Part IIB Algebraic Curves Course 1995 PMHW

Abbreviated Lecture Notes

§1. If W is a vector space over a field k, define the associated projective space
P(W) = {1-dimensional subspaces of W}.

A linear subspace is a subset of the form P(U) for U a subspace of W. If dim(W) = n+1, we
say that P(W) is an n-dimensional projective space and denote it by P™. The complement

of a hyperplane in P™ has the natural structure of an affine n-space A™ over k.

By choosing a basis ey, ..., e, for W, a point of P(W) corresponds to a equivalence
class of vectors ., z;e; under the relation given by non-zero scalar multiplication. Thus
a point of P(W) is given by homogeneous coordinates (xo : 1 : ... : =), where x and y

represent the same point <= y = Ax for some A € k*.

A projective variety V' C P™ is defined to be the zero locus of a (finite) set of homoge-
neous polynomials in X, ..., X,. Let I*(V) denote the ideal in k[Xy, ..., X,] generated
by homogeneous polynomials vanishing on V. We say that V is irreducible if it cannot be
written as the union V' = V3 UV; of two proprér subvarieties. Can show that V' is irreducible

iff I*(V) is a prime ideal.

If V C P™ irreducible, d rational function on V' is given by a quotient F/G of homo-
“geneous polynomials of the same degree, G ¢ I"(V), subject to the equivalence relation
R/S ~ F/G += RG - SF € I"(V). Note that F/G represents the zero function iff
F e I"(V). A rational function f on V is said to be regular at P € V if there is a repre-
sentation F'/G for f with G(P) # 0. If f is regular at P, we can define f(P) in a unique
way, and in this way f induces an actual function on the subset of regular points. The set

of rational functions on V' forms (in an obvious way) a field k(V'), the function field of V.

In this course we shall take £ = C. The dimension dim(V') of an irreducible projective
variety V is the smallest integer n for which there exist functions t1,...,t, € k(V) with
k(V) finite over k. We say that V is a complex projective curve if dim(V) =1, i.e. C(V)

is a finite extension of the field C(¢) of rational functions in one variable.

Suppose we have chosen homogeneous coordinates Xo, ..., X, on P?; the complement
of the hyperplane { X = 0} is an affine n-space Aj, which has affine coordinates y1,...,¥n

given by y; = X;/Xo. Similarly the complements of the other coordinate hyperplanes are
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affine n-spaces and have corresponding affine coordinates. These n+ 1 affine n-spaces form
an affine cover of P™. If now V C P" is a projective variety, then Vo = V' N Af is the
subset of Af defined by the polynomials f(y1,... ) = F(Lyt, -, Yn) € Efy1, ... ,ynj
obtained from the homogeneous polynomials defining V. Such a subset of A™ is called
an affine variety, and so in this way we obtain an affine covering of V' by affine varieties.
Easily seen that for V irreducible, the function field k(') can be defined purely in terms
of a (non-empty) affine piece. As an example, consider V C P? defined by a homogeneous
polynomial F(Xg, X1, X3) of positive degree; we have an affine piece U of V' given by a
polynomial f(z,y) where z = X1/Xo and y = X3/Xo. Assuming F' is not divisible by Xo,
we have that F' is irreducible iff f is irreducible.

Lemma 1.2. Given f,g € k[z,y] coprime polynomials, there exist polynomials o, 3 €
klz,y] such that af + Bg = h, where 0 # h € k[z] is a polynomial in = only.

This lemma follows easily (essentially just eliminate inductively the variable y). From
this lemma, it follows that if F is irreducible, then the only proper subvarieties of V' are
finite sets of points , and so V must be irreducible. The function field £(V') is then naturally
isomorphic to the field of fractions of the integral domain k[z,y]/(f), and it is also then

clear that dim(V') = 1; such a variety V is called a plane projective curve.

Given a point P of an irreducible projective variety V, the local ring of the variety at
P is defined as Oy p = {h € k(V) : hregular at P}. This is clearly a subring of k(V)
and has a maximal ideal myp = {h € Oyp : h(P) = 0}. Clearly the units (invertible
elements) U(Ov p) of the ring are precisely the elements not in the maximal ideal, i.e.
my p = non-units of Oy,p. Since any proper ideal consists of non-units, this shows that
my, p is the unique maximal ideal of Oy p ; in general, a ring with this property is called
a local ring. The local properties of V at P are encoded in this ring. Note that Ov,p is
an integral domain with k(V) as its field of fractions, and that if V5 is an affine piece of V

containing P, then Oy p is determined by V5.

A local ring A with maximal ideal m is called a discrete valuation ring (DVR) if there
exists t € m such that every non-zero element a € A can be written in the form a = ut™
for some n > 0 and unit uw € U(A). If V is a complex curve and P € V, we say that P is a
smooth or non-singular point of V if Oy p is a DVR; an element ¢ € mv,p as above is called
a local parameter or local coordinate at P. Otherwise we say that P is a singularity of V.

For plane curves, these definitions are easily seen to be equivalent to the usual definitions
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in terms of vanishing of partial derivatives of an irreducible defining polynomial.

Lemma 1.4. An affine plane curve U C A? given by an irreducible polynomial f € k[z,]
is singular at P € U if 8f/0x (P) =0=0f/0y (P).

Proof. Easily checked that the vanishing of partial derivatives (which can be defined
purely formally) is independent of the affine coordinate system chosen, and so in particular
we may assume that P is the origin (0,0). Further, if we write f = f1 + fo + ..., where
deg(f;) = i, then the partial derivatives vanish at the origin iff the linear part f; is zero.

Thus the Lemma is asserting that f; = 0 iff P is a singularity.

To see this, suppose first that P is non-singular; then there exists a local parameter
t € kU] such that £ = uqt” and y = ugt®, where u;,uy are units, and ore of 7 and s, wlog
s = 1 (because my p = (z,y) C Ov,p). Therefore z = uy” for some unit u in Oy p, say
u = vy /vy with v; € k[z,y] with v;(P) # 0. Therefore voz = v1y” as elements of k[U], or
as polynomials that vox — v1y” € I(U) = (f). Thus f divides the polynomial voz — v1y",

and hence f; # 0, contrary to assumption.

Conversely, suppose that f; # 0 and that affine coordinates have been chosen with
P =(0,0) and f = z — y + higher order terms. Thus f = zp(z) —y q(z,y), with p(0) # 0
and ¢(0,0) # 0. In particular we note that z = vy in Oy, p, with v a unit.

Claim. Oy p is a DVR with local parameter y.

Given non-zero a € Oy p, write a = wg with w a unit and g = g(x,y) a polynomial. If
g(P) # 0, we are done since it is a unit in Oy, p; if not then we can use the relation z = vy
to substitute for r in g, and obtain the fact that g is a multiple of y in Oy, p. Provided we
can show that g € (y(M*1) for some M > 0, we shall then be home by induction, since
the process then has to terminate. The required fact however follows from (1.2), since f, g
are coprime polynomials, and hence there exist o, 3 € k[z,y] with af + 89 = yMh(y) for
some M > 0 and some polynomial h with hA(0) # 0. Thus h represents a unit in Oy p,
and so y™ € (g) in Oy p; i.e. yM is divisible by g, which rules out the possibility that g
is divisible by y(M+1), QED

Given the DVR Oy p, we have a well-defined function vp : k(V)* — Z, where
vp(ut™) = n (notation as above), called the valuation at P; this gives the order of a
zero or pole at P of a rational function. Note that vp(fg) = vp(f) +ve(g) (so that vp is
a homomorphism of abelian groups) and vp(f + ¢) > min{vp(f),vp(9)}-

3



For V an irreducible projective variety, a rational map ¢ : V— — P™ is given by
an (m + 1)-tuple (fo : ... : fm) of elements of k(V) modulo that (fo : ... : fm) and
(ho : ... : hm) define the same rational map iff for some h € k(V)*, we have h; = hf;
for all i. Interpretting rational functions in terms of homogeneous polynomials, we see

that the rational map ¢ is given by an equivalence class of (m + 1)-tuples of homogeneous

polynomials of the same degree (Fp : ... : Fin), not all in I"(V), modulo the relation ~,
where (Fp @ ... : Fpp) ~ (Go : ... : Gp) &= FG;— F;G; € IMV) for all i,5. We
say that ¢ is reqular at P € V if it can be written in the form ¢ = (fo : ... : fm) with

f; € Oy p for all i and at least one non-vanishing at P; we then have a well-defined image
point ¢(P). If W C P™ a projective variety, a rational map ¢ : V— — W is just a
rational map ¢ : V— — P™ such that ¢(P) € W for all points P at which ¢ is regular.
A morphism ¢ : V - W is a rational map which is everywhere regular. An isomorphism
¢ : V — W is a morphism with an inverse morphism ¢ : W — V. An isomorphism induces
isomorphisms of the local rings (given by composition with ¢), and intrinsic properties of
the variety are not affected. Example of twisted cubic in P3 being isomorphic to P1. It
follows immediately from the defining property of a DVR that for V' a smooth projective
curve, every rational map ¢ : V— — P™ is a morphism (clear denominators and cancel

out any common factors of ¢ in the f;).

Given a surjective (or in fact a morphism whose image is not contained in a subvariety
of W) morphism ¢ : V' — W between projective curves, composition with ¢ induces an
injective homomorphism of function fields ¢* : k(W) < k(V). The degree deg(¢) of ¢ is by
definition the degree of the field extension [k(V) : ¢*k(W)]. Morphisms between smooth
projective curves have the additional property of finiteness : if ¢ : V — W is a morphism
of smooth (irreducible) projective curves, then ¢ is surjective, and for any point QeW
and local parameter t at Q, we have 3 pey-1(0) vp(¢*(t)) = deg(¢) (proof omitted). This
says that, counting multiplicities, the number of points in each fibre is a constant finite

number, equal to the degree of the morphism.

§2. We now introduce some tools for the study of smooth complex projective curves. The
first of these is the concept of divisors, the terminology taken from Algebraic Number
Theory. Let V be a smooth projective curve; a divisor D on V is a formal finite sum

D =Y n;P;, with P, € V and n; € Z. The degree of D is just deg(D) = > ni.

For V a smooth projective curve and f € k(V)*, it is clear that vp(f) =0 for all but
finitely many points P € V - consider the morphism ¢ defined below from f and apply
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the finiteness property. We define the divisor of f to be (f) = > pcy vp(f)P. Such a
divisor is called a principal divisor. Two divisors Dy, Dy are called linearly equivalent if
the difference D; — D5 is a principal divisor. The linear equivalence classes of divisors forn;;
a group under addition, called the divisor class group C1(V'). For example, when V = P!,
a divisor D has degree 0 iff it is principal, and so Cl(P!) = Z.

More generally, for any smooth projective curve V' and non-constant rational function
f, we have a rational map (and hence a morphism) ¢ = (1 : f) : V — P! Let Al be
the affine piece of P! given by Xy # 0, affine coordinate z = X1/Xo. Then z is a local
parameter at 0 = (1 : 0) and 1/z a local parameter at oo = (0 : 1). Observe that ¢*(z) = f.
But then

deg (f)= Y. wp(d*@)— D, wp(¢"(l/z)) = deg(¢)— deg(¢)=0

Peg=1(0) Pep—1(c0)
i.e. any principal divisor has degree 0.

For a smooth projective curve V' C P™, any hyperplane not containing V' cuts out
a divisor on V in an obvious way, and any two such divisors are linearly equivalent and
so have the same degree; we call this the degree of V in P™. If V C P? is defined by an
irreducible homogeneous polynomial of degree d, then easily seen that deg(V)) = d. The
twisted cubic V' C P? has degree 3.

We say that a divisor D = ) n; P is effective , written D > 0, if n; > 0 for all 2.

Given any divisor D on V, the vector space
L(D) ={f €k(V)* : (f)+ D 20}U{0}

ie. if D=3.n;P;, then 0 # f € L(D) < vp,(f) > —n; for all i and vp(f) > 0 for all
P # P;. For example, if V = P! with affine coordinate z = X1/X¢ and point Poo = (0: 1)
at infinity, and if D = nP., then £(D) consists precisely of polynomials in z of degree at

most n.

We note that if Dy ~ Da, then £(D) = L(Ds) (if D1 — Dy = (g), then isomorphism
given by multiplication by g). We let I(D) denote the dimension of £(D); note that
(D) >0 <= 3D’ > 0s.t. D' ~ D. Using the fact that Ov,p is a DVR, it is an easy check
that [(D—P) > I(D)—1 (define an obvious injective homomorphism £(D)/L(D—P) — k).

Given a divisor D with [(D) > 0, we can choose a basis fo, ..., fm for £(D) and define
a rational map (and hence a morphism) ¢p: V — P™ by ¢p = (fo:...: fm); we can in
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fact define ¢p without choosing a basis as a map ¢p : V — P(L(D)*) to the projective
space associated to the dual of £(D), but don’t worry about this unless you wish to. We
note however that ¢p depends only on the divisor class of D, since if D’ = D — (g), then
gfo,.-.,9fm is a basis of £(D’). In particular, suppose that V' C P™ is not contained
in any hyperplane and D is a fixed hyperplane section of V', wlog given by Xo = 0. We
may take a basis 1, X1/Xo,. .., Xn/Xo, h1,...,hy of £L(D) and then ¢p : V — P™+" is
an embedding of V' ( since composing with projection 7 : P™*"— — P™, we just get the
original inclusion given by (Xo : ... : X,)). The hyperplane section D of V' given by
X, = 0 is therefore also a hyperplane section of V embedded by ¢p into P™*", and so the
degree of V' under either embedding is just deg(D). For D a hyperplane section as above,
it is clear that for any P,Q € V (not necessarily distinct), /(P — P — Q) < [(D) — 2, and
hence from above calculation we have equality. In the case P = Q, we are saying here that
the general hyperplane through P determines a local parameter on V' at P (exercise for

reader).

Theorem. (stated only). If (D — P — Q) = (D) — 2 for all P,Q € V (not necessarily
distinct), then ¢p : V — PUD)-1 is an embedding whose image has degree deg(D).

As an example, we note that if P # Q € V with P ~ Q, then [(P) > 1. It follows
that [(P) = 2 and ¢p : V — P! is an isomorphism. This however can be proved without

recourse to the Theorem - see Example Sheet II.

§3. The second tool we introduce is that of Kahler differentials. For V' an irreducible
smooth projective curve, we define the vector space Q}C(V) /i OVer k(V) of rational differ-
entials on V to consist of finite sums Y f;dg; (with f;, g; € k(V)) subject to the relations
that

(i) da=0forallack.

(i) d(f+g) =df +dg for all f,g € k(V).

(iii) d(fg) = fdg + gdf for all f,g € k(V).

As an easy exercise, it follows that d(f/g) = (gdf — fdg)/g* for f € k(V), g € k(V)*.

For V a curve, we know that for some s € k(V) non-constant, k(V) is a finite extension
of k(s). Given any other non-constant element ¢t € k(V'), we have that ¢ satisfies an equation
over k(s

ant™ + an_lt”‘l +...+a1t+ag=0
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