Part IIB Lent 1996/YMS
COMMUNICATION THEORY

This handout does not replace the lectures (and is not even mentioned in the list of the
recommended literature): it is intended to help understand the material and sometimes
to provide additional facts and alternative arguments. Students are strongly advised to
take proper notes during the lectures and not rely entirely on the handout.

The content of a lecture on the blackboard may differ from the one in the handout.

The definitions, statements (theorems, lemmas, corollaries and remarks), formulas end
often ezamples are numbered by pairs of positive integers, the first indicating the lecture
and the second the position of a given item in the text of the lecture. In some cases a

group of formulas is numbered by triples (e.g., (1.6.1) or (3.2a) ). The symbol O is used

to indicate the end of the proof.

Chapter 1: Information sources and coding

In this chapter, symbol P refers to the probabilities (unconditional or conditional) of
samples of sequences of random variables characterising sources of information. As a
rule, these are sequences of independent and identically distributed random variables or
Markov chains. Viz., P(Up = uy,...,Un = up) is the joint probability that random
variables Uy, ..., Up take values uy, ..., up and P(V, = v |V} = u, W) = u') is the condi-
tional probability that a random variable V,, takes value v, given that random variables
V7 and W) take values u and u’, respectively. Likewise, E denotes the expectation with
respect to P. On the other hand, in the context of Markov chains, P denotes the
transition probability matrix, with entries P(u,v). The r-step transition probabilities
correspond to P" and are denoted by P(")(u,v).
The symbol p is used to denote various probabilities loosely.

Lecture 1: Basic concepts. The Kraft ineqguality

A typical scheme used in information transmission is as follows:

A message
source — [An encoder| —* [A channel] = [A decoder]| — [A destination]

Example

1. A message source: a Cambridge college choir.
2. An encoder: a BBC recording unit. It translates the sound to a binary array and
writes it to a CD track. The CD is then produced and put on the market.
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3. A channel: a customer buying a CD in England and mailing it to Australia. The
channel is subject to ‘noise’: possible damage (mechanical, electrical, chemical, etc.)
incurred during transmission.

4. A decoder: a CD player in Australia.

A destination: an audience in Australia.

6. The goal: to ensure high-quality sound despite damage.

o

In fact, a CD can sustain damage done by a needle while making a neat hole in it,
or by a tiny drop of acid (you are not encouraged to make such an experiment!)

In technical terms, typical goals of information transmission are:

(a) fast encoding of information,

(b) easy transmission of encoded messages,

(c) effective use of the channel available (i.e. maximum transfer of information per unit
time),

(d) fast decoding,

(e) correcting errors (as many as possible) introduced by noise in the channel.

As usual, these goals contradict each other, and one has to find an optimal solution.
This is what the course is about. However, do not expect perfect solutions: the theory
aims to provide you with knowledge of the basic principles. A final decision is always up
to the individual (or group) responsible.

A large part of the course will deal with encoding problems. The aims of encoding
are:

(1) compressing data to reduce redundant information contained in a message,
(2) protecting text from unauthorised users, )
(3) enabling errors to be corrected.

We start by studying sources and encoders. A source emits a a sequence of letters,
ty Ug oo B v iy (1.1)

where u; € I, I(= I,) is an m-element set {1,...,m} (a source alphabet). In the case
of literary English, m = 26 4+ 7, 26 letters plus 7 punctuation symbols: ., :; - () .
(Sometimes one adds * ’ and ”. A telegraph English corresponds to m = 27.

A common approach is to consider (1.1) as a sample from a random source, i.e. a
sequence of random variables

Uy, Usy -, Uny -.. (1.2)

and try to develop a theory for a reasonable class of such sequences.

Examples. 1.1. The simplest example of a random source is a sequence of independent,
identically distributed (i.i.d.) random variables:

P(U1 = w1, Uz =, ..., Uk =u) = [] p(uj), (1.3.1)



where p(u) = P(U; = u), u € I, is the marginal distribution of a single variable. A
random source with i.i.d. symbols is often called a Bernoulli source.

A particular case where p(u) does not depend on u € U (and hence equals 1/m)
corresponds to the equiprobable Bernoulli source.

1.2. The next example is a Markov_source where the symbols form a Markov chain
(M.c.):
k-1

P(Uy =u1, Uy = up, ..., Up = ug) = p1(u1) H P(uj,ujv1), (1.3.2)
=1
where pi(u) = P(U; = u), u € I, is the initial distribution and P(u,u') = P(Uj4, =
u'|Uj = u), u,u’ € I, are the transition probabilities.
1.3. A ‘degenerated’ example of a Markov source is where a source emits repeated
symbols. Here,
PUi=Uz= ... Up=u)=gq(u), uel,

1.3.
P(Ur#Up)=0, 1<k <k, (1.3.3)

where 0<g(u) <1land ¥ g(u)=1. g(u) is the probability of string uu ... u ....
uel
An (initial) piece of sequence (1.1)
ul® = Uy Ug ... Up

is called a (source) sample n-string, or n-word, (with digits from I) and is treated as a
‘message’. Correspondingly, one considers a random n-string

U™ = (U,,Us,...,U,).

An encoder (or coder) uses an alphabet J(= J,) = {0,1,...,a~1}; typically a <m
(or even a < m); in many cases a = 2 (a binary coder). A code (also coding, or encoding)
is a map, f, that takes a symbol u € I into a finite string, f(u) = (z1 ... z,), with
digits from J. In other words, f maps I into the set J* of all possible strings:

foIo =T =J (Jx- (s times) x J).

8§21

Strings f(u) that are images, under f, of symbols u € I are called codewords (in
code f). A code has (constant) length N if value s, the length of a codeword, equals N
for all codewords. A message u(™ = u; ug ... u, is represented as a concatenation of
codewords

F™) = f(uy) f(uz) ... f(ua);

it is again a string from J*.

Definition 1.1. A code is called decipherable if any string from J* is the image of at
most one message. A string z is a prefiz in another string y if y = =z, i.e. y may be
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represented as a result of a concatenation of z and z. A code is prefiz-free if no codeword
is a prefix in any other codeword (e.g. a code of constant length is prefix-free.)

A prefix-free code is decipherable, but not vice versa;

Example 1.4. A code with three source letters 1,2,3 and the binary encoder alphabet
J ={0,1} given by

f(1)=0, f(2)=01, f(3)=011
is decipherable, but not prefix-free.

Theorem 1.1 (The Kraft inequality). Given positive integers s1,...,3m, there exists a
decipherable code f: I — J*, with codewords of lengths s, ..., sm iff

Y E g1, (1.4)

Furthermore, under condition (1.4) there exists a prefix-free code with codewords of
lengths s1,...,8m. O

Proof of Theorem 1.1. (I) Sufficiency. Let (1.4) hold. Your goal is to construct a

prefix-free code with codewords of lengths s1,...,s,,. Rewrite (1.4) as
Zn;a_l <1 (1.5)
=1

where n; is the number of codewords of length ! and s = max s;. Rewrite (1.4) again:

s—1
na ’<1-— Zn;a",
=1

or, equivalently,

ns<a'—ma* —...—n,_1a. (1.6.1)
Since ny > 0, deduce that
ny—1a < a® —na®™t — L. —nyegd?,
or
Ne-1% a* —nja®f —...—n, 0 (1.6.2)

Repeating this argument yields subsequently

ng—z2 < ' 2 —nya®? — ... —n,_3q, (1.6.3)
ny < a® —na, (1.6.s — 1)
n; < a. (1.6.5)



You can perform the following construction. First choose n; words of length 1,
using distinct symbols from J: it is possible in view of (1.6.s). This leaves (a — ny)
symbols unused; you can form (a — ny)a words of length 2 by appending a symbol to
each. Choose ny codewords from these: you can do so in view of (1.6.5-1). You still have
a? —nya — ny words unused: form n3 codewords. Etc.

In the course of the construction, no new word contains a previous codeword as a
prefix. Hence, the code constructed is prefix-free.

(II) Necessity. Suppose there exists a decipherable code in J* with codeword lengths
S1y-..,5m. Set again s§ = maxs; and observe that for any positive integer r

(u"s‘ o - a_’“‘)r = Z ba~!
=1

where b; 1s the number of ways r codewords can be put together to form a string of
length .

Because of decipherability, these strings must be distinct. Hence, you must have
by < d, as a' is the total number of I-strings. Then

(@™ +...4a™*) <rs,

a4 tatm < rYrst T —exp [l(logr +!ogs)] .
T

Since it is true for any r, you can take r — co. The RHS goes to 1. O

Remarks. 1.1. A given code obeying (1.4) is not necessarily decipherable.
1.2. Prefix-free codes suffice.

One of the principal aims of the theory is to find a ‘best’ decipherable (or even prefix-
free) code. We now take a probabilistic point of view and assume that symbol u € I is
emitted by a source with probability p(u):

P(Us = u) = plu).

[At this point, there is no need to specify a joint probability of more than one subse-
quently emitted symbol.]

Given a code f : I + J* we encode a symbol : € I by a prescribed codeword
f(i) = z1...2, of length s5;. Thus the codeword becomes a random string from J*;
if the code is decipherable the probability of generating a given string, while encoding
a symbol emitted, is precisely p(i) if the string coincides with f(z) and 0 if there is no
© € I with this property. So, the length of a codeword becomes a randem variable, S,
with probability distribution

P(8=a)= Z p(3).

1<:<m
S =

We are looking tor a decipherable code that minimizes the expected word-length:
Effi=y oP(F=s)=3 spli)
521 =1

The following problem therefore arises:

minimize  f(s1,...,5m)=ES
subject to Za_‘” <1 (Kraft) (1.7)
i
and s;ely (positive integers).
This is an integer optimization problem. If you drop the condition that s;,...,s,m € Z4,

replacing it with a ‘relaxed’ condition s; > 0, 1 < ¢ < m, you could use the Lagrange
sufficiency theorem. The Lagrangian is

L8y enn 8B N) = Z‘s‘-p(i)"' A = Zausi i)

(here, z > 0 is a slack variable). Minimizing L in s1,...,5m and z yields
A<0, z=0, and §£ =p(i)+a*Alna=0,
Si

whence

p(z) -3 . . :
i .e. §; — — —_ , 1 <1< m.
g =% v les log, p(t) —log,(—Alna), 1<i<m

(here and below, In = log, ). Adjusting the constraint 3 ,a7™* =1 (2=0!) gives
> p(i)/(~-Ana)=1 ie. —Alna=1.

Hence,
si=—log, p(i), 1<i<m,

is an optimal solution, and

he = — Zp(i)loga p(i) = (1.8)

log, a

is the optimal value of the relaxed problem. Here
h(= ha) = = > p(i)log, p(i) (1.9)

is the binary entropy of the source. Value h, is a lower bound for the optimal value in
the original problem:

min ES > h,. (1.10)
In future, we use the following convention:

log = log;, andforanyb>1, 0-log,0=0:log,co=0.



Lecture 2: Huffman encoding

Theorem 2.1. (The Gibbs inequality). Let {p(i)} and {p'(i)} be two probability
distributions (on I). Then, for any b > 1,

S riyions B <0, e =T pilonp) < - Yaloss@, (1)

and equality is attained iff p(z) = p'(i), 1 < i < m.

Proof of Theorem 2.1. The bound

z—1
<_
log, z log, &

holds for each = > 0, with equality iff z = 1. Denoting I' = {i : p(¢) > 0}, we have

20 J
Zp@ 1ong > Bl (i) log, £ )"logebz P() (—7)'_ )

el el

For equality we need: (a) ;. p'(i) = 1, ie. p'(¢) = 0 when p(i) = 0, and (b)
p'(1)/p(i) =1forie I'. 0

Theorem 2.2. (Shannon’s noiseless coding theorem). For a random source emit-
ting symbols with probabilities p(z) > 0, the minimal expected codeword length, for a
decipherable encoding in an alphabet J, = {0,1,...,a — 1}, obeys

h
—— < min ES < . +1, (2.2)
log a log a

where h is the binary entropy of the source (see (1.9)).

Proof of Theorem 2.2. The LH inequality is established in (1.10). For the RH inequality,
let s; be a positive integer such that

@ M L pag grEEE,
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The non-strict bound here implies };a™* < 5. p; = 1, i.e. the Kraft inequality. Hence,

there exists a decipherable code with codeword lengths s,. .., $,,. From the strict bound
you get
lo i
8 < _g_p(_.)_ + ]_,
log a
and thus

ES < - Zip()log p(i) (I)log 26 +Zp(z) =

log a

Example 2.1. Suppose m = 2% and the letters i = 1,...,m from the source alphabet
I, are equiprobable: p(i) = 27%. Then h = k, and hence you need, on average, at least
k binary digits for decipherable encoding. Calling a ‘bit’ a unit of entropy, you can say
that you need, on average, at least k bits to encode.

Shannon’s NC theorem gives a base for a Shannon-Fano encoding procedure: you fix
positive integer word-lengths s1,...,sm such that a™* < p(?) < a=* 1 or, equivalently,

—log, p(i) < s; < ~log, p(¢) +1, ie. s;i= Floga p(i)] .

Then construct a prefix-free code, from the shortest s; upwards, ensuring that the pre-
vious codewords are not prefixes. The Kraft inequality guarantees enough room.

A more elaborated procedure is due to Huffman. Huffman encoding leads to an optimal
(i.e. minimal expected length) code f: I, ~— J:. Here, we discuss it for a = 2 (i.e.
J ={0,1}) only. The algorithm constructs a binary tree, as follows.

(i) You order the letters i € I so that p(1) > p(2) > ... > p(m).
(i1) Assign symbol 0 to letter m —1 and 1 to letter m.
(iii) Construct a reduced alphabet I,—; = {1,...,m —2,(m — 1, m)}, with probabilities

Repeat steps (i) and (ii) with the reduced alphabet. Etc. You obtain a binary tree.

Example 2.2. m=T.

H F.’_ S-Cl'.) [ S

1 .5 0 I

2 a5 00O 3

3 .15 1 01 3

4 ol 110 3

5| .05 | 1110 | &

32| .o25| v v v | 5§ 5 1§ .15 . .05 .025 ,025

The number of branches you must pass through in order to reach a root ¢ of the tree
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equals s;. The tree-structure, together with the identificai. . of the roots as source
letters, guarantees that encoding is prefix-free.

To prove the optimality of Huffman encoding, we need two lemmas.

Lemma 2.3. Any optimal prefix-free code has the codeword lengths reverse-ordered
versus probabilities:

p(i) > p(2") implies s; < spr. (2.3)

Proof of Lemma _2.3. If not, you can form a new code, by swapping the codewords
for ¢ and j. This shortens the expected codeword length and preserves the prefix-free
property. O

Lemma 2.4. In any optimal prefix-free code there exists, among the codewords of
maximum length, at least two agreeing in all but the last digit. &

Proof of Lemma_2.4. If not, then either (i) there exists a single codeword of maximum
length, or (ii) there exist two or more codewords of maximum length, and they all differ
before the last digit. In both cases you can drop the last digit from all words of maximum
length, without affecting the prefix-free property. O

Theorem 2.5. Huffman encoding is optimal among the prefix-free codes. O

Proof of Theorem 2.; Proceed with induction in m. For m = 2, the Huffman code f;
is f2(1) = 0, f2(2) = 1, or vice versa, and is optimal. Assume Huffman code fm_; is
optimal for I,,—;, whatever the probability distribution. Suppose further that Huffman
code f is not optimal for I, for some probability distribution. That is, there exists
another prefix-free code, f, for I, with shorter expected word-length:

ES;, < ESe: (2.4)
The probability distribution under consideration may be assumed, wlog, to obey

p(1) > ... > p(m).

By Lemmas 2.3 and 2.4, in both codes you can shuffle codewords so that the words
corresponding to m — 1 and m have maximum length and differ only in the last digit.
This allows you to reduce both codes to I;,—;. Namely, in the Huffman code f,, you
remove the final digit from fi,(m) and fi(m — 1), ‘glueing’ these codewords. This leads
to Huffman encoding fm—1, In f}, you do the same; this gives you a new prefix-free code

fra-1:

Observe that in Huffman code fn, the contribution to ESy, from fn(m — 1) and
fm(m) is sm(p(m — 1) + p(m)); after reduction it becomes (sm — 1)(p(m — 1) + p(m)).
That is, ES is reduced by p(m — 1) + p(m).

In code f?, the similar contribution is reduced from s}, (p(m — 1) + p(m)) to (s, —
1)(p(m — 1) + p(m)); the difference is again p(m — 1) 4 p{(m). All other contributions to
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ES,.—1 and ES, , are the same as the corresponding contributions to ES,, and ES},,
respectively.

Therefore, ff _; is better than fm_i: ES;_; < ESn—1, which contradicts the
assumption. 0

In view of Remark 1.2, we obtain

Corollary 2.6. Huffman encoding is optimal among the decipherable codes.

In what follows we consider, unless otherwise stated, the case of the binary codes
(¢ = 2). A common modern practice is not to encode each letter u € I separately, but to
divide a source message into ‘segments’ of a fixed length n and encode these as ‘letters’.
It obviously increases the nominal number of letters in the alphabet: the segments are
from the Cartesian product I® = I x --- (n times) x I. But what matters is the binary
entropy of the probability distribution of the segments in a typical message. Denote this
entropy by h{™):

K™ =~ 3" P(Uy =i1,...,Us =in)log P(U1 =d1,...,Un =1in).  (2.5)

Flyeenaln

[Here you obviously need to know the joint distribution of the subsequently emitted
source letters.] Denote by S(™ the random codeword length in a segmented code. The
L1
minimal expected word-length per source letter is defined by e, := min = ES™ and, by
Shannon’s NC theorem, it obeys
(n) (n)
h o h 1

————<ep < + —. ' (2.6)
n log a nloga n

h(n)
You see that, for large n, e, ~

n log a’

Example 2.3. For a Bernoulli source (see Example 1.1), formula (2.5) yields

B == 37 pia)-+plin) log (p(ia)-lin)

: @2.7)

J=1i1,.51n

2
and e, ~ l—hﬂa Thus, for n large, the minimal expected codeword length per source
og a

letter, in a segmented code, eventually attains the lower bound in (2.2), and hence
is not greater than minES, the minimal expected codeword length for letter-by-letter
encodings. This phenomenon is much more striking in the case where the subsequent
source letters are dependent: here we frequently have h(") < n h, that is, e, < log_a'
This is the gist of data-compression.
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