D; ferenk able  Mauafolds.

ino{eﬁm'bbj often  differentable.

il

Assume oot = different able

i Ex%gu\’ Conscder §l= gxe lﬁzi 1ol :I}

Conbormal Weps- presesve angles.
Mercakor's proy jeckion:

Sl:e»eocjfe.?\«k P roiedx’o s

; Spece (aktude
e ?’ Lines etuaﬂl 0
) A

DeCncbion: A smooth wianibld & a set X ‘Eogeﬁ«u with o warimel oklas.
An ﬂﬂ 15 o wmpcd:tb(n colleckion of  chaddts w\rv.olr\ cover X.

A cdhat (s @ pair (U T consisheg  of a subsek U of X and o wap
@ U- lﬁﬂ wivehh s m‘lcddue whose imoge 5 am open subtet of IR".

Two . chads X M-—>R =l 2. W{%&ﬁmf

() ¢ (U nu} LS OwA oFe,u\ gu.b.\'&f Vu of \Q“‘ CP fu ﬂu;] s om open SuLS-d' \)7_. OHR
S mooth (l?, Cm)

(v the b{jed—-aas @9 Va2V and B - ‘ﬂ V2V are
l’( ®
Mr covesr X weauns e Sdi U over X
.oc./\ a)cLo.a N mum}. WAL oS ‘Hm.t' Ouwg C/Llauw& wu{dﬂ (‘S C.OMPQJ':\bUz WC{L

oA Hee charts (w0 the ables 5 w the alas.

E—T /-h(-‘l)‘*'ltzl

E xample 2 @ Toews < R, Qe L%b,

2039, 2L =sind 22500 @

@
S.,,u‘(lacz o(‘ rcvah-i":om ! (m‘zr *?-1 7‘— Lek ,[%";i‘ 4‘
go‘ e (2 + eos ‘P’ §a C?), Supucgr( (Zteos Pleos 9, (2t cosPginl, sian q’)
Tovus «> $'x8' , (8,9 & ([wsg, sind/ ftog‘?,s{»‘(?il,
nakurally tn V-l correspondlance witha the subset of RY
of ol [zt with aiegi=zl, T ot =L,

Towus (5

wws{s‘ﬂ'hg

X =Tovus ¢ 1121. X {(1(3‘%) el et s 2'sl, whivd = +J,3+.3‘} Feat danks Cor ¥,

Deline B: x » R/?—v]'l by Cos 9 = g p SMQ:% &: x"‘R/ZnH by os® = p-2 sn®:2.
P ) b

One_posscble chark: tahe U= ol poidks of X witle p¢3 cud clefiae ¥: U= R
by Wlng,2l= (%cos?, @sind) | wheve @elo, 2al.
Cis a 1 wevespouclauce, U <> § (%, R o< et < (20)']
Another olm..rt take 0( all poluts of X excepl Hhose with p =L

Defue ¥ U R by ¥lagr) = (Peosh, qﬁmej where Pelw i),
U < (Y‘L)elﬁnrr et < 3t

Twis s a - torespon ce,
wiw): . ‘ "’H‘M\U] = Puu.r\ol'wed dise - ciede voddius T
W(U(ﬂ(/u = amnwlw - werele  codlius T
We wew hawe a I-| tomesponclance: WlUaCl) S Plua ) given by:
(,g) > [xy), F 71ty < [1n)Y bug) & (Ax, Ayg) F 0 &xlag?cn?, A= Ledald
5 s e smooth wop o is

&I lavesse.



Remark: A swmooth  wmanidold War beew dlescribed  completely when we give
a wilehon of compakible chawts wlich cover (&, becawe of:

Lewmme: (F [Qac, ] 5 a celeckion of wmpai'\'btn charts suchh Huak the Uy
cover X, amd (U, @), (U @) owe charts which ave compatible voibda
M (ud, (p,xj . hen (Uj, @), (u', @) axe c,omqa.)l'lblﬂ with each obher

M: O‘-quo““l qrowvp, O, - } el wateices At ATA = 1} e oure -&'-\{ecia.u.g
lateveste® in  the case n:3, amel (a SO, = Ae on_,ddﬂzt}‘
oy 2x3 read wmakeices = Rq' O3> Solubion of 6 olffevent equakions.
We _apeo!: O: Haen e be 3-diveasioual. Ekpéol: & s be sB
Aimension ' - Talas) = Lnla-y).
Elments of SO are vokakiow ohouk ares in R Burough asgle 9,
with 00T Bub € 3=T, Hie avls omewkation is wmdefined.

l Points of S0; &> closed balk in R of codkius T, with awkpodal

ponks on dhe boundary spheve vepresahing the some elumedt
OG Sog.

Fust ot for S0y Toke U= all votakions Haough , all A with To(A)l* -1
Debine ®: U~ IRZ, @la) = veckor oF ‘.ﬁ,wakhs aJ-Oug the arls of sotatlow,

wheie 9 s the angle of votakion.

osd -sial o
rﬂgcgﬂi 2(:059+\=T¢(A)/ as ﬁ‘(&é:g :,-q o) wet some bams, amd trace

s (wasromt wamdes M? of ';as{s:. J
P(W = open balh of veddw T Ha R>.
A aother chat for O, ((Cmglbg PMM*’&“‘S“’H“

Lek CL: §He 0. Adet(A+T) %07, Tuem, (A-IJ[H»+IJ" =5 s shtw, siunce
ST (AT ) (AT-T) = (A3)" (03] = (A1l A (T-A) = (zenYiT-8) = -S
Convensely, F S i shew, thew (S-TNS+T)7 i orllogonal.

Nole Huat det (S+T)40, ar the uguvahwr of S ave Pure Lmaginmry , O
S s Meramtian.

%4 'iu.f
®: U= Inxn real chew mabnces) T R

“, AP (A-TI(AI)" s a chart.
(6 we (dowkly (sher3x3) € R by ®  then the second chat is oefined

in e sawme reglon Qo e Pirsf:, and AP yectoe a.LowJ cxls of N‘E«)Hou, ot
lemgyth  tanm 319
SD %-e:j ave wmpaﬂbh
Twicd  chat Cor O, “eponential map .
WS s axm veal shew, then e = 14 *—;‘;51“' is  ovthegonal.
Fo.r/ (e%)7 = esr=e_5=[e5)"- EO-S'cj to check it SV = 5
bijeckion of skew makices § such hat Wsh <, and
mobresAsuchh that A -Til < 2.
Chart Gor 803 given by “ Ewker a.u.ql.es“ : Dy
8 @ - Loug ibude, lattude of N,
Let Ag €5S0; be -rotakion ’du‘ouo;‘\;\ 0 clkok 0.
@Qe SOS be ¢otakion UM‘DMAL\ @ abhe k OY.

Ow‘l‘hﬂgaua}




Pn eclement B of SO Wan Eder amgles (8 @ ¥/ (F A= Ag By Ae.

This glves a |-\ cowespenclance bekweenm a subset of [0 Zv]k[C)w]x (o, 217]
m&d a Su.bf-@t op SO . € o{ef—meg e Cll\o,or'{" op SO.;_

O.& \s a grOu{’ Co.».j (.Lg ?mmetrisaj:\‘on is a btjeol-‘m« u-> {Shcw \thn'ces},

hepe W= RO deb(A+TItof. Lek UW={Aco. det (A-T)20F,

We Wave o biedlow P U'> {skew mabcesf, by R = (A<Ti(a-1"

CP[(,{,\U‘) = Jinvertible shew wmabneest = open subsely of all skew wmakvices.

Semilanly, ®PlualU’) = the same.

The bijeckion @ @Uau™)> @' (Uau); Bl s Emsaby wilk

So these two chats owe c,oulva,HBLe-

Oler chaybs: choose amy g€ Ou, oud deline Dy Ug= § shew Ma.i‘n'ﬂ?s‘}}
where [15: qu and Q’g (A) = ‘?(g"ﬂl. Becanse g€ ug, the seks {uq‘igec,\
(over ©Op aud owe comfa.i{b(e, because (Pg‘((.lg‘ﬂllg")éug!au%—v (P‘Ba[uﬂ:"u‘h},
and Pg (Ug aUg,] = ia: (4!A+2) amd (g]' A «I) (averbtibled (s open
tn fPo,t (Ug ) = i shecs .Mcd.'ncu?

Cpg‘[u.q',r\ Ug,) = '{S 9, (?5) +1 aud ‘51 -1)1‘ T aee akibl] - open seb
Smocthaess of ¥g (Ug allg,) > @y, (U, nu.gl) -ﬂf\& map 5 a rff&nvttf-'v\ of

e compostbe: S = e a5 )~ 9,9 e 22) = Te U-Dlrer)' | oF a

-1

SMDO‘HA |.-4 veure.

5eq Uemee of smoot WMaps.

(Reat) Projeckive Space.

The peal projechve plane P° s the et of 1-climeusional veckes op subspaces of R
s o« smecth wmamlold.  bek UWefMbe alk Unes which weet the affiue plome
x=l, 2, all Uaes widh  cowlaln o vedor of the Form [l,y,'t,. We have o

U comesponclamee € u—wR’, P(Une darough (1, 9,2 = (y,2).
; @1\\* = ”eoénkx it o0 Crow poink of view of tae ?Lcw\c x =L,

Debine (A sl Yhe ool CDW{TMV\ a pow.,t of the loom (;(ltJ We hane o

-l comvespondamce P L{—élR P [Ure HuougW (% 1,2) » ). Sl olefine
Wit gm,d and @ 1R1. ? e

Uealy , Y, U-t,u" cove l?'l. The charts ave compak ble.

Plaatl) = J1y,» e R yrof, ¥luald] = [O,a)eR F x4 0f, Vabh oper in ]

The U comesponclamce CUal) o Uall' = @ (Ua U takes:

(9,2 > Une Lough (L 9,7) = Le trough (g, 1, gt e (g7 g . This §s Swmeot,

Let X be a smocth manilold , with charts P, SR A subsek wof X is
called  open F o (Walle) &5 open a RY foc each chort: W is ci.oe of

Fu (walla) s o dosed subset of @ (U] Lo o, These OFCM subseds

glve X Hae shiucbure of o gFgg&g;ggg space , i2, (i) walon of oy cQMM\Fj
of openn seks is epen, (1) {atesseckion of  auy (:w'ce ey o? s seks s open.
& P oand X o opeu. We can now Say )( is c.o\wf‘&ck oy X S wmerl‘eol



| Two meu@-@f X Moy web \/\MP ase !

) Mausdorkbpess: twe poluts x, #% are conkauined i two disjeluk sets U, U,.

| Example: X = R bogether with omether poink v Take two chawts (U =R) T2 R, aud

| Uy = {w? (Rfod) IR | where Blw) 20, @, (Rv1e3) = id. i
| () Mbtrfsoktbhj. ) mebric on e set X sucdh that a subsel is open  in the above
sexse (e, For the aklas) 66 & is open bor the eklas.

[F XY are two wanilolds, ten we Say a Mn.ff‘ X=Y s §M? oF

C&r @Cdsj c)Aa,HI @ u""‘(z apx MdWV"’\R OFY {:{aew‘f’ﬁ‘?’ ?F[\JJ"’\R

" Sumoeth
(1 ontinuweus [ . % y
R"2 il- cR™

We can  Huus speak' aboud ronkinusws or. swosts R-valued Sunchiewr
[=]"% x Md C»Ou\)t-n:wu.nm of SMOO{L\ ?ajua.s {\’ K.

| Exeruise: A Mawibold is connecked FF Tt i path- connecked .

|Pmo of Compakibilily Lewma: We wust shew w @ "Tn'an') S @ lu'an) are Swoct,
ey @ {uu\u“) (s open tn @AW/, amd PLUAU is open @ ¥ (uY
Now u' nu (s Hue wmion of u'al’” Ally for qllu, so wouﬁ\,\ $o show
Plwy= ELu' 40" 5 M) s open n e w, P (W s open in ?'(u"),

| aud thak the bieckows F'(w) S F(wW) owe swmoo

i Caakpa)\n'br:u{sg OF U‘ cud uur QULO{ OF u“ Cw\ol u, S'o..tjs M CP-l (U-ln uaz)

| is opem (wm @,((U,I s Tl alld 1 open e @ lu.)

| S, Bu(W) = (lukersechion of thes) s open & B (U

Bk, we have smooth bx‘J'eul:t‘OM By p U S € (Upatt). These tahe

open seks to open seks, se () &s epen.  Stanlarly, PUlw) s open,

owd we L‘OU-'C smooth be'ECHO\M‘ q"(w’é—j qjg(“);? CP"[W), 08 W€ waub.

Su,{a?ose X s a Swmooth wmamtold aumd ¥ C X, %Wj Y is a 5,4E,Mgm foid _oF
oL.Meagoa m iE for e evy powmt y of 7, ? chet U-R" for X it xeld
' cuch Hat CWaY) = (R™e §03) o @(u) o oeR™™,

Sl L B ki u.ﬂ( e ) Sl &l sl

N,‘-J:.x, N

xampler bek V= ST R v [T RNANAY Comidee (5] ¥ Tohe e
i
|

e § 1) %50, w2 pesal. 24},
b taker Wa b (R™ 0) a Plu).

; xamele: To show On s a submambold of R & a mess i clone cAirechl.
! Lakes, we shall prove o wilerion for submancbolds.
l
|

| Wsually, we wank owly  submamitoldls wiich are 2 ter open or closedl.
\



 Example: We do  wct want Hee gru_PL\ of x P sin en O<x<l
delindion allows & Twis is wob closed

O¢: 9 - Twis  depicks o -\ swoothh wap sl whese {mage s closed oaud
e whwose decvakive neves vouishes, Buk the image s wot a  subuma fold.

lﬁng&f dease wwdking on the torus, SXS =X, Lek ¥ s H“V)é‘- lul“lui'l} -
Deline €:R-=X by £06) =[5, &2794) (€ ae @, say =% in (owest terus,

then FIR) s C,owno‘.". ta Fac,!: a closed cuwve X a {u = q} ol s \wmeaw.rpwc
v a ciwche. \F we embed X ia IE n Hae
fenot of bdf)c (p,q,)“

3 dw-auslﬂ 'Hq?

usual Wy | it ® & a ﬁw«u

. Fee example, (2,3 Qlves e breledl kuot: /)
Then, R 5 o closed submanmbeld oF X. %

| Bt fa ¢ @, thea € s\ and s (mage & odense W X
ngPOS( F u—"K \S Qa Cow\r;.\upustg AAFFUCM\L Mogf, w\n{mc u s o(.!eu S \K“,

Twis weous Haak 'CoJ eadn xeu Heve s o hnéw Moy OF () iR .-=p||? SAuC/L WYeak
| Clxel) = €l » DF6) )b o4 R(’((\n) il 1Rk, ) i

Rty T 2 s T8 ”Cowl-\mtwi“:ld
i lferentiokle meaws Huak v addabion x —» DFB is & conkiuows wap R = o (R, lR)_
r ™ " .
Choin Rule: V€ TRV . Wopen la R, V oopen in R7, bg  coutinuewsly

Mlferenkiable, then so is gef, andt Olyefl ) = Dgly) e DFb), where o= Fb/.

\n Pw{n'c_dm, W u- “uj'cmmis -l e O lferentiable lavesse, Yaew DEGD s
\‘,J\\)QJ’HB(& c"l’ -EQO\A el oumd S0 wa=wm.

Suppose U opea eR’, B U—*IRM conkinwourly differenkiable. DF ()i R" RM,{A‘v\W.
WAl £ IALIel. Deine WA= (u5ifus HAVIL Thew, 1600 -Elalll & K-yl
K= 2eity I DG

w kere

[ ‘_&VUSC FMCAT{OIA heoem: L& F" u—"‘g“ be Co-xhwwomtg OIJFFW%&J)(R, UGP‘&A CRM-
Supgese KW =9, and DF): R i iavertide. Then, 3 ntigbourkecd V of
_ g R aud of V22U, conhimmemly differenkiobls, with Foq= id: vy
; amd oo E=cd. ta FT(V),
| Progf: See Wwandowt T.

.‘_ﬂl?ud(ﬁ Fwduoﬂ Haeoran: S(A.f?ost £ u"ﬁzh

(Wopew cRY &5 coubiauously differentiable, and

Suppese  DFLd  has rank m, e, is suwrjedhive, ¥V xe W Then, 7] 5 o smooth
Submauad fold of U of dimeusion w-m.

| froof: We  chall cheose o Unear mop P’ R'-R""

twverbbe  DF(x) = DFIX) ®p. Cloose g va R ,

(y, 0] lﬁmelﬂﬂ_‘“, such thalt g.F=

Thew, ¢7'x q(V/ = R™ & &« chart for R" mear x, amd tokes g(V)a F 'y
bquc)cwdﬁ te Va ({j} x R" ). This s an cpen swbsed  of {.37; xlﬁwh
So |b s QA duu—t C"’vf C—.‘(j)

such Haak FPUSRY o (€3), (8] bea
where V s o ﬂdammkwd efF



E xample : Take U = o axn twvehble ol mabrices, and £ {nﬂs:,mobfc makii ces],
wokh F(A)= ATA. Then € s cawlmn.uou:[,j dn Heventrable,
FlAash) - FA) = (ATh+ WA) + (WW . Cearly, Wh=> © a IWli=o0,
and s ATh ¢#h' A o Latar So DHALM = AL WA e {wmvue,bn‘c .Ma,fn'usf.
Twics is Suxjec)-\'ve, for £ % s S‘JMMQtﬂfc’ take W= éLA:J"'S_
voe Wowe DETAILE S Meiis . 5 o Subwealeid o8 ™.

| Lemma: \F H*lﬁv‘-s’ \RM is Unear amd of ramk m , thea 3 Unear P! R,._}‘Rn-m such

Yot A ®p: 5 R" 73]
froof: We  can cloese § to be projechon oube a coordemake subspace, "ff(z}"(mim)
' where P.f:f} = ij for sowme ().

Have: r'( ﬂ}) Ecther, vegard A as an  mxn smabeix with column vankwm, heace

o rank w, and add n-m  Uneady independent cous.

O,  cloose the Unear waps p,‘_,fﬂ_*:ﬂzaa R successively so theb p; Aoes ot
varsh dedrcally on hU(A&)?‘@‘ QF;_‘}

\wverse  Funchion Yreoem > F F: U=V s o codhnwously odifferenhable bt‘jédl‘own
between open sebs  of R" and DF(x) is inverhble ¥ xe U, then (S conbinuously
i Fhecentiable .

Debiabion: A Jduffeomorphism s o smeoth wap which s bljechive with swooths iavesse.
\ delined Eust Cor open subrels of {Rv\’ thew For wmaps  bekween cmooth wwlcﬂu-‘")

fT‘f‘@ﬁs!!: (e (IZC?:], a fo[ywom-;.al, fe L= G s Su.ujecjnlue, Sasy f(z) =w

Pl U Cousidder  fhe  winding wumber of F) around w, whea T bvavees
‘ a [_a,,,se circle \vELEE. Ak%&sﬂrcuk {:D?o‘wg‘d Froop,

Proof 2 @5 wvere Cunchon Hheosem. Copsides £ as @ mop From IR'L =) Ri

aid Losk ok DEGE: R B (= pulkiplicakion by e'm).m»‘taJ=('f;-;: %)

dw o

| dek DF2) = \F'@l” Cg) - = 5
| ¢ € e OF vawighes.

\nvesse Funchion Hieoem D number of Foiwa W £ s Cocally
coustart as o Funckion of w (a the open set Swi e F(3) with ¢rs) < o,
8t € - JRulte aumber of pointsf i comnecked, 5o the wwmbes of
pounbs  {n F7 ) is Cwol.zpwdu\k of v, so always % 0

On-&wtﬂ}o\,bb:} ngOS*E P=U—>U Sa d&@p@m\rp\u‘sm u\/\UC L{,U owe c.ovm-ed:ec' epen
Subsets of " Thew, det DF(x) 40 V xell. So b & either: >0 everywhere - say F
5 o ' weserving |, or <O eerywhere- say b it ovientabion veyevsiag
More generally, sav £:U=V s oclenkakon preservig (n OF >0 everywheve.
IF X 5 a smooth wanifold, Sey X s ovienkable (F e set of ol chavts
f:u->R" cam be divided inbo subsels G and G such that if
CUR, W VaR" botl belowg to € or both & G, Haew
Poy-': Yiuav) > ®uaV) s  osentabion ?rtsc«rvm'.nﬂ.




o choice of ene of the cdlasres €, Ca.

Defuction: An  orenkakbion of X s

j E:(a_a&g(.f.: Mobis baud. Uiy N " one chhavk: kel You see N\ edge  lines.
‘ 1_./.) - owother chovt,

Ta»_c_\ew(: \Jeotows-

DeCnbiou: Let X be a swmoothh wandold. The tongenk space T X o X ab xeX s the
S&t oc all Fwo‘n‘ons N\M'd/t assfgu te eaclh d/\awt‘ (‘P“, W wide el o
vedhor T, eR” such that Tu= DR @'/ (y) %, where y = Bly), whenever

(W, Q) omd (VR ave two chasts conkarnng Fex.

i (/lEa.r(.j' (0 Tx X (s a veder space . A (TeX) 2 = din X.
) an  elomenkt s (’.Dm.pfl.difily debenmined by giviug Su Cor one chaskt W wnta-&m'uﬂ 2.
swooth  manclolds, Hew € lnduess o

W 6 F:X2Y &5 a2 swooth wap Debween
Unear map TX &0 Tep ¥ ¥ xeX. Twis s called DF0). x>y
) tokes He fumly TN & e famlly 11, W e

R R~

w‘&exe qtv = D(q%‘-’p": ?a-f}(w) ?u ” w\ﬁ.&"e w = cPu ['x).
collection of all chasts Loy X,

ﬂ“ﬁmeﬁi!%‘ X a <cwmooHn -Ma.uuud gcﬁ(:u‘x_’m}o{e‘f
weike x, = Puie R™ (F xelly. To dehine TX: an element of T, X is a

For xeX
- }-, Jael: wel,} = ﬁ?”, or a Fw\lj 5‘f‘}we‘£,xeu, , with the ?mf’@f"‘j that
52 Ge® i) %, @ Yol with xe Uy, Up. ,
W T X s a vedkor space [becawse V(Fpe®)(x) is @ Unear wa—p)a
(i) For omy o with xels, the wap § 5 i an isomerpwism T X = R"
er, W we Wwe J. we cam define }3 bor ang B owith xelp by @, ouel
ten @ Wolds  for ol paies f,¥ with xelpaly by chaln rule
D( Py F')xg fg 2 V(@ T lg) D(F Pl (xa) §7 O (@ §7) g ) F, = By ——I
ts) W6 X i a vector Space, Hew T, X s wm;ca,uﬂ -'somwbuic b X, by Hhe wap
SeT.Xm ‘P;'Y, €X, Lwhere ¢, X>R" amy binear {somocphism.
{This  doeswt depmaf on w, becouse 0¥ = @ if @ s -
ta) A6 B XY s oy Smooth wap, then F laducs o Lvear wmap WG T, X T Y
foc Quy xeX, Let 5"\2" a.,-’lﬁm?”:f be the charts fo, VY. Sex —£5 Y3 €6
Twew define (DFI), = D(‘E,F‘P;) (%3) T5. The choin vule ,QL»% ml"cp“
s\ows dat s s a we)l’dtﬁweaﬂ t'qu&nx veckor (n Tt Y-
lv) € x-eriZ owe Swooth waps, then Dg(g}oDF(uf Dl ofltx) s T, % = T;‘%, w iHa
yz FO, 2= glRed). “Cladn vale'- follows om chals vule For open subsets of R7, R™.

CorolUary 1F we have any vale whnich associates to cach point 5 of each smocth ranifeld
X a set TuX, amd 4o each smooth F: XY 6 wap TH 60 T, X2 T Y, such tat:

W whea X 5 a veger space, ‘fx’( T X, CMOmlchg-
i f[ﬁ a(:) (x) = Y[a”y} Y(F}(x} wolnba W —f; Y-?' 2)‘ P Y,

L) 16 X' oun open sabmanibld of X, then Dild: GX' 5 T x|
T\ACM, ?,,X':—“'T;‘X’ CMow{ca.auaj-

w\ﬂ%ﬂ' sasdx s tuclusion.






