ALGEBRAIC TOPOLOGY EXAMPLE SHEET 1 W.B.R.L. 1995

1. Let a : ™ — 5™ be the antipodal map (defined by a(z) = —=z). Prove that a is
homotopic to the identity if n is odd.
[Hint. Consider n = 1 first. Later in the course it will be shown that a is not homotopic to

the identity if n is even.]

2. Let X be a contractible space and let Y be any space. Show that
(i) X is path connected;
(i) X x Y is homotopy equivalent to Y7
(ii1) any two maps from Y to X are homotopic;

(iv) if Y is path connected, any two maps from X to Y are homotopic.

3*.  Let X be the subset of R? that consists of all points on all line segments from the
point (0,1) to a point of the form (z,0) where z is rational and 0 < z < 1. Show that X is
contractible. Show also that the point (0,0) must ‘move’ in any homotopy between the identity
map on X and the constant map sending all of X to (0,0).

Find a contractible subspace Y of R? with the property that every point of ¥ has to move in

any contracting homotopy.

4. Show that the torus less one point, the Klein bottle less one point and R? less two points
are each homotopy equivalent to S! V S' (the space obtained by gluing two disjoint circles
together at a point).

[Hint. Draw pictures showing how S' V S! can be embedded as a retract in each of the other

spaces and describe homotopies with words rather than formulae.]

5.  Let (X, zo) and (Y, yo) spaces equipped with base points. Show that

I (X x Y, (zo,y0)) = M1 (X, z0) x 1 (¥, y0) -

6. Let G be a space equipped with a continuous multiplication m : G x G — G and a
point e € G which acts as an identity (that is, m(e,g) = ¢ = m(g,e) for all ¢ € G). [The
most familiar examples are topological groups, but associativity and inverses play no part in
what follows.] For any pair of loops u and v based at the e, let u x v be the loop defined by
(uxv)(s) = m(u(s),v(s)) for all s € I. Prove that u-v , u*v , and v - u are all homotopic

relative to {0,1} and deduce that II;(G,e) is abelian.

7. Show that a path connected space X is simply connected if and only if every continuous

map f : S! — X can be extended over B? .






