Part IIB 1995 Complex Algebraic Curves PMHW

Example Sheet 1

(from Question 4 onwards, take k = C) | '

1.

10.

11.

Given points Fy, - -+, Pp+1 in P® = P(W), no (n+1) of which are contained in a hyperplane, show that
homogeneous coordinates may be chosen on P(W) so that Py = (1:0:...:0), --- , P, = (0:...:0:1) and
Py =1 12...51).

. Given hyperplanes Hy,---, H, of P* = P(W) such that HyN...N H, = 0, show that homogeneous

coordinates zg,--,Z, can be chosen on P(W) such that each H; is defined be z; = 0.

. Show that the set of hyperplanes in P(W) is parametrized by P(W*), where W* is the dual vector space

to W. If P,,---, Py are points of P(W), describe the set in P(W™*) corresponding to hyperplanes not
containing any of the P;. Deduce (assuming k infinite) that there are infinitely many such hyperplanes.

Let V be a hypersurface in P" defined by a non-constant homogeneous polynomial ', and L a (pro-
jective) line in P™; show that V' and L must meet.

Decompose that projective variety V in P3 defined by equations X7 = X;X3 ,XpX7 = XJ into
irreducible components.

Show that the general equation for a projective conic V C P? can be written in the form x Ax =0,
where A is a 3 x 3 symmetric matrix with entries in C and x = (zo: z1:x2); show that this equation
is irreducible if and only if det(A4) # 0. If V is irreducible, show that V' is isomorphic to P*.

. Consider the projective plane curves corresponding to the following affine curves in A2

(a) = (b) zy = 2® +4°
(0) &% =%* -l—:r: +y4 (d)z;y+scy =z + ¢t
(e) 2.’£2y2 =92 +22  (f) ¥ = f(z) with f a polynomial of degree n.

In each case, calculate the points at infinity of these curves, and find the singular points of the projective
curve.

. If V C P? is a projective plane curve defined by an irreducible homogeneous polynomial F(Xy, X1, X3)

of positive degree, show that the singular locus of V' consists precisely of the points P in P? with
af/0Xi(P)=0fori=0,1,2.

Let ¢: V — P™ be a morphism from an irreducible projective variety V' and assume that W = ¢(V)
is a subvariety of P™. Prove that W is irreducible.

Show that the projective plane curve with equation XoX7 = X} + aX2X; + bX§ is isomorphic
to V C P® defined by equations XoX3 = X, X7 = X1 X3 + aXoX; + bX? via the map ¢ =
(X3: XoX1: XoXo: X2)

(Tripos Style Question)
Explain briefly why a rational map ¢:V — — P™ on a smooth projective curve is a morphism.

Let V be the projective variety in P3 defined by Xy X3 = X, X, and L be the plane given by X, = 0.
Let P be the point (1:0: 0:0). Show that the following recipe defines a rational map ¢ = (0: X;: X»: X3)
from V to L : For a point @ of V, the line through P and @ meets L in ¢(Q). Show that ¢ is not a
morphism.

If V™ and L* denote the intersections of V' and L respectively with the plane X; = X>, verify explicitly
(i.e. not appealing to the above result) that ¢ induces an isomorphism between V* and L*.






