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Algebraic Topology P.T.J. Lent 1995
Notes on Topological Spaces

All the spaces we meet in the Algebraic Topology course will be metrizable; in fact
almost all of them will be subspaces of (finite-dimensional) Euclidean spaces. However, it
is generally convenient to think of them as topological spaces rather than metric spaces.
Since the new Tripos does not provide students with a formal introduction to topological
spaces before this stage, it seems sensible to provide a brief résumé of the basic facts about
them which we shall assume. '

Recall that, if (X, d) is a metric space, a subset U of X is said to be open if, for every
z € U, there exists € > 0 such that the open ball B(z,e) = {y € X | d(z,y) < €} is
contained in U. It is easy to check the following properties:

(1) The empty set § and the whole space X are open.

(i) An arbitrary union of open sets is open.

(iii) A finite intersection of open sets is open.

Formally, a topology on a set X is a collection of subsets of X, called open sets, satisfying
properties (i-iii) above. A topological space is a set equipped with a topology. We say a
topological space X is metrizable if there is a metric d on X for which the open sets are
exactly the given ones. Not every topological space is metrizable: a good example is the
indiscrete topology in which the only open sets are § and X, which cannot be metrizable
if X has more than one element [exercise: why not?}- On the other hand, many different
metrics can give rise to the-same topology: for example, on the Euclidean space R™ the
three metrics dy, d; and do given by
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all give rise to the same notion of open set. We say that two metrics are equivalent if they
give rise to the same topology; as far as we are concerned in this course, we do not really
want to distinguish between metric spaces (X, d) and (X, d') if d and d’ are equivalent.

As you know, continuity of functions between metric spaces can be defined in terms of
open sets: f: X — Y is continuous iff f~!(V") is openin X for every open V' C Y. We adopt
the same definition of continuity for mappings between topological spaces. Similarly, many
important properties of metric spaces such as compactness and connectedness are defined in
terms of properties of their open subsets; and so these properties can be extended without
difficulty to topological spaces. [However, you should not assume that all the theorems
about compactness and connectedness in metric spaces, which you encountered in the IB






