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Paper 3, Section I
3C Vector Calculus

Cartesian coordinates x,y, z and spherical polar coordinates 7,6, ¢ are related by
xr=rsinfcos¢p, y=rsinfsing, z=r1rcosh .
Find scalars h;, hy, hg and unit vectors e, ey, e, such that
dx = h,e.dr + hygeypdf + hgey, do .

Verify that the unit vectors are mutually orthogonal.

Hence calculate the area of the open surface defined by 8§ = «, 0 < r < R,
0 < ¢ < 27, where a and R are constants.

Paper 3, Section I
4C Vector Calculus

State the value of Ox;/0x; and find Or/0x;, where r = |x|.

Vector fields u and v in R? are given by u = 7®x and v = k x u, where « is a
constant and k is a constant vector. Calculate the second-rank tensor d;; = du;/0x;, and
deduce that Vxu=0and V -v =0. When a = —3, show that V -u =0 and

3(k - x)x — kr?
7D

V xv=
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Paper 3, Section II
9C Vector Calculus

Write down the most general isotropic tensors of rank 2 and 3. Use the tensor
transformation law to show that they are, indeed, isotropic.

Let V be the sphere 0 < r < a. Explain briefly why

\%

is an isotropic tensor for any n. Hence show that
/ LiTj dV = adz-j, / LT L dV =0 and / LiLjTET] dV = B((Slj(skl + 5ik5jl + 5i15jk)
\% \% \%

for some scalars a and S, which should be determined using suitable contractions of the
indices or otherwise. Deduce the value of

/xx(ﬂxx)dV,
1%

where  is a constant vector.

[You may assume that the most general isotropic tensor of rank 4 is
A0kt + pikdj + vyl

where A, p and v are scalars.]

Paper 3, Section II
10C Vector Calculus

State the divergence theorem for a vector field u(x) in a region V' bounded by a
piecewise smooth surface S with outward normal n.

Show, by suitable choice of u, that

/VVde:/Sde (%)
for a scalar field f(x).

Let V be the paraboloidal region given by z > 0 and z? + y? + cz < a?, where a
and ¢ are positive constants. Verify that (x) holds for the scalar field f = zz.
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Paper 3, Section II
11C Vector Calculus

The electric field E(x) due to a static charge distribution with density p(x) satisfies

E--V¢, V.-E=2, (1)
€0

where ¢(x) is the corresponding electrostatic potential and ¢q is a constant.

(a) Show that the total charge @ contained within a closed surface S is given by
Gauss’ Law

Q = &0 / E-.dS.
S
Assuming spherical symmetry, deduce the electric field and potential due to a point charge
q at the origin i.e. for p(x) = q(x).

(b) Let E; and Eg, with potentials ¢; and ¢9 respectively, be the solutions to (1)
arising from two different charge distributions with densities p; and py. Show that

1 1
~[omav [ oVo-as== [ opave [ wveas @

for any region V with boundary 9V, where dS points out of V.

(c) Suppose that p1(x) = 0 for |x| < a and that ¢1(x) = P, a constant, on |x| = a.
Use the results of (a) and (b) to show that

1
o L [ X,y
Ameg Jrsa T

[You may assume that ¢1 — 0 as |x| — oo sufficiently rapidly that any integrals over the
‘sphere at infinity’ in (2) are zero.]
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Paper 3, Section II
12C Vector Calculus

The vector fields A(x,t) and B(x,t) obey the evolution equations

%:ux(vXAHw, (1)
%—?:(B-V)u—(u-V)B, @)

where u is a given vector field and ¥ is a given scalar field. Use suffix notation to show
that the scalar field h = A - B obeys an evolution equation of the form

oh
5 =B-Vf-u-Vi,

where the scalar field f should be identified.

Suppose that V.B = 0 and V -u = 0. Show that, if u-n = B -n = 0 on the
surface S of a fixed volume V with outward normal n, then

H
d—zO, WhereH:/th.
dt v

Suppose that A = ar?sinfeg + r(a? — r?) sin 0 es with respect to spherical polar
coordinates, and that B =V x A. Show that
h = ar’(a® 4+ r%)sin% 6 ,
and calculate the value of H when V is the sphere r < a.
1 e, reg rsintey

In spherical polar coordinates V x F = ————10/0r 0/00  0/0¢ |.
r?sin 6 .
F., rFy rsinfF,
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