C au‘c_(

=

[et §e (D(.,\/]. and  considesr ero locus, {(’;w_\]é, CI-'S(M;;J 20 £

03’:91{%11'!} 5. / _ -real loci, nol considerng complex.

- Need 4o ke coovdlinates in € amd also cownsioler be[ﬂ%\\ieuf Gd: 0o.

u.pfcse L\) (5 o QE&ar Sfa:.e Ouerk OF DL'-MMSlOV\ A+ .
(W) = {Lm-e: ‘H"“Wﬁ"‘ on%b\ la U}" i £ay/ﬂ9: where V~w (FE V= Aw [o.r some )\'—‘fi‘

Plw) s projective w-space, P _ . ) -

Definition: Pf Linear sdﬂfﬂw—e of alimemsf_On e ia PlW) s a subset of dhe Form PV,
with &Subrf)m of W of dimension el Tt &5 called a lyperpleme
\‘F v =n-L.

N ote: PU) 4 PlUy) = PIUAU,). Moreover, 16 dim (Plw) = 7y, dhen .
20D dim U, + s Uy % 2 D dhw (U, aU) S0 D Pu,) niPlu,) + ¢.0.

By Twe lines ﬂ)i Q-Lwosz meet.

 Delinitten: Ba_ albins A-space M, over R is jurt am n-diwensional affine subspuce

0pa ved‘vr spe-ce over B Te, a coset ef an n-dimensionald S,ub}{g@,qz,
i \F we C/Lwase a pm‘&t, Hre affine n-space hwao the S't'fuciwe_. of a uﬂj—‘o.r space.

- Suppere PLW (W), hygperplome. Let L be  amy coset of U wot coidasning the ovigin,
gy o S Q
L is am alfne n-space. 3 natuved embeddiug oF L W) with com lewent (P,
(3 F

b

_Pc_'fuc{ of L Actesuaines A umigue pmni of W(w).




GDnureruLjf W L= UxW, ey NE L can be wathn as vz ustiw (ueb(], w».iw@_
Line [V] oloesr wot wet L f vel, aud meetsr L in a Uaigque ?o{ui‘ Fveu

(—Omf(zw-e..i‘ of o ‘M_)puplmﬂe alP® b mn albfiee A-Space A"

H Owm e eneous Coo c&‘mzes,

Choos{.&g bass e,,.., €. of L deshfes W Loidh k‘w aund dthen Ay Pb.’.i‘ of Plw) s

9ivem by L\Oﬂegﬂg:‘.ﬂui oo cdiuates, x = [x,i% .. txa), (st al0), Where oaly Hee
rakios waltler. Te iF )\C—Il*, Az (s tie same ?o(vd” F PlW).

n ‘{'Q\fws OF' b\omooj{m{put Womuy\ai-ﬂ, a Umeow ﬂJD S'Dﬁa GC l?fwj is A-QR'A-CO{ Lg
\"ONogm-caux Wnear equakions (u Htese worinates.

Ve Plu) s & hoyperplome w (W], hoose 2,,.., 2. basis ForWl, and extend *o basis
€, -, 2u or W, then the Wyperplave s given by x, = 0.
(OMPL"V‘{-EM* of Hus Mfuplgwe consists of classes [V, wheve v: (2 22,2 .. :X.,.), with
, %0
- Taking L %o be the cosct €, +U e given by x =), R \PUyes L, brpe ) (1,3, 5).
Te, have affine wordkinges (Z,-, %) an L. Te, have idatihed L with B
COAUUS&Lj, given (g ..,0,) €k, hane cotresponcling fo[.d.’ (g, 20.) € PW)NPLU).
2 : 3

 BEa.  w=x . Y = x
g =

3
XD X1 Xa XX;LEX

] o L

fn s cowrse, = €.

Deg@i—_"m’- &} mmm V CW“ (W(Jt‘b\ \mmoojemecuj Coo chinates (7(0'. ..:;v,.)) s
defined b be e zerw locus of a (Rude) set of Uowe qemecus polyuowaals
e K1k, 0],
Rowarke: 1 is o Fagt (Hilbeat’ Basis Theorem) Yud oy idtad in a pely waumal cing i
f:!'nﬁ'% gemeraiEd, amd so da wot need do S‘t‘!‘Pu_Aa'i‘Q ot dhe set s Ruite
dhe  above chefinmwon.

PGLarl, k)= GLOne, RY /%

E xaumple: P, Mae afine wordinates *= &, *j'-'::—: on towmplement of Line X, =0 - we ol
s Hhe /(L\'ne at w. Sometimes we il waide kowocyﬂm-&om oo divates as
(%;¥,2). Then 220 s wsually Htougt of as the Lue ot [uhudy and
we bawe alfive coorlluste x=% y=§ on  cowplemant.



RECa,U Hae am.«e Ceanves  w :
(ﬂne;‘:a,wlws P,vygd:l.ue Crayvey Tvm tl:) xn 22X f J

- Definition: V C[Pﬁ, prvjective saehy.. T e io{zal w h[Xo,‘.,Xn] %wuai’eai by bow ogeneons
polyuonaels Vamiskang on V.

For Fe RCESJ Lomoo&eﬂw;, FeI"[\” 16 shogt hound oy Flx)=o0 Vgg: (71‘“,'.. ::c,J e V.

A iul’van'gia V, CV 15 a SubSJ OLLCC.\-QA bcj A Cl'm'k. nwbe,( GF pw*imcr %uajl:{'on_(.
L, N, is a subset and a fmse(ﬁuc Vowiehy, ,
CThew, V Vs lgedaeble (F ({ comnst be witten as a wmien of prepes sub vavehies.

- X (o:0:1)
Eq X,X,X, = O |
: (0:1:0) 4 3 Conues A ‘?1,‘ olzax‘ﬁg vedaecble.

(1:0:0)

Lewwa 145 U is irveducible <D For amybemoaencows F G €RDT with Foe T(V) Hueks
-&t‘("’\(f FG, Th[\” LI's G € Ih[VJ_

Reoel: (¢2) VE V=N 0Va | cam chocse homeqeneons Fe TUVINTMY), @ e T(VL)NT (v),
(D)\F FG homogeneous, ¢ V(W) wil Fie I“hC\U/ Uresn howe preper subvaehes
V. Nz ef \ %Cuen by ext quafian F=0 (resP.eo‘{*Ndﬁ G=0) such uat V=Yiu\,,

R&co,mg T L

;'TL\-K‘Q e S b F/G' Lul\'ul\ F,C: lhowa 2aneouy OF ‘H«e sape GLE ) e O-Md G:¢ IJ‘(U)
9 Y 9 9
such Wat  equivelemee  relabion T v @ <> FR -G € Th(V)

A m}{wnal F‘mr}ww F w %u_lgd; ai‘ fé\-" \(: 3 vfprefcdaj:wv\ F (G‘ o G[H'«to and
| define velue ot p: ﬁ[p]—crc:

? 2 x,*

i Exg;_.,_ge Pfoje(iwg ‘plm,\e cugve w.'lt’l-\ Qﬂ(upsl-uy\ X X = >< (X +X] Ra)t{oy.ai Fmd{on F: X (X, +X0)
‘ s rzajwln.l ok P= ((:0:0) since F= x'. ,wuith F{?) &,

! ) E a+PG

i Ecuko“al .FM&HOM oA \f r‘"l‘m o8 ﬂzlol [N am Obv;eul. WGy . (C(M:J‘. ’e%-, E+ g# G /ej'C)

Delinikion Pra irreducible projechive vawedy V " s called a

complex prejective curve F
CV is a fimte extension €Y Cor some 1 € C.

la Huis case, CV) (s a fnile ectewsion of €l For amy non-constant se €0V)

F sokishes some equation widh cocfhiicuwts s €D A iredueble pelynomial in

L two vaviables such tat €ls,¥=0 o CV). (seC>F mw(ﬂﬂ‘ﬁj D 4 sakishes come
€qluaﬁl\°av\ wtthh coefhiceants o Cls). Te, €R.s)/Cls) P Rueke exteusion. Bt CV) s Catle
over € and Wieuce oves Cl4,s). Hence CV)/€ts) finite, J



| Definibion: An affine vansby Ve R (s defined 4o be dhe 2ere locws of a Ginde set
of palevasels . [V, %]

| We wows cebine the Fmd‘iom feld k(\)) M CUA Gw\alacjamg PRIV to dhe Proj'edfue

C debimiion For V lreducible, argumedt of lemma LI jded T of polyucumals
;VOLAMIS'\'\;"-& o N & Pn'me.

i A ribonel Fumckion bhonV s (_,)NQM ar @ %MW ‘3 , € T, su.lgjed do obsiouws
equivakence vekadion. [Thew dhe Geld of Frachons of dhe wbearal dommin, RV-%1/30u) = K1V,

Che Awg of polynowmal Funchions en V- Hre  coocdinake wiug .

\C wow \ ‘-W, irre ducible Pm)‘ed-fue vanety, omd V & {X.,:O},-U«e-u Ve € fg:}
: aFhine piece cpven by X0 . a A" kave aflfne coomlinades 9, = -
 (leads, F FeT'W) then Flly,.,4,) € T(V). Observe convercely ,iF Fe T(V.),
polynowial of cigrae 4, s Womogenisakion F= £7 =X, €(&.-. 2) e Thly),
| [Stnee F vouachi. owsh s Ua i, e M Fe"fol S Pe 2™ . by lemws il
- Heacr see foom (mms 11, et TVe) prime D Vo iveducible amd 3 iso meorplidsm
| k(V) » R(V,),; cjfue.n i obuious wa - de’ )(,=|_“

Flxo, .. Xa) ‘_)ﬁ—'('u “Ba)
G0 ] [ ram| o wobing Had iF G vawishes on Vo, then G TV,

&ﬂ:{ne Cover.

For \}C‘? (m‘t C»aimned e kxap{xptﬂu\c}, alSo bowe va\e f’t(C-PS \J ﬂ 6{\;&,\ 5-4
X, % 0. [Apﬁﬂe coordingtes: (‘i‘-.r .‘r‘ x : where ‘A md«cciéf oml{] and RV) s
- determined by any of dhese aRfne pleces. Moreouer, V’ff, Vi and so much of the
- Aetonled Cjumétug oF N wmay be studied by locking at dhe affine vasiahous
V- Hhe affine cover

| _Eﬂ: curve \J < I?,- Lot 'Qq,uai'fvﬂ X,,Xf =X.1. Have an-e Pi-e_c.ef ! Vo'-'..jz'-‘z" V,: uu2=l, Vz'. L.J=i?.
ck. Riesunin, spheve |, P (0 \wwaqwur cosrdanates (x,:%) , = €Coiw}, where w:(o: a)

On lP"‘fW},’ﬂ', teke afline casrolinade = x,, on lP\{O} 9 foke o lfine u-.'\robmk z° "n .

Lowma 1.2: Criven Coprime €0 €klxyl, T «pellnyg] such tat AF +fo =h, here O%h e k[x]
Poct: We wrte F- a, v :-_3” foot Qg+ Qi and g = bl p" e+ b, Wlog n¥m.
St 4,2 b g™ F-a.g , a pelymonmal of dugree £ n-t W y.
Now, recad klag) s ¢ Ued. |f 9,20 ,then amy irreduchle feckor o F F dliviclea
a, (v) D Fe k), so dere.
€ 9.,%0 Yren oy Common Fa&i‘or of Fauwo{g divides a,g axd hewce (s a
pelynownal v x Ow(@ $o F= KF, 9, * 3:.) for some Deklx]), Lhere ?M 5
awe Lop.r\m{. Bt nduckion o the Ol-eta.uu OFL:’, «, B, such M“,F+ﬁ.gi€hﬁ,
> o,F +(3.g‘éh£k] S 3 0(,[? such Mot OF xF +{quh[>¢]‘



(V) s en 6 Fade wedension of €(x) omd So.V is lnoleed @ curve n semse o
L Previows Aelinition. V s called o ?Me Pm;@ve carve.

Now  consioer e’ defired by "\°M09m-cou5 Poﬁgmd F(Xo, X, %) of positive Ob—jrd,
where W.iF. Observe: F ireedumuble <= P(“l‘g) = F“,W,g) ireedua ble,

CO;; ucug\-&’ IF F irreduedle, them e owl) proper cukovavickies of YV ju P cousist of
GQale sels oF fm’u\‘ks. Siuce V itseld  eonsists oF infini tely wamyy peinds, V
sk e lepsolmeihle, Lo, at o Gialte idoa_ of subunmebes).

Proof: & Proper subvay n'e)':tj is oJ:'vw bn_l) \JMSL\.{.UJ of V—omocam—c.ous ?obﬁ wowmols &#I"‘(U}.

gu.fFaSE GeI"V amd (et ‘F,QC- R{x 9] be pelynonals c,o.rv-es?ov\d&wg 4 FGe kX, X,%,],
[wtog, V wot Une X.=0). Since Flvredmetle, i+is eanily seen that conve Vo has
C’WL\.J F'L\A{dt\j WAy ?of«‘i‘s o,,«{x,=- Q}, ‘(L{wz oi 00.“ [P\J’,’ X. 20 it F 45 o)c)t \‘Lomaa)-eyl»eouj
Pelyncmwmald b X, % - a:nl..g Fl'M{-aLy Many Fevoes [7‘.,"(.1.«)].

Thus p<eodd “o prove iF0tnfg-0f fuite omd Hms Follows frow lumma V.2 siace

4 ounly A'M"éc(g Moy x - coe rolrnakes aumd &M{.\J.’ Wemy Y- coe rolinarbes.

Last port (N infnite] is easy bo check, since evcept for Fudedy wiomy vodues

H=@, Seny, LN€  Coun solne F(Q,tg) Fa.r vadue in “ .

So, Ve VyuVa For N, VU, proper subvaseties

dn Has cane, comsider k(). L& ¢ V\a:tuwwu-j isa.wrptn‘c o k('\].)! woleve \)o=\f/\ {xo*o}c 9:,
| salpsale T Teomn. g9 J'm‘l‘ e Reld of Frackions of RIXYI/T(vo)

| Bt g eT(V,) $F:-01 nfg-:o} inlarle > F,a) ast co pame ,\‘&Plg. Thus, I'{Vo}=(FJ,
Camd kR(V)E Fald of Fm&foms of RDXY)/(F). Asrmi.uj, wLng Mot F does wst wnvelve 9,

[

- Local clng of an iwedueible voriehaV ot a poit P

btV obe qw irveducible (fmjeci{ue) vasely , CEV. Ov,p"z{\'\e k(v W wequlay ot Pt
Thie U5 o subring oF BV with wiexinal idead my, iz fhe Oplnip) -0} [Have siugular
 aluckion map Oop >R given by MWl whoe kemel is my, , and s0 Duefm,, & k]

| u“ﬁr\"{"(-ewcﬁﬁi‘f U"\)e;r’l'i\’tf w“t Ov,p), ufo\,',) = Ou‘p\ Wigp- Te. Myp® non- wii ts of (9.4,9-
Deduce My, p 15 UM gt g (iak ideal of Oveo. T, Qe is a M (defimtion).

L Swm \JetP‘: avd Vo affine plece given by Xo #0. Under dhe (sonmerphisn, k(W) S kv,

! i, corpesponols to dhe subiiag of R (V.) cousisting of %wﬁ@*f F/Q b {Hha F.O)e k[V"],

C q(P#0. So F PeVe, Local ving Orp  dutermined by abfiue piece Ve

| A

| Belzdtow: B Lol g A i Ha marimak tolead wo (s called a duscrete veluakon
ey (DVR), tF3  tem Suchs Ml eery nev- tero element ach con be
oy wntten v Yhe fovm a: ut” for some w0 and o wt w.

£ (s ctyu,ﬂ.cl a _{/u:g& Cog;dﬁmxa ofr Lﬁcd ggﬂmgi&r ad' P

7



Eaﬁ;o ‘LO (‘An-eok M %\e Fﬁ.ofan‘sgjn'on is Ui que.
] ] F
Ea, Vo B, P= 0ell. Thea B 18 vl £ g copive aud oloytol. Clo tud ey
deweit (hoa-vew) of @v,p o be wntken as ux" Lor w%0 aud some cum t u.

i‘-:cu' N D lrr(’ah»tc(htﬁ alq,ehmk Lavve | Sas Heat PGU s a Sggo‘ﬂn oy Agm-s{
| ?ofv\* :F 0\4,( ‘s a PR,

\:i‘“_.“:.a_‘i: An affine Ptqm Clarve u‘ﬁf cﬂ:‘ve«n ‘)«3 dereducs ble fe kL"z“)] s Sivgular it
P iee EP=0-50P)

Proof: Wiy, P (0,0). Wake F2 vkt |, deg€iri. Then Lmma  assects Mt
ﬂ:—o <> P s f[s&ﬂw[e.f: Suﬁose P s vtm-siujulu. 2 Coegl ?a...ra.myfe.r te Oup
(wlog tek[UY) such Hot x=ut", g= uet’ [(w,ue wmts), Stace  tryps (n), owe
of vand s wust be |, Wlog s=l. .7 2= uy’ For some wmt ue Oup-
Wrk ur g, with v ek[xlqﬂlv;[Pj#O_[[d,?], o Vame vy oas elawents
of R[V]. Therefore, poiguonial Vyx- v,y € T(V) =(F) > Flvx-vy7) D F hass
Unear Herm F‘ * 2,
CDmuus%, Sc,quwS( F,#O , amd affae waroumo}ff hawve been chogen suck Huat
P= (0,00 and F:z x-9 + (Wigher ovdar fevms). Thus F = xpid = 44, (ty) s
p[O)‘{:O, rﬁ(o,o):eo. L Pcur"hw' A=VY &V,P willa vz %e (9.,“.,, z Gk
Cloadm: Ovp is ¢ DUR witha Locad Pmm-e:{‘?/ 9. Procf: See e,n‘.nitd( Weotes.

Eg: 4 = o (serl) 9% Singeler ot (0,0), smoctta elsecihere.

%t’ o (3 +1) " a';;, "?"g, (91" 2 (st
O,LO ?ofn‘bb soludion ts L8, e6). Cone:pe.wung fmje&{ue Cunve a I?T.(E} bhew
e‘{‘uai';ﬁvx X,,x: = (X, #X)X] , w ot wimque et ot n, lor0n): @
Now ousidey offine piece  givea by X, 0 auwd %gk alfwe gq’ug:b_avm
W= v?[u-{-uJ , wan e @'—‘(G,o) awndd ol_.éa,rl,«j svmooth ot @.
b Exercise 8 em Jlnu.fiz\i‘-'i?l given by L\Omoaj{mmus qwﬂm FlX,, X, X.)=0,
then e sivgular ?m‘d:r of V are just Pe P sucke %aia{%(?}’o Y,

For (9\,.9, DVR, we lLuwe a Pumclion val?(V]‘—é Z‘, (vdua)[-?w ot P)J w heve \}p(u‘fn’ =n,

‘ (lnolzpwc)aut of Meice of Local fwﬂ t, ua wat (o @w.P)

 NGte: volFag) ¥ wada (v, lF), vpta)) - v (Fg)z vplP) 4 vplg).

‘ \J tan ifr{de[oLQ PmL').ec)HVQ ucw'ta-,. A M @:N - lef [uL\M =2 melans
C et @ f wet o Fundbion o Hie kel oF v, .'(_31'«:(.:,9,{1‘;_}' is opvenm by am  [ma) - tuple
(BB of dlumeds of ROV, (b all 0) wedels velahon that (R i) aud

| (Wer- b)) defive Hhe same vahiowsd Mep iF I WehNI¥ suck that b= K Ve

‘ \n{'ufrd{-g He K g)ivan by . * Hﬁ (H,, G - komoqenesur poluy aomials of soune oAegag
Gro e Ih(\)],, cand ct«u—ukg chuo,w{v«aiou, comn ,-ch-cse,.i' Sottouad Fwdl'fa-u by owm (.aﬂ)-&rLe

‘(F.ﬁ--f‘:m\ of 'ﬂ,OMOC){M{,«OUT ?0\ijwv\\alf of the same o\ngp.ze warte at Legst ove Fo & Ih(U]J
e (Rt R) swd (Gt Gu) Ad2fiug dhe same cohoual Fuuchon (FF F: &; ~F 6 eTh(v) ¥

[
IJJ'



Say @ s seqular ak PeV L e be wnBmnas (62 .5 G bl £ et avl oF
(et one wet vauishivg ot P, awd the. @(P)- (€. ). Eu () <> 3 rfpremiadffon
(Foioz B with Fi(PJ=0 For some o, ond - uew PP)=(Rip): -t FulP)) .
We P” " @iV means that P e  encves dehined.

A wooptin €V G5 an eoerguiere weguler rebioval wap.

b bomesgladsn @YW U @ wmerpliion Wit an wiese mesplaism WV

Glvem o mosphisw (0r 2uem o cotiowad wapl TN=-2W  of jeeducible prejechi ve

Jarehee  oud FG k[W),..wf an  define ?*(sz fo ¥ eR(Y ta ohulpus ity , fﬂN;M €l
Vs wet um*ameol w o a fg-'pr m.Lva..n'eiv of W. [U‘Qrﬂu:. \m..l amd f= Zi::,::,; i GéI“WJ,

Flho, .. hal

 defwe ¥(F): Guinz) € RV canly veafied o be well-defined

Definvtion: @:V-2W  as gheve {3 bushowd i P R(W) > k(Y s aun  isowcovp isow

. (/Lﬂo-r(z.g, P is o {romerplisom  poilha  unvesse i #3 I dhen bave cowecponding wmvevse
, prphoione W% kvl sl . [Pt stuie LOYY -kl o (g™ E¥9F],
Eq: €:P—V . v givea by XoXs =X, . € s eyiven Py brple (5% s 1), fnduces o
(S owanvplaism  on functton Field . [Look alfinely, stuce Vo G adven by \01’-%1 amd
kEve] = Vg d 2 RICHE] and wolti ROV 2 RIY].

AF wew DRz @, e com chiesse o ..-c‘ou_-e,scuiaéh"e.-n (i ) swohett 6o @
(O repdan ot D), sech Bt Wy reqular ot @ Wt F: T, it GLe) $2, aud
e PR G 05 pegular ot P
‘ I’_e (P* Ou‘G [ g gi‘f

n N
Rlw] «—2 k(v)

n pucticulae, T am i"""‘“"’?\““"%r%% £ Cuu,evw = O,

Exaugle: Considdar mosphhis € B = B Gl (e85t 7). fwage 5 cotatued i
varnetg V| wi  equetions X, X, 7 XoXz Mt SO R O
Cmmusd.«,, glven (x,:x‘zx‘:xsj eV | wde either %10 o % #0 S% wLoq x, %0,
(lose se € such duat x, =5 omd +€ € suh ok %25
Cqputlons > 2,2 5t™ 22t L OV sy VG called Mo fuiited ebie (aP.
Stece Hae  only Propes subvanehies of N ave Faste sets of poluts, E"F Fx., X, % %) €T0),
Huen F(5’, s, Stl, t) 15 a aen-tew \,w,cha-em.wus fahju-um{al w kREsd]l Lt oul,
Auntely weny  Solwkiens w (s:1)] amd Wemee YV is iveecducible.

 Mogeover, ¥ is_aun isomerphisme it vesse Yz (%o X )= (X, X3).

ln PM-’HMM, JCst{ed WJPI“(. 1 swooth,

Progzition L6: W VU g e aud PeV o smodtin poid . @ V-2P" pobional wiap, Yen € requlas

_ _ . AN faMﬁuJM’ F VU s cmosth dhen P Y a mavplaism. , ,

Rock: Cup s a OVR, Local vouwd:or . F @7 (Wt thy) with won-ee Wy of the form
'M:_u; t'. (M; —u-w\‘{:, n;eﬂJ, c/(ld;n_‘“_’ M&w.{«._q*vu aund CM(_LM& powrss of ‘E, eamn
assume A% 0 ¥ qumd W =0, sowme j. 2y reqular ot P.






