\)g._ﬂq_,_m_fai Systeats _aud Nogy @ c E!‘@@L %ggégs

'\- Vatee o - Eial

i What s @ s (0s) ?

=g

(Eis “Sgs{:emu whose evolublon 1a dime i clotesmned wmquelyy by s cwrveu
Cstde. For the puwrpose of Hais  cowse mathewahcally Wt is @ eonbiaous map

@ Xk G X, whee X s a tepelequeal space aud =R R, 2,7, ete.., such
that CP(%, 0) =x, q’(az,t-rsﬁ cP(‘P(ﬂ,H,SJ, -

X = ";('a_;l-e qu““ S "Phase 5rec¢“, :

& = set of twes; conkiawows o discrete, Fovpuards oud  possibly beck s )
Q[xlﬂ ¥ ‘unﬂ ‘fﬂk? ﬁfle fl}f{,w wawes ‘Lﬁ h Frﬂpu o i gue t. [CPIN,{'J E@(JJ T @f ]

Exawmples n dis cete Hme: -
mag: if FXX b Plxa) =z Fo of 6= F () W50 ; Ply0) =x.

\ F s ivebbe can also dofiee €%a) for u<o by (F)(). (badtward ;terchiod.
Actualy, every DS with discrebe bime is of s form. Simply debine €x)= Pl

Dofintion: The fonsard odit O *1x), of x &y the scayance % Fal, €°6),. se (F6l, 5,

1€ F is lavedible can also dobive e (RAl) obib of o, deuected Ol
to be: .. PEW ), x 0, €4x),... [Notabioy: ¢%-(F1°],

Crmfw eeP,»eseul'a,Hom O@ “ﬁlw{'fon:

-j:F(x]

2 1-544 L F(xl)

AP?MQuiT gev\em)vlsd-ion TR CRATRUNCE felq;{'ionf i(: Co.»m Kpike © F[xm—k-”--, z,‘] Can
elss  be tagarded as @ DS Let X= Rh_ ((’,‘z'} " ( bl

.Exwellﬂ " M'nu.ogg ﬂ_.g\_e'

- audonomous syskem of Gt order ODEs/ vedtor Relds, x =Vl , xeX (asscume
tat V is Lipsdutz, X ww[?ﬂwu.

£ xistewnce /uuiq)ueness Theovem for ODEs > X W que P: XxR>X suh that
2P0 = VIRt ik Px0) o

C s said to be the flow of He vedor Feld V.

Diﬁﬂé‘ﬁﬂse: the CWWQEé ochib of {fes‘;eal-iazbj M} : AL {resP. Ol s the
Pwe/[‘rtsed Ve cpf’!tﬂ n X where _5_6& (resp_ te R).
(’ in}eaml erve H&m% n- qm‘l.

e Mg Cousse, we wilk ook ot Maps of the civcle S', aud W lnkenal Lo, -
Cand  olso  some other deopelegical spaes , oud flows on (bounded \reaf.o«ts of | IR,



(.2 DS vieu?ul.J:

Vsl \Jiwpi.di on ODEs aud [ecwrvence velakions s 4o find evplit Fervaidne
Cor ©. Bk s s wm,u,j ;M‘Jossﬁblz for  aouUncar stj-;i‘ams_ 05 uiew Paimf s te
Stuol.j "(Luwla' tohve Feabuses” of ¢,

Foc QKCMMPLE,' in Adscrebe Hme : evisteuce of Fixed Foiwi?i o Pemocuc W‘aﬂ:s ’pe{.d:s

Debiibion: \n oh.s‘ag/l-e bme Say % s a Qixed pmi o felzx. Say x is a

ggﬂ go,ak of (lgast) peqod %30 6 ox- Fq'(x) aiid £ la) ks fov [sn<q,.

W conkwaous ‘HM@, Look (o : existence of Q%@Uhdw/(tﬂﬁoﬂuﬂ Poivd:s‘, e x such tat V= O,
Camd o existence of lodic _oibits  te OG) suh s at @l = @P(x0) ,someT

MOJ‘R H«-Oroﬂ-@lﬂbﬁj, \A\no.k we Wi 59 a' ’Qudffa}{ve (:ec.J.’-.l.-re\l is « Prapcrég of ‘-P

W s twvaniant  under olmuges of coordinates by all Wowmeowmorplusis.
I LW the  coukinuous- Hme case , undd tume -rescaling alse)

Recalk: & Womeomocpuism s o couklnuous wap with conkiusous inverse.

Seg B:X=>X aud g 7Y, are dopolmically coujugale 1€ I homeomorphism iX2Y

- sudh Yok gel- WeF. *i—’fh s called Hhe wgugecy

y 2oy

The 1ualit'ai{ue Legtuses of € qud q ase devkical. For exa.wlp(zf € f has a Rxed
Polwt o, Pen so does 9- W) .

.3 A i« 8

T\Na w\osff hka?ﬂ'\uﬂ qruq,u{‘ai-[w Ctai‘u.vﬂ’ axe Heose l‘v OLO w.'ﬂa ‘“a{ ho‘na»{ou..' Mt""tW.
For Ofa.mP(e( does  aeny orbit tend to < Gixedt poiut or Pe\rfaouc obit T~ No,

- Definiton: The w-lmit seb of @ potab xeX  [or o 805 @, t conbauous or dix;e{-ejl

demoted wix), s the sek {gexi A () >+ such thet ‘Pt"x.-a,.j}.

1f Gis R orZ, can also define the w-limit ok of x, «lx, by Nplao;ng
T ® \eve \>3 -

M t) Wi, ol olfpe,ud on P. So if aot clear From eontext, wnte Wix ¢ F

DS comea frowm a MA-PF,' wabe W,V F Gew a veckor Geld VY.
ol obuioahj, W), 6), = w(xf.

w: < x is a fred poiat , then wix) =x

x5 a P(thoab‘t Poft\k. then win = T (). [N.ﬁ. abuse of notakion heve :
6’{1): {Fﬂb‘} : “GZW} ]



- Alustrabion  for the Stmp(ni“-? class of O3 : how\e.oMppPh;m of olosed inkerval TR,
(W € s orieatebion - preserviag (oPW). The ong possible 37 Umit sets ace fixed points.

Pioof: exervise. IM

1

v € s ocientaron - reuetsulg (oRYM). The Oﬁk@ ot ble N—Ltmt Sei‘f are Cﬂtev[ Pom/t' ound
?enacl 2 ocbits. Proof: exercise. Cons.,oLUF (an @PH) [

o, T %

To get more exatly w-lwib sebs {n one dumesnsion, ecthier cousicler
Non-Laverktble  waps of e (wkerval, oc maps of ¥he circle.

Debimbion: A Subset UcX s iayopauwt for a DS @ ¢ @U-U VEeG

1. Maps of te Cicle,

2.0, (zenes

Consider o conbmuous map of e tede tv ibself, £ 5SS Tuo ways of

e resuo‘n the W(’/{QS 2
(a) S §(x,‘j] eR’s :x+-j -‘} or %MUMH Eéd: \%M.& { - “Xfﬂ?} (Mufwvlic«ﬂve -lota)liea)

i) §'= R/z2 (edditive wotatou).

The \A)g Map, ezmlxl—)x establshes au ts.om.orplmm betiucen %es? two npwseai'aiiMs.

A tve N.pr«mtahon (b will be were wefud €or cur Prﬂ'euj: purpose.
Cdvtd-rwa gmf\n oF F b«j C(J*uj HAC Woleakoﬂe ?otwb SMO M .regcuob\:vtg

Ew o war of (o0l For erasls: Z"

oly v ®

24, §éMPle.;& Example.

Qotokioa (rigid, sbid,..) by cugle = 2nf."rs
(a) vg2 = 2,2, with 2, Pk
(6) g = 240 mod |, w\r\eu “mod " meaus et nuwdes Albfenng by iubegess e \Aewh Gedl.

So : t/:;
C Twere 5 o cruxal distiuhion bekweea the cases & rakiowel aud P {wakienal

M e & Weale §= P/‘L, P4 @prime. Then f’pc"ch Voces's all ?o{ub Fe,n‘ocia‘cr peaod q.

gij B& @

Debnition: o  pawimal seb for £ is o closed [£-) invariank subsek possess we  propes
losed {avaxiamt subset.




o

indbion: @& closed, lavariant suhseb n wlich every Corward ocbit s deunse.
[ 6 ample a peodic ebit s a winimel sek).

Popositionl: (F Be RN®, Mee orbit of evey poink wmder vz s oleuse i S\
- Kemarks: wisl =S ¥ wel, g » o wamimal set For rg ( so0 Uiere are vo obeess).

Peoof: Griven e RN®, xS, €20, ol poinks eg"xae 2y} ace distinck. (Else e @ for
Goxzrex (mza) D (a-mpel S' s bownded length, ts 3 mzn  such Heat
o< dlrg o, ef x) <E. Lek Nz\n-ml aud By = dlrg*x, s, Now, 1 preserves Leug ths
amd  odiewtakion w S , so that I’g rotates by amocut Brn. Twaus, rp‘Nx [Jeﬂ'J)
are ﬂ.%ua/ua Sfaced ga {Tg #: 3z 0L, (p,,,’]} tome Wi thin £ of -every fmf»‘«‘ of '

For  wore genesal OPHs of the circle, do we bave the same property |

2.?. L.Ct; !lggge.

Def—me Pm_‘ed:mn T IR-*S \;9 % = x wed {2 (%], Then, gwm ks, B S SE{
! 3 (ack wui ue) cowkivions Cunchion F:R~=IR such Yot Crem= wFix) V.
! F i caﬂed a LCE OF i:he Dtro(ﬂ Ma? F ‘R"“"IR

i - 2 E s owwmbes. (T is a covening wapl

Lemo\z (progecties of ud :if F LB R>R ace two Lifts of the saue conbimmous wop
FS—%S teen3 Re L such that F ()= Fl¥) +R ¥V x
W given  cowknwsus £ 5‘—?5', Fd el sudh Yot V W F ond xe lﬁ, Flasl) = Flx) +d.
d is called MM.:FF ( eg”
i) iF F s a U('f.' of ?1 een F s oa Wt oF F V Re Zq.
i deg (F¥) = (degF)®
i&b_c_g_-' () cloose xelR, Eqtx) = TR (x)z wFlx) - So Fla)-F (e T . Since F,, F are conkinuous,
| so is F-F ,hewe -6 is coustout.
W) Wixa) = Ty, so (ricn) = Frly) = wFG)= wFlxst), so Flxsl) - Flx)=de Z (as fov ()
Let F be auo ther LEE; Hhrea F=Fak, some k. S0 Flocet) =l = Flact) < k= (Floae k) = Flocat) - Fie) =dl.
Liii), v) Exercise = use nduckon.

|
|

Hu\twi“\'\lebj, { dleo El measwres how mauny Lmes the cirche s wiapped aseund itselt by £

' Exauglas ! . I 3

E“: € u a Lumegmofr\msa then aleqf' £ IO Y Y m{o:” e oleqf' e }
1
|



x) =
Example: rp. oleg(g sl L3tk Rp”‘ﬁxd—ﬁ tromslabion by o, Thew, SL“"— ‘n‘?’ﬁ \‘}\newlocelﬁ.

We wat ® (:]u\emlase s & c{eﬂree one hbm’ep.\nor?lnisms- from new on, cestrct attesbon to
Aeﬂree one  Mops.

0 25 2g- | ' ‘ 5
Lewma 2 2 Flxet) = €(x) 4\ -(py)
Flter) = ") +1, ReN - (P2)
FROuemt) = P2+ m, by jnduchion. - (p3)
Flx) -2 s pen'ool&‘c, P-eriod,‘ PPl ) () T Flx) i =bes) = Fx)-2 - (Pl)
SCM{lawL,J, PRlx) - % s I-?w'odic. - (ps)

13 . Qota}.'lrﬂn N\.uM ber

[

Lok & §'a¢ ke 2 degree | coshnuous wmap; Fa LH of €. DeFine ¢lFx) = nu::W an,F
Has Umit exists. E(F,xl s colled the yobabion awmber oF x wnder F. & measuves
the aw eiege cobabion cabe for an orblt.

Theorepe 3 Lek €453 be au OPH Then:
W VxeR the Umit ¢[F,x) and is independent of x, ie, ¢:¢(F).
) V6 we define e(FJ: PfF,x) Modl, then ¢ 0 {ndeP@dQui of F
i) e votabion wumber of F al-e{;wds Coui‘iau-ouslaj on £
[6®) is called the otakion wumber of £.].

Lommale: Given 3,y €R and ne N, then Fl st € F ) - € Bl =50

Procf: 3 mel such Kt %< ysm x4l F smonetonic F* mom-bum‘c.r:m //
Ss ¥ (x) F“[gm)( Fh0Oa) D F ) - 201 & Fn[‘dﬂ*, —(x+l) .. o ‘
< Fhlysm) ~(ygew) < F N (xs) - = Fn-x4l, by (P)
Bt (PS) > F" [3%) "ftg-vwl): F“[rj) Y. {

t : i
ot ‘j"" o+

,PraoF of Theovem 3: (1) @eo]'m by ?rﬂu'ukﬂ taak €(F 0) exsks.
) - 'Zn n
For aReIN, F™ () = (FR(or = F**10)) « (" 00) 6" 0)) 4+ (F o) - F*sel) +(F (o)- 0|

Lewmma b, with %20 aud yz F" 0o fovm=z12, 8 > k(P =) <FRlo) < RIF Lo) 1)

E"lo) - [ C I S . Ir-“lo) F" (o) )
Divide bt_«) ak: n < WE < n 14 nk l <n

nﬂ.l'
Siaibali r;o[es of Famd v\')lF 2 le<
[ }
H-'-Mﬁi, ‘E;_o) ’ﬁ@JI <E+; 24 (m}ne

n

is fa.uol”j ond \Weuce oonue,wgeg,
Bu}, from kﬂmm ll-, F“l:)‘l < F“‘:'-x <F"‘:J-‘ N oxelR )F ke e (CF o) = f(Fj

) ASSUJM? F. awd F, are two WEEs of £, Thus 3 Re Z such Wak F;(“)= F (x)*k
&'j {J\obuc}"'o“, F:: ()= F:“['x) +rnR VaelN.
"(w) -3

Teecelore, p(F)= Yon S5=% » Ut (50 + %) = p(R) ok,
So p(R) = p(F) wod \.



i) | Lepma St Leb F be a Ubt of an or €:5'95 and welN. Then, 3Rme Z
suchh that R-1 < F “x) - x <R V xelR, See e.(auMPLG Slo\eelﬁ [

Lemma $D glven n, Ik such that R-1< Fllaf-x <kl ¥xelR,
such that %<f- Fer 9 Aese  eunough to € in

be closen so

Let F be a LEE oF F.
Givenw » £20, choae n
the C°bepology Lie, d(fg) = veb d(Ehopl)] | o Wt G can
teak hl(C(n)x< R+l (Menk}

Now, E¥ol =0 = B (F“io)-Fio) oud similary bor G.
ThereFoce, L[R ) < F o) <Uk+) |, Uk- u<c,"‘ro)< L(R+t)

wl -
U G100 B! Cofps B B cpt@m s T

] —
aund f‘(ﬁl'n-uo W 4 SO W,

NOW’ C[F’_ ﬁ-tw wi

Hewce, |p(PI-plal] < % <E.

- The cotahion awmber of an OPH of Hue urcle 15 a Yopoleq; ) y i

1"l‘:::‘gost.'|‘.'ll¢MGf gu_ﬂ)ose F,gf Sl""‘ <! are OPHs amd 3 an OPH W syuch "HAGJ: \n‘:: ﬂlﬁ
‘ Thew plF) = ¢ (&
i Praa(:-' See egw\n sheet |,

“lb OPHs _of the quele w(uﬂ (‘gljlw robabion v\wlﬂ_{,

PooposibionF: Lot € bean 0P of S Thew (FER D F Uay o pededic point.  a Fack,

| e(Fl= 78 <> F s a penodic point of pecied g
Roge (€] Suppose € Las o poink %, oF last pevied q. et Fbe a Uft of F.
dkeZ such that F (x,) x, +R, F (9(,) -%, =ak, so £_r(|i'q:l"l: _n/‘iv Vi,

Toke Uit a>w: so @F)= 74 and o(®) =74 where pzRmod g,
% 1w lowest berms. Leb F e o UEE of € Then IREZ sy b Hat
p(F) = 5 v R The, Fl)= Flxl-k s another Ut of €, Loith rotakion mumber 4.
Also, F[Fa'-p).- e(FY) -p- gelP)-p=o. Let Gln)= Fq'fx]—’P_ Need to shoew
that G Was a Fixed point on R, co Hiat F Wan o polut of peded g .

Twiee cases: () Glo)=0 - doue
uy Glo)do. G s increasing , So
fa) OC&oicl V" , Heen on incitasing sequence bounded above D nveges to
Some point o, aM.al ‘bg conkinuity, Cr(xa) S
) 3k>0O cuch taat GRlor > . Then, & H-G {G o)> Gl = G lys >2, by,
By tnduckion, G0 aud G2 OE aud e(6)3 Yk %

[:)) Rsscume f[F"
0< Glo) < GPe) < €G™Mo) €..n Ebhes:

monotiniity of o
g Glo)<o. Same reasons ap iatii)
| Theoremn 8: Let £ gl"‘bs‘ be an OPH Wi da tobahion wuam ber ?/q, = (’(Fj, in lowest Eeims
Then ewery ocbit (s edther ?&n’ucf.«‘c with \701'06' q , o¢ 's Corwand asampﬁh'c
s penodic ovbit aud beckwavd asymptotic do « Pem'odal‘c ot

Pmc (cheteh): e =% 503 oebit of eded q Eo F FY can be dewbibied witt a
h"mqu;;\tusm of I-= {'* 1+t] P bg Cwu'\ng g g,t Q (—\xed P‘“"’t 4 OF Fq'.



Remark: The  penodic eocbits of an oP¥ of S are ordeed on S Like
U'\“;.,, ab a ncg\o\ cotahon with Yiae same rotakien wumber il
ppc -0 e, f % v a pededic pewt and elB):= F/‘ir
Fow Kuen ordenng of 3 x, €@, . )Fc" 'Y s the same
Fly) - i.o, P/q,,‘w/q,, = (q_,--)p/@ }

LS OPWs of e cicle with livakioval rotabion wumber.

“ )

,'ﬂnewem Ct: Asscume :8'»58 iy @ OPH , awnd ([F’é RNQ, Tvewm, (i) wix) s 'mdq;e.ualeut of "
(1) E:= wix) s Yhe wnigue miimal set of F.
iy E is eitwer 8 or o Casibor subset of 5

a%m A M oF Q“ i5 .a Com?aol‘, ‘l:l’{'hug cL'scmmeoj:tpl Sex"v wi B e \'So\cxﬁ'ﬂf
points. On S, can replace “totally discomected” by empby inbeder

M th Clhese %,y eS‘. Wauk & prove  wln € wiy) | and \n{y\u“pj Sﬁmm&t\fy, win)z Wiy,
Sive 8" is compack , win) 3, aud p(D€Q 50 all poiats in @ln) ave clishact
Let zewim, e Imow (aais) suh that LE-2120 as >
Chocse £%0. Twen e can Fud ngdn>0 sudn et €70 -2l <€, iz R, &l
and LE™00 600 €€ Lot T be te closed lakewal of \ungth <F o
with  end poiats €0 £ (). P s
Let N=np-n; and ke Wk (€% 2 6™ G), awd € (E™00)= €%900).
Se "‘_NfII.AI— {F (x)?t. QM slalarly, {FMN(I)iMGZ is @  sequence of cloged
tabervals jolaed end to end. Either F V(I accumulabe b some poink py wivck wut
by onbwuiby sebisfy €710 =p E Or, Yhey cover the whele of ' s‘f,,y’, (2
Thus, for aug poink yeS', 2 Led, sudh tuak ge F(T), 5ot EPeT, 5
gk \leg) -2| €. Henee rewiy), se win) € wly).

i) E s closed , amd vamawt (uwnoles He wmapping 6. Let AcS' be a ron-emply,
dosed, {avanank 50{‘, omd x€A, Then d+"°‘)cq slace A is Mmvarast, aud E=wixcA
since A cloced. Hewce € is Yae waique lavanant sek

() ¢ amd £ are dhe ouky closed invanant subscks of E. The boundavy 9 of € s a
osed | invasant subset of € 5o JE=¢ o JEZE € IE-¢ thenE-S
\F QE=€, Ynem € Wy m?t‘g \ntersr. Let x €E. Slace E =uilw) ,3 ¢ wenee (R.)>w
gk Wk S My = Bt € war e genadac point, w0 EPEx Y.

A

Nemee x 8 am  ecdaulahion poid of €, since g ) €€ by lavavianee of €

,Exa—mg‘-_ﬂf of weps  with mlﬂ)c:gl A rgla) T XA R med V pe R\,
w () ¥¢' ¢ Ao 'H"‘e‘j 0(\‘5"?

Exowples of waps witlh E4S' are called Dewyoy ounteceramples.

QQL@U: e X5Y i g &CP .Mrg‘ﬁswn e & e a bij_@o*‘iom and both F aund f‘l age
A ferenkiable .






