4

N

umbers and Sets (2009-10) Example Sheet 3 of 4

. Show that anumber isdivisible by 9 if, and only if, the sum of its digitsis divisible by 9.

. The Fibonacci numbers Fy, Fy, Fy,... ae deEned by: Fp = 0, F, = 1 and F,, =

(

F, 1+ F, o fordl n>2.ls Fy9 evenor odd? Isit amultiple of 3?

Let p beprime. Provethat if 0 < k£ < p then () =0 (mod p). If you do this by using

aformulafor (Z) then argue correctly. Can you give a proof directly from the defnition?

Solve these congruences:-
i) 77x =11 (mod 40), (i) 12y =30 (mod 54),

(iii) =13 (mod 21) and 3z=2 (mod 17).
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Show that the exponent of the prime p in the prime factorisation of n! is > .., [n/p'],
where || denotestheinteger part of x. Provethat thisequals (n—S,,)/(p—1), where S,,
is the sum of the digitsin the base p representation of n. Evaluate 1000! (mod 10%49).

For which valuesof n € N is n? + 4™ prime?
Evaluate 20!21%° (mod 23) and 1719990 (mod 31).
By considering the n fractions -, 2,..., %, or otherwise, provethat n = -, ¢(d) .

An RSA encryption scheme (n, d) hasmodulus n = 187 and coding exponent d = 7. Find
a suitable decoding exponent e. Check your answer by encoding the number 35 and then
decoding the result.

Using the least upper bound axiom, prove that there is areal number z satisfying =2 = 2.
Provethat /2 + /3 isirrational and algebraic. Do the samefor 21/3 4 22/3,

Supposethat € R and " +a,_ 12" ' 4+ap,_ox" 24...4+a9 = 0,wherea,,_1,...,a9 €
7. Provethat either x isaninteger or itisirrational.

Show that "V V3 + v2 + 'V/V/3 — V2 isirrational.

Isthere a positive integer n for which n” — 77 isaFibonacci number?
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