by induckion wypothesis. So L= K(9R,), aud it subfces
prove the  Heorem for m=2. Reduced prblem to L= Kle,8),
Take ﬁgé er]/ moimal  polynommals of w, € , cespechively, omd ek M be
the splthug Feld over L of Fq.
F,g both  fador a» products of Unear lerwms ia M[XJJ Say, vects of
£ are o= o, ., o EM,  goots of o axe (ﬁ:&r?ﬂ‘em, (ch,d*_i.—)ﬁ,;tﬁ‘j)
Bssume K inFinite (Fiake care (oker). o
. Thew, FceK sucdh that all  elements wi+cf; eM are clisbinck. (c+ ;T:.‘_g—:,\“,i,ht)
| Pt 0= w+cB, and dehne F(x)= F(B-cX) € K(8)[X]
We have q(f) =0 and F()= F(8-cB] = Flx) =0.
Toke bhef M of ng in K9[X]. Thea H &5 the Uef in Mb(] . by e mma 3.1
B is a zew o H, since q(B)= F(B) =0. The 2emes of g ave F:8,., Ls.
Suppese B #f, Then F(B;) - F(9-<8:). We chose c so Huat O-cB; is
wob Etcud to Ay o S F(&;J#O, So  ia M, 6?5 e DWLj COMM OU
o of 91F.
Now, o 1< Se‘?o.mb[.e [u.o rq?eated veots) and s a ?moucck of distinck
linear 'f:trMS, se H is a me eF Some SuLS&b OF Hais S"/b OF Lincar
terwms. Bub He K(O[X), Be K(9), so o= 0-cp e K(9), a tix)= X-F.
So, L= Kl,§) € k() € Kla,Q). (Have woed only that B is separable].

iPro?oséHau 3.3: 1f char K20, then auy algebmic ecteusion Pk s sepavable.

Noke: Guen Fe KD, F= Zax'  can  define e = Zia x™ =i f

| Lemma 3.i: \F fe K[XJ is Sq?a.m,b(o, Hien @,(:' awe Coprime iwn M[X]

Procf: M/K, splibking Feld of . Wout to show (£ =1 n mx]
f-= T”X'd.:), oeM, <o i€ (C,F‘J :H, Hren FJ[e(;J:O seme ¢ Lek F‘—(X‘“Clg)
with g = T (X-;) . Apply Liebnitz : Flz= qelx-ol g,
By assumphion, (x-«JIF" 2 (x-«:Jlg ;50 x; s a tpeated poot of { - %

‘?an of ?ra'?osi{rf.ov« 2.3: gg,pgose o(eL, wMaivamal ?oLija.l e KEK]_ Souﬁ’ose (EF') %1
€ i ieceduecble, omd o[eg F'Cdeg £. th, F ireducble D F Coprime to
Qery  non- e po(g\.wwiai of S‘Enc)u-j Less G(Goj‘rez. S Flz0, iclewtcally.
(F £ 2 anX", then F2Z0 X" o g, 20 Ya. ln pakicalar, N0 inK.
Te  char K= p>0, pIN. Bt char Kz0-# (\n dMurK’f)@} wane €= Za, XP“&'K[X]).




k. Galojs Exteasiows - Flst P:oge.r{:{es.

- Debinition: Suppose L s o Gedd and G is a Bale gmup of aubomespluisms ofL.
Deline the Geld of invamrants, L= §xel: i) = VseGi‘
L% s a subleld of L)

( Exu-&‘:f. :

D_&G:M_H.QLL! A Geld evtension L/ik is Galols £ I Bauile growp G of a,ufvrvvausms
of L with Kal®

Remock: \F & € Aut(L) Uiew G Aut(Llx]), (s(Y:=x Vse&, ¢ acks on welfivicdts one byone
Exercise W K= LG’ trew K[x] = (L[XJJG.

From  wow on,  assume glven b, G, K=L% o above.
Lemma k.20 Euery wel s a,lqebrw‘c over K, of degree ot wmost #&.
(&g: O‘Q’j () = des FREN | fo(ajwcww'.ai) = [\‘((")’K]),
Crocfr PuE F’;’;f%-s(oﬁ) C—L[X], Qn&j tEGJ‘urt ?e{wmf the fades of £ since
Elx-stal) = X-(g)(a). Hence F is G-lavaviant, so FerDd.
dea P:#G, aud F[od=0, so  amammal Pelynomial of x divides £,

Lemme L3 L/K i ﬁcpamb(‘?-

M’ Suffore wel. Congcldler Hhe seb {sm): seG}, Su_ﬁmse o0 . o, Ow€ Hhe
diskinck  wembers of Hais seb. So the Wi ave cishinck and ave permuted by G
s, Tik-oz]l 5 G -tavaciont ;. 5o ge KX . Now, o,=w s0 glulz0, so
minimal  polynomial £ of « divides . g was distinet veols, so F cloes too.

Lemmo bl Lik (s Finite.
Proof’ By lwmma 4.2, [l K] ¢ #G Va. Pick xel such that [Klal €] &5 meximel.
Assume 12 el-Klo, ( {8 ${5, a‘.on.e). Now, [Kfﬁ,ﬂ)‘ K(-fl] = dtﬁ (avrimed Po‘qmmﬂﬂ-{ of
B over Klol] € deg (minimal polyncuiak of B over K] = [K(g): K] € #&
Q,’ by, the Tower Law, Kla,R) /K is Rwte.
Now, by lwmwma &3 K¥B)/K is sepavable , so Kla f/ = K(8), some B.
, [ictw, 82: 6]
Thea, [wa,8): ] ¢ (k) &] by, naecmakily of «. Bk, [K(”“"K(“']"m .
by the Tower Laws. So KlwB)= Klw). So Afe L- Kl and [L: K] = [Kl«): K] & %G

Theosem &-$: [LiK]= #6G.
ProgF: Eg Gmmas &3 oud ble, LIK s St{:ara‘o[t and Guale, so L= Klwl , some «.
So, €= (=5t i5 G -invanant, so FeKDT. So, the minimal polyromrad o
‘of o dividesa € clace Rlu)z0. So [L1K]= dey o ¢ deof= #G. So encugh o
show Huat € i liceduuble, so g=F So suppese F=Ff,, (re KOx].
i—[*] a U.FD, fo 3 C‘le(.owt.fwsi{-t'oa G- G,UG\-Z (who dn'jjm'wf Su&sdﬁ, et
€ = T, (X-stal. Whg, 1eG,. Choose teG,. Stace e K03, ave E(R) = Fr.
However, X-tla) is a foglev oF &(FJ, but wef of Fl.'#



Lepma L.6: \F S, Sa B Auk (L) are diskiack Hren Hey ave LI. over L-
Tuat is, F L, lael such that ZUis;0J =0 Vxel, 4hen (; =0 Ve
Proof: Sugpose L 5iliz0 - @, not oM Li=0. Wleg, Huis is a shockest
celokion. Then oM L 20 amd n% 2. Since 5,%5,, 3y el sud:‘\ Yrat s,(y)*53, ly)
Now, ZLlisilyn) 20 ¥xel, so T llis;ty)siti=0 Yxel, so & [lisitg))sizo -01)
Mulkiply ® by Sly) to get Lty st lisito)s, v = 0 - (2).
(- () & Ulsita)-5ul)$; =0 -~ o shocker relabion, so all Lilsity) - siv1) =0,
(¥ ?M’wa)\w’ L@[M;EL(/Q}) =0 so [ =0 -2
¥

el

(4

.Progosﬂ:fon L.} §uﬂ>ose ok YK s am a)r‘l'ht'l'mrg Fuaike ecbension. Then Auk(Lix) s Rate.

Croof t By Theorem &6, iF G Ak (LK) s Qucle then we have Ke LFclL.
So, [LiK] 2 [L:i%] = # & So every Fale subgroup of Auk(L/K) s of
ordes ok wost [Lex]. Souj [LfKJ=" owd {x““' Xa% s a K-basis of L
\F the cesult is False, I ciskinet S.,.., Say € Auk (L/K) .
Considor e wxan mabeix A = [SJ-D(.‘)), 1€¢,5;¢6n. \F det A=0 Haen cts colemns
are  Unearly dependlent, so 3 m,, ., ma €, wob all 2e0, with T M sj) =0 JL.
Aay xel i x= TAexg (Ared], 5o -Z;NJ'S_;UJ=3'Z:- mys;ou) Ay = TA Ji.-MJ' $jlx;) =O
- X to lmwma &-6. So det A £0, & e s
Thew, 3 Ly, ., la €l cuch that Z1;s; Ix;) = Sa,, xe) YV, from A [‘LL]: [ B (m]
S“'/ Ji:'-. Lis; ~san =0 = F o Lmma &.6

Covellany 42: \f G SAUEL and K=L%, Hhew G= Aok (L/K)

Rroof: Lek H= Auk (L/K). Thew R is Raik | and G SH. ByTheovew k5, #6G = [L1K] = #H> G=H.

Cemar: We Wwwe bLoken o {%r&pw\ﬁ\ Q.ff'.-vcwl\, S‘WLM woth L, &, then d.-er-{w\‘.vlg K=LG'-.
tn af?\;c«i:ﬂou}; we  usuelly stat woth L/IK omd tey o compube ALk (L/K).

5 Galols Extewsions oud Separable Splithag Fields

Taeorew 5.0 (0) A Fake ecbewsion s Graleis W b 15 sepavsble and s Hae
spbibiig Geld  of some fer(x]. :
) L/K s Gaeis FF & is Yae SfL-Ur\‘Aj fed of some sefa.mbkﬂ fer(x])
Precf: (i) (¢ Pssume LK sepaceble aud is the ‘5("4"***5 feld of €=€.F,, €. e k(x]
trreducble. So cack £, U separable, wnd we way awsume they are isbinck,
Use induckion on degf.  degb =l <> L=K awd we are done. So assume dog €71
\€ oleﬂ(:.t:(‘dé, hew LK. So cuppose of ¥0 are rects al of F,.
Thew, 3 isomorgwism ¥ Kl — K(B) , with oo f awd A VieK.
Thew, “/Kld s a sp\;‘d-iq c'{df fov q:= ;"E';" € Ka)[x] ,  ound L/
s spltdey Reld for Wi S e KQRIIX] . By lnduckion, these awe Galots.
Sebt W7 Auk (YK, G= Auk (LW, and K, = LY. Cleardy W <G
So, as K(a): L", have K SK(#). Simlacdy, K, € K(8).
Assume K % K. Then, (Kle) K] < (ki) K] = deq F, so §, fadorses over K,



Sy €7 Pqr, with pgq irreducible. Siue F s sepavably, 9.4, are
Potrwise Coprime. S0 we  way Meose % 4o be a oot oF p ,amd B ofg,.
Note Huat K () = Kle) and K (B)= KIB). Let F:Lol be tie eckousion of
W Twen P induces o Somorphism K (@) =2 K(f) sudh that B, bk
Plx) = Y xeK, , cince PeAuk (Lik), Henece o \ave the sawme
manimal polynonmal  over K, - B So K =K,
() Seppre VK s Galols. Twen & s wepasable, by Umma &3, so L= K(=).
Lek ¥, ., o Ve the Aisback dlements € 1 sle):se G—f,a.m! cet €:= Er!x-.r;},
£ i G-ivanant, so FEKIX], Hw)z0, aud € is sepambl, by construckion.
L2 Kly, ., %) 2 Klee) =L, Wence equalily Haroughout.
Co L= K(coots of £l = spltbing Reld for F.

(& Assume LIK (s a sfuwaﬂ Geld (o SCPM[A Fe KLX]. So_j tee oets
of Foave Lo, ] sa Lz Kloy,., a0) . Sebt L= Klw,., o), 50 Li=Le, (a;).
Eachh o is sepavable over K stace F is, so «; is sepamble over L.

By core Uavy 33 (see Wandlowt: L/K, M7 separable 2> Mk sepavable ],
hZane /K sq;qm,l:(ff ond 52 Haleis bj Pcwi.‘ ).

6. The Fundamental Tweorem of Gele is T‘néar&

- Theoyewm 61: Assume HK s a Gake Galois ectewsion. Let G = Auk (L]
() 2 bijeckion between ?,Subfdrou-fs of G and helds bebween K aud L;,
desceibed as Collows
(a) Griven suﬂogww? H, the “"“l"’wl% feld s ’d‘r— ¢h :{xe"L-' Winl=x \Jhel’(}’
) Gioen KEMel, the coresponcling subgroup i M= 356G 560 =x ¥ xem
We have H'=® m'=m,
(i) This coreespondance  reverses inckusions: ¥, SH <D W2 K, M €My < m'zm, .
(i) V6 R e My are Edq-mu.ps of G, and M;:Hcf, thea [M,:MJ"—' f\";’HJ'
(10 Given ang WE G, tne atension LW’ i Galois, with Auk(L/w')=H.
(v) H is a norwmal subgroup of & ifF WK s Galois.
VB M \Ao.ﬁ‘ed«) Huen Huk (“‘/K) = G/H ¢ VG 3 grovp \/Lomm,o.rPusM
Q: G > Pk (M/K) such Yuak (a) @ is savjeckve (b) Rer €= H.
Prock: (i) Suppose KCMcl. Lok W= M' G Nobe thak H= Auk (L/m). [ ¢ i ol
Buy se Aut (LW ads onl, so trivially on MK, S0 Se Pk (L/K) S H].
By Thwesrew &1, LK s a  sepamble splithng  Geld, say, for ferx],
So Lim s alse a S’f’(amu\ﬂ Leld Cor ¢ D LM s Galsis, 2 M= LY = ' =
Conoe»selg/ Suppose WC G Pk m=u '@UJ debialbon, Lim s GPLN‘,’ ol
Ak (Lm) =0 by Popoition &3 So m'= fseG:spres M} =R e, M = =H.
50, tae ¥ wmaps HieH' omd MoM' ae wverse t eack ofher, so deme.
te) Obvlous
Wi gu.proce K¢ N\,CM,,CL( H;=M£ ,‘H‘DH,_. L/imy s Cmi.\-{s’ qeoup Hi. Se *H;,'-'U'"MJ
by Teowem &5 So [Widi] ¥y, = ed g = Tiezm] , bythe Tovser bauw.
(19 Follows Grom  (orollany &. 8.






