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Topelogy: spaces and conbiawows Cunchions [MG.PSJ &,
Spaces X and ¥ age \‘Lowow‘o.fg\/ut. (xz=v) i 3 W\afs X‘-'Y such dhaat gf- ’1

|
i Excu.u'g‘is of s?o,m_;r ﬂz“ E s %u?\,u
B n-ball - SxeR uxpt}

"' aa- sphere = § xe R Well = (5.
i 4 thtma} zutr& ocx< 1y

Tovus 1 $'%5' = R anulus -

Mebius bad = 2D R, Kiin bothle.

cﬂ = iy'

Tor the cowse metvic spaces wll do.

Racalh: EX i o mebric space, U €%, U is opent e For cah xell 3820 swclh Hak
Aln ) €5 o He ik
£ XY & coshnuous (FF for every open seb VY, F'V is open inX.

Definition: A dopolagical space is a set X together with a colkeckion of subsets of X that
ae called QP&\’ such ﬁu,t () <?‘Mol X e open,

(i) omy umicn of open seks s o pen
() iF W and Uy ace opea, so is U, al,.

CMeteic > topolgical . (K= s Calse).

L6 X, Y are dopological spaces X xY is the set of pairs [y) And, o set is open
WE ik i @ unden of cebs WXV, it B open M X, V open w Y,

: Quo\-{e_gs: guﬂ)ﬂif X s a ‘EOP.:Logica,l ‘FPRCG, A RN e%wlvalmcﬂ Maﬁon on Set x

Let X/~ be dre set of equiveltnce classes Have qucbieat map, 4 X>Xn , x ]
- Define quutienk topology on /v byt N open in X/w <> 47V open in X

‘?gmpuf ¥ i: j"“ @ - hane {-OPG[;xa;j on Moblus basel.

QEQL ijco{:ive A -Space, RP“: SA"‘&"”‘”EJ-

Note: ¥/~ may net be @ wmekric space , ewen F X s,

'\T ("J Fwda,mml'al gmwpopx

im! associcke Growps with topolegical spaces: X, spaece
_&_m (j “-P poleg P anfE‘-P — & -FK homomagphism

Y, spece -rr,w)
T (% ¢ Tl =2 X Y.



Stmilarly, W, , 7lh Womology group of X.
" %‘/) Fr, growp homomorphism

Clossity surfaces. For eme\.e: @ $

Brouwer Fixed powt Weowem : oy Map F‘-‘Bn""@n has a Fixed foinf-
Mo O O F @

I, Roustopy and the Fundamental (rreup.

Debiaion: A \omotopy betueen waps ",c]: X>Y s o map F: XxI=2Y such et
Flx,0)= flx), Flx1)z9(n VxeX. (Ld: f:Xx=>Y be F ()= F(xt). Fo-F, F,:q]
Wate F¥a. | “
W AcX omd Flag): Fla)=gle) VaeA te T, then the homectopy is vel A

Lemma 11: ”Howo'\-o?‘j rel A" i o equvalence velabion on waps X Y.
‘?&E_-’ 1Y) Fa¢: Set Fxt)= Fl) ¥t
Gr 6 FF9 vel A defhre GlxH= Flxl-t) Thea qgF 0 o
iy \F FFa velh, 9z h vel A, define Y: XxT>Y \nj Wi t) {G(x,‘lt-;j’ sceet. Then, P h

fo % = ~
Lemma 1.2: Suppose X T Y572, amd KEF , 9,529 . Then 9,F > g,f,.
Proof: 9.6 &= %.6.= 9f. \f F and ¢ ave rel A, then the amswer s reld.
BF 7 Gty

Lemma 1.3 (Lineor homotopy) guwose €,q: X=>YcR" amd ¥xeX the stright (e Gowm Fx)
™ g(x) is i Y. Thea c'—"ﬂ 3 qa’ﬁ‘A c"l’Svae AcX, then c'—‘grdﬂ
Dol Define Flx,® = (1-6) F0x) + et tglx)

Comp_aﬂg: ‘Supfose F.g XS and E(x) #-g(x) ¥ 2. Then F=g.
| Prool 4 Br S
F,;Z"* o fo3 _'—"En- - and wse lewmwma 1.2

g —_— =
liap

Eﬂ&; F’X"’gn—l Md 3 aegn-‘wlw (Z(NJ*G VKGK- T\'\-&n F’} COﬂstﬂ.&ut IMCA.P (Ta_he q{x}:-a v")

¢
Defintion: gpaces X and ¥ ase hemotopy gq,a,'ua.iub , X2y, ;€3 maps X :; Y cuch thet
gf = 1, =1y (gcu_,, € is a womotopy equivalence, with homotopy  avesse g ).

Note: 'V\Omemorp\mrsun = \’\Ow.o‘b?ﬂj %MUOMMCQ.

Leama L&t & is an equivalence relabion on class of +opologyical Spaces.
Em_gﬁ-’ Ti‘o.ﬂsi.“:iui{nﬂ: X;:—?Yé?. 9Y¢F > 9F (Lamma\.l),'k X (Lomma 1.0)



Defintion: X s comtraghible € X %{a single po(.&.}

Dec\'nih‘m: su??os? AcX and v X=X such Hadt rD_dCA, r(A)= 14, Then r s o m&ﬁﬂl

\f P4 1; (re.l A) i W Q [Stﬂﬂqz dgFo-mgﬁog ﬁ@'on of X & A.
Xu?ﬂ,r[=1nl ir =f’}1x,50 X oand A ave wo*ﬂ’pa %WQM

Exg_v_ngl.es: f0f {5 a strong e formation rekract of " onena 18],

SO ~ ,S'x'I
S - msblys band.
R~ Thwo polds} = O==

-g'vs'

5 I

Definition: A Rath ia X fow 2 to #, IS a map w: I=>X such that ule)=x, ull)=x,
\F 2o =2, , the Pakk s a leop &k %o. .

Definkion: Suppose w,,, ua are patrs in X, wibth U Fowm x., to x;
Define < peodwuct pabhn by (u,- - un”f) =y (ns-ce1), = ‘5‘ % , 56T
Define am  inverse pakln by : w aF < u(t-s), se I Nete: (u,.u;)"= u:. q"l.

Lowma L5 S“?P"“ wp & vioeel 31 (=%0,43), w, v, paths fom e, ;. Thea,
Wieoallyy 2V v 09, el 1.
(1) Suppose w2V rel AT. Thea w'zv™ rel 1.
Progk: 1) Leb Flst) = F (sal-i,b) , 5 §5€ &

({}) Exeruse.
Nebe: Auy bwe paks in T are womotopic el 21 (€ ey agree on BT

Lemma l.6: (1) VF wp 1S o pakha e Frow xo, o x;  zln, then (uecu)ola, s <da)® Ue oug rel L.
G V6w is o« P“’H" X bow 2, o %, aud €, and €, are comstaut %o and x,
respeckively), then €,-u 2w vel 21, and u-e, 2w velol.
) weu' =6, el 0T, uiu *e, rel oL
Proof:tip(Lus)(s) = (Rus) R(s) V)Mue ®. 1>, ®la):=0 }hnw tn between, Fls)= i
() = %
@U) = | } Uinear tn bebueen, Pl)z 25-1 + £ -s)
Bt P2y el 8T 55 by emmas V-3 qad 1.2, LHS 2 RHS pol DT,
ty (e-wis) = ul@B) | whee €TI-T @ls)= § B o B 2

s, Hes<l

Y24 el 0T, by Unear Womotopy. So,u2u® rel 8T, so €, -u xu rel 31

(I‘\'f) lwaa"Xs) = u(¢(§}) 7 \A)\I\U? QJ{SJ 2 S‘ 1z, o<s€'n
120-9) 4 s € L.

@ is \/«.eme'{-.oet‘t to the comtant wop at O el 21, <o wu'zu@re, relol,



Theorew 171 The set of Womokopy classes (31 of loops based ak % eX forms a group
T (X, x,) , the Cumdlamentol droup of X with base point o, ubisie € ot »

: ace loops at %, and [W) is hometopy clas cel @1, theu (T = fu.vl.

oo Product s well-defined, by lemma VS (i) . Define [uI=[uw'], well-defined by lemma 15
Assocakivity - from lemmea 1.6 (). Define tdenkly ¢=[e], okay by lemma 1-60i).
[u](u]” =[u)fu T =(ua) =fe,1=¢, using lemma 1.6 i),

fadks: T, (5, %) 2 Z. Generoters, [0,1>5" = 12e@1n1=15; s> Bk

T (s, %0) 3 {15, e brivial group

Tr(ﬁ\’p 2.} 8 2/222. the group of two eluments. T, RO Ze .

T (RY 2 $4%. T, (Klen bottte) s web abelian, (Poeels taken]

Theoem L2 A map E: X, %, Y,y wnduces a group Wemomocphism F: Tx2)>T,(%y,)
such Hhat: () F2F ol 0T D Fx = Fy,
W) (Iade is te identity homomorphism,
wy V6 a: Yoy, > F, 2, then (9b)y =g, 6 T (X, %) » T (Z.2,).
Peook: Define 6 [u] =[Ful, welk-defined by lemma V2. Then, Fic ((1051)= £ Luv] = [€(ws)]
= [(Fu)-(va_I = [Flu)[Fei] = (‘\'x[u—])“:*«[\*]]. Wy, Wi, i) are  immeddake.
P Funchor
Aside:  Cateqory: objects and maps. Spaces, tontinuous funchions — grougs, hememerpluisms.

\{oMeom.w?\.dc Spaces Somorpme Groups.
’(*ES 61 F3= jy’ 9(1:1,‘ ; S0 F*gxf (‘1.,)~ 11-,—“.9, r Vi Fx =(1,) 11\-(,“) > Fx,gua,te {somorphisms.

Theorem 1. 4: R pathh i u in X bow xote x, induces an  {somo rphism Uy: T(X, %) > T (X, x,) Such that
) ua e el T D uy = Uy,
W) oy = identity,
Wy 1 v s a pakh from x tox,, then (Wv)y = Viuy,
w6 Fr X xg,x, > Vg, 9, then ("uJ* Fx = vy QL
Procf: \E W is a \'-Do? akinX ot %, i define U*[H:{ 2 [utiw. u] - welk- deGned : = « ™
v‘*{fv][U])‘u*([u.u]) =[ut vl #Lul wouotassd :[u".\s.u][u"M.u]:u*[v] R*Cu], U3, i), (i) @aseynos.
G Fx g [w] = [ECw.al) = 1R (0] ()] = (R0, (L)
u*(u.djg - [u".u)* =€ 4 =1J ourd (“‘h'"# Uy = gt '5':”“;[“"“1‘ So Ug (s an {SDMFP\MSM'

(€ X is path- comnected, T (X %)= W (X, x,) albways. Welte T ().
X “simply connecked ' = pathh - connecked and T (X the trvial group.

Theocewm 110" Suppose £ 29 x-v. Suppese X €X and v (s the Pa.:l:l« from Flx,) b 9 (xel;
delined by vtz Flxe t). Then, Vi Fx 29, - T (X x) = T (Y, gixa).
Prooft Lek w be a lecp ak xo. Define € IxT-> IxT - \\V @
@ls,00=(5,0) , @ lo,¢)= (0,0, Plit)=(1,0, ? 41—
CP‘SJ”T‘{(:S:,)I{,Msmj , Plas):Ga) =

R EEEAN

U, 3-3s) 255 €4 Q Waear on ';ecjmenh me ;“.L, & bawo(cma oF IxL,
Fluxl) @:IxI=Y is a howmotopy. Cux v, gu. ¥ el d I so [Cu] = [U-cju, v"“] in (Y, Fx.)
icl[u] — [v")# 6*6‘]!' $0 V#F-‘(- = 9* o



: _Cow{_l&: Let €:X2Y  be o Wowmotopy equavalence and Elxg) =1, , then B Tlxx) > T, (Yy,)
s an isomorphism.
EL@_"& vean Xéy 9“"‘1, Cgt y. Tor some paﬁ. v G-om cJF(x,}to R,
:mo[gFi* = [1,()* = 11”,(,} . So lgfly s cwm isomerphism alge.
hyTheoreml.Q “neorem| 10 isomerphism
™ OGxd e ™0 60 goameae X, o))
Slmilacly, T (Y, fix.) ‘_«L_"T' (X, gf(xc)) m_ﬂr (v, fgf)
Therefore, 9y Y, Exal) = T, (X, gF6) s an  soworplism

Bebe s an  isomovphism , S0 b is an isomorphism.,

i P Coveina S?acﬂ', CO\JW{M Ma?i

2wit
e

Example: P R'—> ¢S 5 & = Wish p" existed.

Note: Fos #ais c)AaPLu; X wih be Qn:'rh* connected -

Defiation: A Wvenng space oCX with covenng Map EX—»X s a aoun-emply
pﬁ;d" conpeched Sf’acex Sudnw for each xeX a3 open V n X, areV, w it

e propesty ek ? Vs the otaSJow\k wm on uu of open subsets Uy CX
and P[u« :ug("’v s a \Lome.owwrrh‘sM for eczcln o

\
E"__O_N_Pl%: FN? in abeve qu,w?b,\. 6-;.. R

f‘bu 1
A o

Ly
v S

This deGakion impuies Huat P s surjeckive, oumd wmaps open sebs to opea seks.

Examples: (,;R'LS' ay X X i $' =8 @) =2 fixed n. ) p:S SRR 2 hrimex
(v) ? § - LP = Lens space, 9.4, wpme m‘;ege,;_ s"’; {[1 ;,)c-ct_. iz, 1m0t :l}.
Define 9: <* > ; 9(7, ?;J— (e e 2, ,e.h wpi;)- ) gwera/{’es an ackion
of G = R/eﬂ’ Loy 2 /G , e, X My <> 3 qr Such that 9 x:= g.

Lpg v o manibld. § s a q’woheuk wmenp.

Lebesanes Lemma: Lot X be @ compack mekiie spuce amd suppese et X 5 the wuicn
of a collechion $U;3 of open subsets. Then there exists a ral number $>0
sech that iF SCX and S Wanr dlameter loss tuaun 8, then S s coatained (n one of the UL
@_?ro_o@-' Amﬂ xeX is in some WU So choose €x)>0 so thakt the open ball le 28y) s
Cokained tn Huis U Clealy X= 5 Blx, &0, <o by compactness X* Y Ring, sory),
for some Faibe seb $2,., %% C X Lek $= min 1800, €xa}  amd Suppose S haa
Hiawmeter loss than Hais 8. W eS| ten ye Blx), £0x))) For seme j , anclse S < Blx;, 20x,))
which i, bcj wastruckion, coutoined in some WU @




Lemme 2-1 (Path Lic{im?ro?erfq)’ Su,ﬂ)ose ?'-k"*x s a covevug map. Suppose w: I3X is a
pakh, and ‘7%62 is such tat X, = ule). Twend a wnique path & ¥ sush
that Glo= x, and PE = '

E@E’_ %‘\’,as tn debaiton of wuu} are an  opea-toveying of X.{5So Xx= UVJ-' T s (‘-OM(’aot‘,So
by Lebesques lemma on §u (Wi}, 3 dissechion of T: 0t < < <tuz1 sach Hhat
wlto,, t:] €\, some Vi |, some V o5 ia deGaibion. Bssaume & i dofined on [0,6.].
wlte,) € Uy , some open Wiy C;' omd pUiy >N s @ Weomor?wm (h.j defintion).
Define a‘[h-l,h] : [P[u;,,)du. Conbinue tn Ythis way.

Ue\it((ue.nesn Suppese & \s amother Lt , God:=%,. Leb T= SOLF{t'- al[n,g] ’u\[qq}_
(Note that G(v) = g(T), by :.owt{m.il-g)‘ W t<l: uttieSome V as in d»e‘:iwiﬁoml So ulv
and (1) both € some open Uy ar tn definition. For sufficienkly small 8, G(T+8)
and G(T+8) €Uy By contiawity. So, A(T+48)= U(t+8) , an Plug s injedive. #*. So -l

Lemmon 2.2 iﬂg&a{@gg Lfﬁﬁrg?mi;!: guﬂ)os‘e iv)?-»‘( s @ (ovenw wap Swproae we  hage

F: TxI2K qud £ Tx10f>X suh tat pFls,0) = Fls,0) Vs, Thea, 3 waique
ecbension of F to IxI BX 50 that r?=F.
Coocb: Discect IxT (o swell Squases | So F(s%we)c some V as n debamblon of Covenng
Ocoler £quaves “onckes dait. aess Fashion, so that (51w4 oJa ipfedece.sssu} is

" S i tonnecked. Preceed as la  lomma 2.1-
<} uv\iqluwss EolWows from = Lwmma 2.1 , aa F\S-:I is a UK of
“1-

' F(g,,i ) u.ﬂbq we.

{“bueowarpwﬂﬁﬁ’ S S’ S O‘SPQQ} s a Smu?’ but vast. (€ a group & is [l\Sowwu?w; ’{'0)
a Su_lbsmwp oF ﬂ«{S) Sa{j C— acks on -2 Decl"f S/a‘= S/sf"‘g! € 5795, Some aeﬁ‘.

Theorem 2.3 Suﬂ)oxe a growp & aks e a group of homeomorphisms on @  simply connected
grm‘/, ond  ach qéY has an  epen neiﬂhbowlwod U such that
UngU=F Yge G-115. Thea T (V626
M’ Cowsioler %u.o{:-'lemt P Y- Ya. \F yeY, then Yye open W such that UI\gu:‘?‘/ (3#1
gLL s open (s g s a \nﬂmevwwrp\n—'ﬂm)J $o pU s open, (as ?.4{?“]:9‘.3& U, a wicn opope"seh),
puU2pU i an n)edion, as Ung“-‘-?’,g*i- \FV open  and Veld, pV is open
(as above) .. plu* g&BPu s oa \mmeomoq:\aism. So p s a wvenny Map.
Fix v,eY. Let qch. Define P: G > T (Ve, Pl'ivl) as  follows
let w b o path fom y to gy in Y. Leb Rq = [?“], a locp ok Mwe'\T.["'/a.l PY.).
iE uzv rel oL, then [pud =Lpvl. Bt ¥V s simply comected (S0 any uzv vel QIJ, so @ s
well- defined. € i gu;h‘)e&iw by luma LI aqud :Ajed'iuz by lewme 1.2 (al-ot'ail‘exercis‘e).
lF W b o path fom y, b 9y, and v a path fom y to gy , thea g s
Fowm 9y, & 9,9, 4, and wig9) i fom y, b a9y,
PAY = pv (wr p w o quotient wop) , so [pudlpd= [ptu.guld 5o (¥lg, (@) - ?la,q,)

CocoMany: T, §' ‘;;z L Tillpe) 5 T/ |, T lboews) 5 ZOZ,
RP* =< /agHou\ by 22z . 'ﬁl[RP“J = Zhp Vn), 2



Deciﬂi{:{o.\: A map (‘-!Sn-‘égn it awhoodel fF \ixeS", Cl-») = -F0).

Theorem Lle* | awhpodal wap ' ' F i: == fg
woof'  Sugpoe F:5°= S is aubipedal F induces o ®P >R q; quoked.
oty g T T
10— 2
Comide, TEE #E:Pl , wlt) = (wswt, siamt, O, Fu s o path Gom scwme x to -x
Lt v be auy ist:molmd) path  in 8! Bow -x to o, (fu.v] €T, (s'a), =nel, Sy .
(4] = 2a21 e Z2 T RF , aud [4,fd 7 %.ubelud 7 9.9, (.

Bt g, s the zero wap , 9*[?1=092, as g‘:ﬂ/'zz“‘?zl U 2ax\ 200

Cowllony o) V6 €S2 R, corbiasous, Hren I eS' cuch taak Flx) = F-)

P!—anI S“??GS? F(’ﬁ) £ F("XJ ‘d ”® e Sl‘ &QM 5"”{1‘;:5::,),-:,[,7:‘ , so q; §7 - S‘ g Mkl?odwl. #

Comllany' 1€ P awd B are bownded measwreable sebs in B, 3 a staight line bisecting both
A ead B [ “Ham Soudeuich Theoven ).

Proo € \F v_‘eii‘ et T = plane Hucugh (0,01 ?u?emo\amla( t (000> x, .,rw,o,,)
€,0d= 1 (pat of A on same side of Ty asis =)
F;bth,u (pak of 8 on same sicke of Ty asls x). /
Bossuk > Ix  with (B0, 61 = (£ (%),

¥ sl S'u.ﬂ,ag ¢ X >X s G covenwg wap . Take % ¢ ):‘" let x, = F(ﬁj’. The greup Wowo moipWism,
Pu (X, %) = W, (X x,) is lajedhiva. [f*TT.lq,’?;) is caMled the Group of the wueciul].
Right corcks of o T(K, %) (0 T, (K,xp) 2522 g7,
Broof: F w s o Wop at % and pu = Constant rel 3T, UEHt hamotepy (lewma 2.2) .

So Pe 18 lajechve

S uppese [Vle W, (X,xo) amd ae p'x,. LiEt v to be o path n X Eom o toseme be '

(Lewne 2.0, This gives & mapt T IX, %) = premubobions of p'x, ; V1> (av b as aheve).

[Noéc Hagk Pe_;w,fai—io.as act on r.‘%\at]. Lemma 2.2 > vell- defined.

Stabiliser of %, i p MK, %), OBt of % » alk p'we (X s path- connected).

Lemma 2.6° S'up(’a“ ?-.f(-»x is G covenng wop ?;f", =%, Suppose ¥ s path- comected, and
Locally  patir-counected Lie, auny poik has arbbruily swall path- ounecked necghbous).

Let Yo €Y, cuppuse we hawe €+ Voo » X, 5, 9/);59
Then, J LFt map g Y,go-a X, xp with ?C}:F <& (:g WYy, )c P*_‘T,[g,xo). y—z“l

Such @ 0 15 waique.
'_'_&_olf:._-’ q exist > p,9, =08 . This e “"
('Ov\ucrsehﬂ , Aefine g: et w I=2Y, utej= Y, wlijzaeV. fo i1 w path in X
Lt te €2 T > X, Blo)= %, . Define W te) - forced definition
(ondibion > 9 s well-defined. Locally pathe - conmecked > g s cowkinueus.






