Lent 1996 YMS
COMMUNICATION THEORY: Example Sheet 1
Information sources and coding

Decipherability, prefix-free coding, the Kraft inequality, Shannon’s NC

theorem

In this part of the course, a code (also coding or encoding) is a map
fruelem fu) € J" =UppJ7,

where I( = Im) = {1, ..., m} is a source alphabet, J( = J.) ={0,...,a—1} isan
encoder alphabet and J* the set of finite words, or strings, from J (J™ is the set of
strings 2™ = z;...z, of length n). The strings = € J* that are images, under f,
of symbols u € I are called codewords (in code f). A source message (of length n)isa
sequence uj ... un of symbols u; € I; it is encoded as a concatenation of the codewords
f('f.tl) ‘e f(un).

A code f is called deciphereble if any string z € J* may be written as a concatena-
tion of at most one collection of codewords. A code f is called prefiz-free if no codeword
T € J* may occur as a prefix in another codeword y (i.e., the representation y = za'
is impossible for any pair of codewords z,y). Any prefix-free code is decipherable, but
not vice versa. The Kraft inequality

Xm:a—’-' <

=1

is sufficient for the existence of a prefix-free and necessary for the existence of a deci-
pherable code, with codeword-lengths s1, ..., Sm.

Dealing with random symbols u € I appearing with probabilities (or frequencies)
p(u), one is interested in optimal (decipherable) codes f for which ES, the expected
value of the random codeword-length, is minimal. An optimal code that is prefix-free
was constructed by Huffman; in the case of binary coding (¢ = 2 and J = {0,1})
Huffman’s codes are related to binary trees. Another class of codes is formed by the so-
called Shannon-Fano codes; the Shannon-Fano codes are simple in implementation and
‘close’ to optimal. Their construction is based on Shannon’s noiseless coding theorem.

/1. Determine Huffman’s binary coding when the distribution over the original alphabet
i, . .
(a) (0.3, 0.2, 0.2, 0.2, 0.1), (b) (1/4, 1/4, 1/4, 1/8, 1/8),
(c) (1/3, 1/5, 1/5, 2/15, 2/15), (d) (0.1, 0.1, 0.1, 0.15, 0.26, 0.29).

2. A drawback of Huffman’s encoding is that the codeword-lengths are complicated
functions of the symbol probabilities py, ..., pm. However, some bounds are available.
Suppose that p; > p2 > ... 2 pm. Prove that in any binary Huffman ecoding

(a) if p1 > 2/5 then letter 1 must be encoded by a codeword of length 1,

(b) if p1 < 1/3 then letter 1 must be encoded by a codeword of length > 2.
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3. A Shannon—Fano code is in general not optimal. However, it is ‘not much’ longer
than Huffman’s. Prove that if Ssp is the Shannon-Fano codeword-length then for any
r = 1,2,... and any decipherable code f* with the codeword-length S,

P(S* < Ssp—r) < @@ .d Y

Entropy, conditional entropy, mutual entropy

Given an event A with probability P(A), the information gained from the fact that A
has occurred is defined as i(A) = —log,P(4). Let X be a random variable (r.v.)
taking values {1,...,m}, with probabilities p,...,pm. The entropy h(X) is defined as
the expected amount of information gained from observing X:

h(X) == pilog, pi.

Here and below we set 0 - log, 0 = 0. It is clear that the entropy h(X) depends in fact
on the probability distribution: hA(X) = h(p1,...,Pm)-

The conditional entropy, A(X|Y), of a r.v. X, given r.v. Y, is defined as the expected
amount of information gained from observing X given that a value of ¥ is known:

RX|Y) == px,v(i,5)log px|v(ils)-
4

Here, px,y(i,j) is the joint probability P(X =4,Y = j) and Py y(il7) the conditional
probability P(X = i|Y’ = j). It is easy to check that h(X[Y) = h(X,¥) — h(Y), which
yields

0 < A(X]Y) < R(X),

with the LH equality iff X = ¢(¥) and the RH equality iff X and Y are independent,
and

h(X,Y|Z) < h(X|2) + h(Y|2),

with the equality iff X and Y are conditionally independent given Z: P(X = z,Y =
y|Z2 =2)=P(X =2|Z =z)P(Y =y|Z ==z).

The mutual entropy (or mutual information), i(X,Y’), between r.v.’s X and Y is defined
by

y i Vg PX¥(:d)
i(X,Y) = ‘Z'j:px.v( ,7)log px()py ()’

In other words, i(X,Y) = h(X) + A(Y) — h(X,Y). You see that

i(X,Y) 20,

with the equality iff X and Y are independent.

4. Show that the quantity
p(X,Y) = h(XIY) + h(Y|X)
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