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§1 METRIC SPACES

1.1 Introduction

Consider the Euclidean space R” equipped with the standard Euclidean inner product: Given
X,y € R” with coordinates x;, y; respectively, we define (x,y) := Y _7_, x; y;, sometimes denoted
by the dot product x - y.

From this we have the Euclidean norm on R”, ||x|| := (x,X)"”, representing the length of

the vector x. We have a distance function d,(x,y) := |[|[x—y| = (Zl (x; — y,-)z)l/z, very often
written as d simply. This is an example of a metric.

Definition 1.1. A metric space (X, d) consists of a set X and a function,
called the metric, d : X x X — R such that, forall P, 0, R € X:

(i) d(P,Q) = 0, with equality iff P = Q;

(i) d(P,Q) =d(Q,P);

(iii) d(P, Q) +d(Q.R) = d(P. R).
Condition (iii) is called the triangle inequality.

With the Euclidean metric, for any (possibly degenerate) triangle with vertices P, Q, R, the
sum of the lengths of two sides of the triangle is at least the length of the third side.
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Proposition 1.2. The Euclidean distance function d, on R” is a metric in the
sense of Definition 1.1.

Proof. (i) and (ii) are immediate. For (iii), use Cauchy-Schwarz inequality which says

(5] <(54) (57)

or in inner product notation, (x,y)? < ||x||?|ly||* for x,y € R". (See Lemma 1.3)

R
X+Yy

X
P

We take P to be the origin, Q with position vector x with respect to P, and R with position
vector y with respect to Q. Then R has position vector x 4+ y with respect to P. Now

Ix +yl? = Ix]* + 2(x.y) + Iy
< X1 + 200 - Iyl + Iyl = (=l + llyID*.

This implies d(P, R) = [Ix +y| < [x]| + [lyl = d(P. Q) + d(Q. R). I

Lemma 1.3. (Cauchy-Schwarz). (x,y)? < ||x||?|ly||? for any x,y € R".

Proof. For x # 0, the quadratic polynomial in the real variable A
IAx +y[I? = A2[|x]|* + 2A(x, y) + [ly[|?

is non-negative for all A. Considering the discriminant, we have 4(x,y)? < 4|x|?|ly||*. I

Remarks.

1. Inthe Euclidean case, equality in the triangle inequality < Q lies on the straight
line segment PR. (See Example Sheet 1, Question 2)

2. The argument for Cauchy-Schwarz above generalises to integrals. For example,
if f, g are continuous functions on [0, 1], consider

/()l(kf+g)2>0:>(/Olfg)zéfolfzfolg?
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More examples of metric spaces

(i) LetX :=R" and d1(x,y) := D> r_, |xi — yi| or doo(X,y) := max; |x; — y;|. These
are both metrics.

(i1) Let X be any set, and for x, y € X, define the discrete metric to be

1 if x #y,

ddisc(xs y) = {0 if x = y

(iii) Let X := CJ[0,1] := {f :[0,1] — R where f is continuous}. We can define
metrics dy, dy, doo On X by

1
di(f.g) = /0 I — gl

dy(f.g) = (/0 (f—g)z) |

doo(f,g) = sup |f(x)—g(x)|

x€[0,1]

For d,, the triangle inequality follows from Cauchy-Schwarz for integrals, i.e.

(f fg)2 < ([ /) (/ g?). See Remark 2 after Lemma 1.3, and use the same
argument as in Proposition 1.2.

(iv) British rail metric. Consider R” with the Euclidean metric d, and let O denote the
origin. Define a new metric p on R” by
d(P,0)+d(0,Q) if P#0,

p(P, Q) = 0 if P=0,

i.e. all journeys from P to Q # P go via O. (All rail journeys go via London.)

Some metrics in fact satisfy a stronger triangle inequality. A metric space (X, d) is called
ultra-metric if d satisfies condition (iii)’:

d(Pv R) < max {d(P’ Q)v d(Q? R)}
forall P,Q,R € X.

Example. Let X := Z and p be a prime. The p-adic metric is defined by

0 if m=n,

d,(m,n) :=
p(m.n) 1/p" if m #n where r = max{s € N: p’| (m —n)}.

We claim that d is an ultra metric. Indeed, suppose that d,(m,n) = 1/p" and
dy(n,q) = 1/p™ for distinct m,n,q € Z. Then p™ | (m —n) and p™ | (n — q) together
imply pmi“{”“} | (m —¢q). So, for some r > min {ry, r,},

dp(m.q) = 1/p" < 1/pm" i)
= max {1/p".1/p"}
= max {dy(m. n). dp(n.9)}.
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This extends to a p-adic metric on Q: For any rational x # y, we can write x — y =
p"m/n, where r € Z, m,n are coprime to p, and define d,(x, y) = 1/p" similarly. Then
we also have (Q, d,) as an ultra-metric space.

Example. The sequence a, := 1+ p +---+ p"~!, where p is prime, is convergent in
(Q, d,) with limit @ := (1 — p)~!. This is because d,(a,,a) = 1/p" for all n, and so
dy(a,,a) - 0asn — oo.

Lipschitz equivalence

Definition 1.4. Two metrics p;, p, on a set X are Lipschitz equivalent if
30 < )&1 < )&2 € R such that)tl,ol < P2 < )&2,01.

Remark. For metrics dy, d,, ds on R”, one can show that d; > dy > doo > dy//n >
dy/n, so they are all Lipschitz equivalent. (See Example Sheet 1, Question 9)

Proposition 1.5. d,, d,, on C[0, 1] are not Lipschitz equivalent.

Proof. Forn > 1,let f, € CJ0, 1] be as follows:

N

S |= T
SN
—

di(fn,0) = Area of the triangle = 1/+/n — 0 as n — 00, while duoo(f5,0) = /n — o0 as
n — oo. |

Exercise. Show that dy( f,,0) = \/g for all n, and so d, is not Lipschitz equivalent to
either d, or do, on C[0, 1].

1.2 Open balls and open sets

Let (X, d) be a metric space, and let P € X, § > 0. We define the open ball by B;(P,§) :=
{Q € X :d(P, Q) < &}. This is often written as B(P, ) or Bg(P) simply.

Examples.

1. In(R,d,), we get open intervals of the form (P — &, P + ).

2. In (R?,d,), we get open discs of radius §; With (R?, d,) we get squares; With
(R2,d;), we get tilted squares. (See Figures 1 (i), (ii) and (iii) below.)

3. In(C]0,1],ds), see the example in Figure 1 (iv) below.
In (X, d4isc) where X is any set, B (P, %) ={P}forall P € X.
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5 5 5
() (i) (i)

(iv)

Figure 1: B(P,§) in (i) (R?,d,), (ii) (R?, dy) and (iii) (R2,d;). In
(iv), g € B(f,8), where f, g € CJ0, 1] and we use the metric do.

Definition 1.6. A subset U C X of a metric space (X, d) is an open subset
if VP € U, 3 open ball B(P,5) C U for some § > 0.

Note that an open subset is just a union of (usually infinitely many) open balls. Here is an
example of an open subset U of the space (R?, d):

From Definition 1.6, we also define that a subset /' C X is closed if X \ F is open.

Example. The closed ball B(P,§) := {Q € X : d(P, Q) < §} is a closed subset of X.
Indeed, we show its complement is open.

If O ¢ B(P,$), then d(P, Q) > 8. We take some 0 < §' < d(P, Q) — §. Suppose
R € B(Q,d). Then using the triangle inequality, d(P,R) > d(P, Q) — d(R, Q) >
d(P,Q)—46 >6.So B(Q,8) < X\ B(P,$), as required.
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Lemma 1.7. Let (X, d) be a metric space. Then:

(i) X and @ are open subsets of (X, d);
(ii) If, Vi € I, U; are open subsets of (X, d), then so too is | J
(i) If Uy, U, € X are open, then so too is U; N Us.

Ui;

iel

Proof. (i) and (ii) are immediate.

For (iii): Let P € U; N U,, then 3 open balls B(P,§;) € U, and B(P,d,) € U,. Take
8 = min {6y, 8,}. Then B(P,5) C U; N Us,. |

Definition 1.8. Let P be a point in (X, d). An open neighbourhood (nbhd)
of P is an open subset N > P, for example, the open balls centred at P.

Example. Open neighbourhoods around P € R? with the British rail metric p:

If P# 0,and 0 <6 < d(P, O), we have B,(P,8) = {P}.If P = O, then B,(P,J)
are the open Euclidean discs of radius §. So U C (R?, p) open means either O ¢ U, then
U can be arbitrary, or O € U, then for some § > 0 the Euclidean disc Bg,,(0,6) C U.

1.3 Limits and continuity

Suppose x1, X2, ... is a sequence of points in the metric space (X, d). We define x, — x € X,
and say x, converges to limit x, to mean d(x,,x) — 0 as n — co. Equivalently, we have
Ve > 0, 3N such that x, € B(x,€) Vn > N. See an example about convergence in (Q, d,) on
page 5.

Example. Consider f, € X := C][0, 1] in the proof of Proposition 1.5 on page 5. f, — 0
in (X, dy), but not so in (X, d5) or (X, do).

Proposition. x, — x in (X, d) < V open neighbourhoods U > x, 3N such
that x, € U foralln > N.

Proof. («<): Take U = B(x, €) for any given € > 0.

(=): Given an open set U > x, 3¢ > 0 such that B(x,e) € U. So 3N such that x,, €
B(x,e)CUVn>N. |

This means that the convergence of x,, may be rephrased solely in terms of open subsets in

(X, d).

Caveat. Consider X := C|[0, 1], and the space (X, d;). Let g, € X be as follows:
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&n

Then g,(0) = 1 Vn, but g, — 0 as n — oo. Is this not counter-intuitive?

Definition 1.9. (e-0 definition of continuity). A function f : (X,p;) —
(Y, p2) is

(i) continuous at x € X if Ve > 0,36 > 0 such that p;(x’,x) < § =

p2(f(x), f(x)) <€

(i) uniformly continuous on X if Ve > 0, 3§ > 0 such that p;(x1, x3)
< 8= p2(f(x1), f(x2)) <€,

Note that item (i) of the above definition may be rephrased as: f : (X, p1) — (¥, p2) is
continuous at x € X iff Ve > 0, 36 > 0 such that f(B(x,§)) € B(f(x),€), or equivalently,

B(x,8) € fTH(B(f(x).€)) ={x" € X : f(x') € B(f(x).€)}.

Lemma 1.10. If f : (X, p;) — (Y, p2) is continuous and x, — x in (X, py),
then f(x,) — f(x)in (Y, p2).

Proof. Ye > 0,36 > 0 such that p;(x’, x) < 8§ = p2(f(X), f(x)) <e. Asx, — x, AN such
thatn > N = p1(x,,x) <68.Son > N = pa(f(x,), f(x)) < €. Therefore f(x,) = f(x). |

Example. Consider the identity map id : (C[0, 1], ds) — (C|0, 1], dy). Since doo( f, g)
< € © SUPyepo.1) |/ (X) —g(x)| <€ = di(f, g) < e, we see thatid is continuous.

We can use the functions f, € C][0, 1] in the proof of Proposition 1.5 on page 5 to
show that the identity in the other direction, id : (C|0, 1],d;) — (C][0, 1], ds), is not
continuous, again by noting that d; ( f,;, 0) — 0 but deo( f5,0) — 00 as n — oo.

We wish to express the continuity of a map purely in terms of open sets.

Proposition 1.11. A map f : (X, p;) — (Y, p2) is continuous <

(i) V opensubsets U C Y, f~1(U) are open in X ; or equivalently
(i) V closed subsets F € Y, f~!(F) are closed in X.

Proof. (i) (<): For givene > 0 and x € X, take U = B(f(x),€). Then f~1(U) is open =
38 > 0 such that B(x,8) € f~1(U). This means p; (x’, x) < § = p2(f(x'), f(x)) < €.

(=): For an open subset U € Y and any x € f~1(U), we can choose an open ball
B(f(x),€) C U. Since f is continuous at x, 3§ > 0 such that B(x,8) € f~1(B(f(x),¢)) C
f~Y(U). This is true for all such x, therefore f~1(U) is openin X.



1.4 COMPLETENESS

(i) (=): FisclosedinY < Y \ F isopenin Y. By (i), this implies /(Y \ F), which is
equalto X \ f~!(F),isopenin X < f~!(F)isclosedin X.

(<): Suppose U isopenin Y. Then Y \ U is closed in Y so by the hypothesis, f~1(Y \U) =
X\ f7Y(U)isclosedin X & f~1(U)is openin X. By (i), f is continuous. I
1.4 Completeness

A metric space (X, d) is called complete if, for all sequences of the form x1, x5,... in X
satisfying “Ve > 0, AN such that d(x,,, x,) < € Vm,n > N”, we have x,, — x for some x € X.

(R, dy) is complete. This is known as Cauchy’s principle of convergence. However, (Q, d;)
and ((0, 1) € R, dgyq) are both not complete.

Example. Let X := C|[0, 1]. We show that (X, d;) is not complete.

Forn > 1, take f,, € X as follows:

In

T

(

Then di(fm, fn) < ﬁ for m,n > N, so f, form a Cauchy sequence. Suppose
fo— f€Xasn — oo, ie. [01 | f» — f| — 0. By the triangle inequality, fol | frn —
1/ 1 1/ 1 ..
FU= [Ef = 1= e =10+ SL0F = 1ah = J1f =11+ fi, 1], giving
) 1
S =1= [,/ =0.

Assuming f is continuous, this means

NTE
S

1 if x <1
X) = 2’
TO=00 i x> L.

which is discontinuous at x = % Contradiction.

§2 TOPOLOGICAL SPACES

2.1 Introduction
Consider the open subsets of a metric space with properties as described in Lemma 1.7 on

page 7. These properties may be abstracted out for a definition of a topological space:

Definition 2.1. A topological space (X, 7) consists of a set X and a set (the
“topology”’) t of subsets of X (hence t C 22 (X), the power set of X), where
by definition we call the elements of t the “open” subsets, satisfying:

9
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(i) X.0er:
(i) IfU;ecViel,thenl;c; Ui €t;
() IfU;,U, € t,then Uy N U, € 7.

By induction, we also get the closure property (iii) for finite intersections.
A subset Y C X in a topological space (X, 7) is called closed if X \ Y is open. Therefore we

can describe a topology on a set X by specifying the closed sets in X which satisfy

(i) X, @ are closed;
(i) If F; are closed Vi € I, then so toois ()¢,
(i) If F;, F, are closed, then so too is F; U F5.

Fi;

This description of a topology is sometimes more natural: Consider the non-metric topologies in
examples (i1) and (iii) below.

Lemma 1.7 on page 7 implies that every metric space (X, d) gives rise to a topology. This is
called the metric topology.

Two metrics p1, p, on X are said to be topologically equivalent if their associated topologies
are the same.

Exercise. Show that p;, p, are Lipschitz equivalent = pq, p, are topologically equivalent.

Example. The discrete metric on a set X gives rise to the discrete topology in which
every subset in X is open, i.e. T = P (X).

Examples of non-metric topologies

(i) Let X be a set with at least two elements, and t := {X, @}, the indiscrete topology.

(i) Let X be any infinite set, and 7 := {#} U{Y C X : X \ Y is finite}, the co-finite
topology. If X = R or C then this is known as the Zariski topology, where open
sets are “complements of zeros of polynomials”. The Zariski topologies on R” or C"
are very important in algebraic geometry.

(iii) Let X be any uncountable sete.g. Ror C,and v := {#} U{Y C X : X \ Y is
countable}, the co-countable topology.

(iv) For the set X = {a, b}, there are exactly 4 distinct topologies: 7 := {@, {a},{b},{a,
b}} i.e. the discrete / metric topology, T := {@, {a, b}} i.e. the indiscrete topology,

7= {@,{a},{a,b}}, ort = {@, {b}, {a,b}}.

Example. The half-open interval topology t on R consists of arbitrary unions of half-
open intervals [a, b) where a < b,a,b € R. Clearly R, ¥ € t and t is closed under unions.
Suppose Uy, U, € t. We show that VP € UyNU,, 3 [a,b) suchthat P € [a,b) C U;NU,
and hence Uy N U, € 1.

Since P € Uy and P € U,, we have P € [a;,b1) C Uy and P € [ay,by) C U,
for some a; < by, ay < by. Leta = max{a;,a,} and b = min{by,b,}. Then
P € [a,b) C Uy N U,, as required.

10
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More definitions

Definition 2.2. Let (X, 77) and (Y, 72) be topological spaces. Let P € (X, 77).

(i) An open neighbourhood (nbhd) of P is an open set U C X with
P € U. (cf. Definition 1.8 on page 7.)

(i) A sequence of points x, converges to limit x if, for any open neigh-
bourhood U > x, AN such that x,, € U Vn > N. (cf. Section 1.3 on
page 7.)

(iii)) Amap f : (X,71) — (Y, 1) is continuous if, for any open set
UCY, f~'(U)isopenin X. (cf. Proposition 1.11(i) on page 8.)

The proof of Proposition 1.11(ii) on page 8 shows that f is continuous < V closed set F C Y,
f7Y(F)is closed in X.

Example. The identity map id : (R, tg,q) — (R, co-finite topology) is continuous,
because closed sets in the co-finite topology, namely, the finite sets and R, are closed in
the Euclidean topology.

The identity map id : (R, tg,) — (R, co-countable topology) is not continuous,
because Q C R is closed in the co-countable topology, but not so in the Euclidean
topology.

Definition 2.3. A map f : (X, ;) — (Y, 12) is a homeomorphism if:
(i) f is bijective;
(ii) Both f and f~! are continuous.

In this case, the open subsets of X correspond precisely to the open subsets of ¥ under the
bijection f. This can be used to define an equivalence relation between topological spaces.

A property on topological spaces is called a topological property if (X, ;) has the property,
and (X, ;) is homeomorphic to (Y, tp) implies that (Y, 7;) has the same property.

Example. Consider the topological spaces (R, tg,q) and ((—1, 1), ‘L'Eucl). Let f: R —
(—1,1), defined by f(x) = x/(1 4+ |x|). f is bijective with inverse g : (—1,1) > R
given by g(y) = y/(1 — |y|). Both f and g are continuous, and so f and g are
homeomorphisms.

Note that (R, dg,) is complete, whilst ((—1, 1), dEucl) is not. Therefore this example
shows that ‘completeness’ is a property of the metric on a metric space, and not just a
topological property.

However, it also shows that using the homeomorphism, we can construct a complete
metric on (—1, 1) coming from dg,; on R which is topologically equivalent to dg, on

(—1,1).
Definition 2.4. A topological space (X, 7) is called Hausdorffif VP, Q € X

with P # Q, J disjoint open sets U > P and V > @, i.e. we can separate
points by open sets. This is a topological property.

11
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' V
Example. R with the indiscrete, co-finite or co-countable topology is not Hausdorff,
because any two non-empty open sets intersect non-trivially (see the Examples (i), (ii)

and (ii1) on page 10). But any metric space is clearly Hausdorff. So these topologies are
non-metric.

Example. The half-open interval topology on R is Hausdorff. If a, b € R with a < b,
then take [a, b) > a, [b,b + 1) > b will do. Example Sheet 2, Question 18 shows that this
topology is non-metric.

Definition 2.5. In a topological space X, for any A C X, we say that xo € X
is an accumulation point or limit point of A if any open neighbourhood U of
Xo satisfies U N A # @.

Lemma 2.6. A C X is closed < A contains all of its accumulation points, i.e.
if xo € X is an accumulation point of A then xo € A.

Proof. (=): Suppose A is closed and xo € X \ A. Then take U := X \ A, an open
neighbourhood of xo. Now U N A = @, so x, is not an accumulation point.

(<): Suppose A is not closed, then X \ A4 is not open. Ixp € X \ A such that no open
neighbourhood U of x, is contained in X \ A4, i.e. any open neighbourhood U of x, satisfies
U N A #0. So xg is an accumulation point of A but not in A. |

Remark. Suppose we have a convergent sequence x, — x € X with x,, € A Vn. Then for
any open neighbourhood U of x, N such that x, € U Vn > N. So x is an accumulation
point of A. Therefore if A is closed, we must have x € A.

A topological space (X, 7) has a countable base of open neighbourhoods (or is first countable)
if, VP € X, 3 open neighbourhoods N; 2 N, O N3 O --- of P with the property that, V open
neighbourhood U of P, dm such that N; C U Vi > m.

Example. Any metric space is first countable: Given P € X, take the open balls B (P, ’%)
forn € N.

Lemma 2.7. If (X, 7) is first countable, and A € X has the property that “V
convergent sequences x, — x € X with x,, € A Vn, the limit x is in A”, then
A is closed.

Proof. By Lemma 2.6, it suffices to prove that any accumulation point x of A is the limit of
some sequence x, with x, € A Vn. Let Ny © N, D N3 D --- be a base of open neighbourhoods
for x. Then Vi, since x is an accumulation point, 3x; € A N N;, giving the sequence (x;). V
open neighbourhood U of x, by first countability 3m such that N; € U Vi > m. Sox; € U
Vi >m,ie. x, = X. |

Remark. Example Sheet 1, Question 19 (revised version on the DPMMS website) shows
that we do need the first countability condition here.

12
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2.2 INTERIORS AND CLOSURES

2.2 Interiors and closures

Given any A C X, we define the interior Int (A) or A® of A to be the union of all open subsets
contained in A. Int (A) is the largest open subset contained in A: If U is open and U C A, then
U CInt(A).

Define the closure Cl(A) or A of A to be the intersection of all closed sets containing A.
CI (A) is the smallest closed set containing A: If F is closed and A C F, then Cl1(A) C F.

Example. Consider R with the Euclidean topology. Int(Q)) = @ (because any non-
empty open subset contains irrationals) and Cl1 () = R. Also, Int ([0, 1]) = (0, 1) and
CI((0,1)) =[0,1].

For any set, we have Int (4) € A € Cl(A). The boundary or frontier of A is defined to be
04 := CI1(A) \ Int (A4).

Aset A C X is called dense if C1 (4) = X.

If A C B are subsets of X, then Int(4) C Int(B) and C1(A4) € CI(B).

Proposition 2.8. Let A € X. Then:

(i) Int(CI(Int(CI(A)))) = Int (CI (A));
(ii) Cl(Int(Cl(Int(A4)))) = CI (Int (4)).

Proof. (i): Since Int (C1(A)) is open and Int (C1(A4)) € Cl(Int(CI(A))), taking interiors of
both sides we have Int (C1 (A)) C Int (Cl (Int (C1(A)))). Since Cl (A) is closed and Int (C1 (A4)) C
Cl (A), taking closures then interiors of both sides we have Int (C1 (Int (C1(A4)))) < Int (CI (A)).

(11): Similar argument. See Example Sheet 1, Question 11. |

This shows that if we start from an arbitrary set A € X and take successive interiors and clo-
sures, we may obtain at most 7 distinct sets, namely, A, Int (4), C1(A4), Cl (Int (A)), Int (C1 (A4)),
Int (C1 (Int (A))) and C1 (Int (C1(A))). There is such an A where all 7 of these are distinct: See
Example Sheet 1, Question 11.

2.3 Base of open subsets for a topology

Given a topological space (X, t), we say that a collection 98 := {U, };e; of “basic” open sets
form a base or basis for the topology if any open set is the union of elements of 8.

Question: When does an arbitrary collection 98 := {U; };y of subsets of a set X form the base
for some topology on X ? Answer: If, Vi, j, U; N U; is the union of some Uy’s in %B. If so, we
can define a topology by specifying that an open set is just a union of some U;’s in % (and also
include X, if necessary).

A topological space (X, 7) is called second countable if it has a countable base of open sets.
(X, 7) is second countable = (X, 7) is first countable, because VP € X and open neighbourhood
U of P, U is the union of some basic open sets and so 3U; € U with P € U; Vi € N.
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2.4 SUBSPACES, QUOTIENTS AND PRODUCTS

2.4 Subspaces, quotients and products

Let (X, r) be a topological space, and ¥ < X. The subspace topology on Y is 7|y =
{UNY : U € t}. Consider the inclusion map i : ¥ < X. It is continuous (because
i~ (U) = U NY), and the subspace topology is the smallest topology on which i is continuous.

Proposition 2.9.

(i) Let% be a base for the topology t. Then % |y :={UNY : U € B}
is a base for the subspace topology;

(i) Let (X, p) be a metric space and p; be the restriction of the metric
to Y. Then the subspace topology on Y induced from the p-metric
topology on X is the same as the p;-metric topology on Y.

Proof. (i): Anyopenset U € X isU =, Uy where Uy € B,s0U NY =, (U NY).

(ii): A base for the metric topology on X is given by open balls B,(x, ) for a fixed x € X.
Vy € By(x,8) NY, 38" > 0such that B,(y,8") € B,(x,6), then B, (y,8') = B,(y,§)NY C
B,(x,8) NY. Therefore B,(x,§) N Y, a base for the subspace topology, is the union of open
p1-balls. |

Example. (0, 1] C R with the Euclidean topology has a base for the subspace topology
consisting of open intervals (a, b) and half-open intervals (a, 1], where 0 <a < b < 1.

Let (X, ) be a topological space and ~ be an equivalence relation on X. Denote the quotient
set by Y := X/~ and the quotient map by ¢ : X — Y where x — [x]. The quotient topology
on Y is then given by {U C Y : g~ (U) € 1}, i.e. the subsets U of the quotient set Y, for which
the union of the equivalence classes in X corresponding to points of U is an open subset of X .

Remark. q is continuous, and the quotient topology is the largest topology on Y for
which this is so. If /' : X — Z is any continuous map between topological spaces
such that x ~ y = f(x) = f(»), then there is a unique factorisation and f, defined
by F([x]) = f(x), is continuous. (¢~'(f (U)) = f~Y(U) is open in X = f is
continuous.)

q
X X/ ~
k

f\ 307

Z

Examples.

(i) Define~onRbyx ~ yifftx—y € Z. Themap¢ : R/~ - T:={z € C:|z] = 1},
where [x] = e27*, is well-defined and a homeomorphism. (See Example Sheet 1,
Question 15).

(ii) Define the 2-D torus T to be R?/~ where (x1, y1) ~ (X2, y2) iff x; — x, € Z and
Y1 — Y2 € Z. The topology in fact comes from a metric on 7" (See Example Sheet 1,
Question 18) and hence well-behaved.

14



2.4 SUBSPACES, QUOTIENTS AND PRODUCTS

In general, one can get rather nasty (non-Hausdorff, for instance) topologies from an arbitrary
equivalence relation.

If A € X we can define ~on X by x ~ yiff x = y or x,y € A. The quotient space is
sometimes written as X /A, in which A is scrunched down to a point. Usually closed A is taken.

Example. Let D to be the closed unit disc in C, with boundary C, the unit circle. Then
D/C is homeomorphic to S2, the 2-sphere. (See Example Sheet 2, Question 13.)

Proposition 2.10. Suppose (X, 7) is Hausdorff and A € X is closed, and
Vxe X\ A,Jopensets U,V withUNV =0,ACU,x €V,then X/Ais
Hausdorff.

Proof. Given any two points X # y in X /A, either one of the following holds:

(i) Neither X or y correspond to A: then 3!x,y € X corresponding to X,y. Now
JU, 2 Aand Vy > xsuchthat Uy NV, = @. U, O A and V, > y such
that Uy, N V), = @. Since X is Hausdorff, wlog we assume V, NV, = 0. The
corresponding open sets g(Vy), g (V) in X /A separate X and y.

(il) X = q(x) where x € X \ 4 and y corresponds to A. Then 3 open sets U 2 A and
V > x such that U NV = @. The corresponding open sets g(U),q(V) € X/A
separate X and y. |

Given topological spaces (X, 7) and (Y, o), we define the product topology t x 6 on X x Y
by W € X x Y isopeniff V(x,y) € W,3opensets U C X and VV C Y such that x € U,
yeVandU x V C W. A base of open sets for (X x Y, t x o) consists of sets U x V, where
U isopenin X and V is open in Y. Note that (U x V1) N (U, x V,) = (U NUp) x (V1 N 13),
so this does define a base for the topology.

Similarly if (X;, 7;)7_, are topological spaces, the product topology on X; x --- x X, has a

base of open sets of the form U; x --- x U,, where U; is open in X;.

Example. Consider R with the Euclidean topology. The product topology for R x R = R?
is just the metric topology, where open rectangles /; x I, with /; and I, being open
intervals in R, form its base and also a base for the Euclidean topology on R2.

Y
w

V

~
4
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CONNECTEDNESS

Lemma 2.11. Given topological spaces (X1, 71) and (X», 1), the projection
maps 7; : (X7 X X2, 11 X 1) — (X;, 1;) are continuous. Given a topological
space (Y, t) and continuous maps f; : ¥ — X;, there is a unique factorisation,
and f (in the diagram) is continuous.

fi X

Proof. For the first part, use 77 '(U) = U x X, and ;' (V) = X; x V. For the second part,
we have f(v) = (f1(»), f2()). ¥ basicopenset U x V C X; x X,, where U is open in X; and
Visopenin X,, f~1(U x V) = f7Y(U) N f,1(V) is open in Y. Since any any open set W in
X, x X, is the union of basic open sets, f~!(W) is the union of their inverses, and so f~1(W)
is open in Y. Therefore f is continuous. |

§3 CONNECTEDNESS

3.1 Various results

Definition 3.1. A topological space X is disconnected if 3 non-empty open
subsets U,V suchthat U NV =@ and U UV = X. We say U, V disconnect
X . Otherwise X is connected.

From this definition, we have X is connected iff V open sets U,V where U NV = @ and
UUYV = X,eitherU = @ (whence V = X)or V = @ (whence U = X). Connectedness is a
topological property.

IfY C X, then Y is disconnected in the subspace topology iff 3 open sets U, V' C X such that
UNY #0,VNY #0,UNVNY =0@andY C U U V. We say that U, VV disconnect Y.

Proposition 3.2. Let X be a topological space. Then the following are equiva-
lent:

(i) X is connected;
(i) The only subsets of X which are both open and closed are @, X;
(iii) Every continuous function f : X — Z is constant.

Proof. (i) < (ii): Trivial. For U € X, consider U U (X \ U) = X.

Not (iii) = Not (i): Suppose 3 non-constant f : X — Z which is continuous, then Im,n €
f(X)withm < n. f7'¢k : k < m})and f~'({k : k > m}) are non-empty, open sets
disconnecting X .

16



3.1 VARIOUS RESULTS

Not (i) = Not (iii): 3 non-empty disjoint open sets U, V suchthat UUV = X. Let f : X — Z
where f(x) =0ifx € U, f(x) = 1if x € V. This is continuous but non-constant. (It is locally
constant, however.) |

Proposition 3.3. Continuous images of a connected space are connected.

Proof. If f : X — Y is a continuous surjective map between topological spaces, and if U, V
disconnect Y, then f~1(U), f~1(V) disconnect X. So X is connected = Y is connected. |

Connectedness in R

A subset I C R is called an interval if given x,z € [ where x < z, we have y € [ Vy
satisfying x < y < z. There are the casesinf/ =a e Randa € I,ora ¢ I,orinf] = —o0.
Similarly we have the casessup/ =b € Randb € I,orb ¢ I, or sup I = oco. So any interval
I takes the form [a, b], [a, b), (a, b], (a, b), [a, 0), (a, >0), (—0o0, b], (—00, b) or (—o0, ).

Theorem 3.4. A subset of R is connected <> it is an interval.
Proof. (=): If X C Ris not an interval, 3x, y,z where x < y < z,and x,z € X but y ¢ X.
Then (—o0, y) and (y, oo) disconnect X.

(¢<=): Let I be an interval and U, V' be open subsets of R disconnecting /. Ju € U N [ and
v € V NI where, wlog, u < v. Since / is an interval, [u,v] C I. Lets = sup ([u,v] N U).

If s € U, thens # v sos < v and, since U is open, 3§ > 0 such that (s — §,s + ) C U. So
ds’ € [u,v] N U with s > s. This contradicts s being an upper bound.

If s € V, then 3§ > 0 such that (s — 8,5 4+ 6) C V. In particular, (s — 5,5 +6) N U = 0, so
[u,v]NU C [u,s — §]. This contradicts s being the least upper bound. |

Corollary 3.5. (Intermediate value theorem). leta <band f :[a,b] > R
be continuous. If y € [f(a), f(b)] (or [f(D), f(a)]) then Ix € [a, b] such that
J(x)=y.

Proof. Suppose not, then f~!((—co, y)) and f~*((y, 00)) disconnect [a, b]. I

Connected subsets and subspaces

Proposition 3.6. Given connected subspaces {Y, }oc4 Of a topological space
X, where Y, NYg # @ Vo, B € A, theunion Y = | J,, Yy is connected.

Proof. Using Proposition 3.2(iii), it suffices to prove that any continuous function f : Y — Z
is constant. Using the same proposition, fo := f'|y, is constant, equal to ng, say, on ¥, Ya € A.
Since VB # «,3z € Y, N Yp, we have ny = f(z) = ng. Therefore f is constanton Y. |

A connected component of a topological space X is a maximal connected subset Y C X, i.e.
if Z C Xisconnectedand Z D Y thenZ =Y.

Each point x € X is contained in a unique connected component of X, namely, ( J{Z € X : Z
is connected and x € Z}. The fact that this is connected is a result of Proposition 3.6.
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3.1 VARIOUS RESULTS

Example. Let X := {0} U {X:n =1,2,...} C R, with the subspace topology. The
connected component containing % is {%} both open and closed in X. The connected
component containing 0 is {0} which is closed but not open in X.

Proposition 3.7. If Y is a connected subset of a topological space X, then the
closure Y is connected.

Proof. Suppose f : Y — Z is continuous. Proposition 3.2(iii) on page 16 = f|y is constant,
equal to m, say. Given x € Y, letn := f(x), then £ ~1(n) is an open neighbourhood of x in Y, i.e.
of the form U N'Y where U is open in X. Since U NY # @, (considering Y = X \ Int (X \ Y))
it contains a point z € Y at which f(z) = m, son = m, i.e. f is constanton Y. |

This shows that connected components of a topological space must be closed (because they are
maximal connected subsets), but are not necessarily open, as the above example shows.

We call a topological space X totally disconnected if its connected components are just the
single points, or equivalently, its only connected subsets are single points. Any discrete topological
space is totally disconnected, as is the above example.

Lemma. If X is a topological space, and Vx, y € X where x # y, X may
be disconnected by U,V € X where x € U and y € V, then X is totally
disconnected.

Proof. For any Y C X with points x, y where x # y, take U,V as given. Then U,V
disconnect Y . |

The set of irrationals R \ Q is totally disconnected: Use the above lemma and the fact that
between any two distinct irrationals there is a rational.

Cantor set

Consider starting with I, := [0, 1] and removing (% %) to get [ := [0, %] U [%, 1]. Now
remove the middle third from both [0, 1] and [, 1] to get /5, and so on. The Cantor set is
C :=),50 In-

0 5 5§ 3 5 5 3 5 5 |
1o — ]
I — 1 : ]
I, ———+— ——t—

We can understand this in terms of ternary (i.e. base 3) expansions. /; consists of numbers
with ternary expansion 0.ayazas ... where a; = 0 or 2. (Wlog we impose % =0.022...) 1,
consists of numbers where a; = 0 or 2, and a, = 0 or 2, and so on for /5 etc. So C consists of
numbers with a ternary expansion where each a; = 0 or 2.

Suppose now we are given two distinct points x, y in C. For some 7, the ternary expansions
will differ first in the n-th place. C C I,,, and [, consists of 2" disjoint closed intervals, one of
which contains x and another contains y.

18



3.2 PATH-CONNECTEDNESS

So we can disconnect I, by open U,V C [0,1] where x € U NI, and y € V N I,,. This
implies U, V disconnect C where x € U N C and y € U N C. By the previous lemma, C is
totally disconnected. Also, both C and its complement are uncountable: Consider the ternary
expansions.

3.2 Path-connectedness

Let X be a topological space and x, y € X. A continuous path from x to y is a continuous
function ¢ : [a,b] — X such that ¢(a) = x, $(b) = y. (Youmay takea = 0, b = 1 if you
prefer.) We say X is path-connected if Vx, y € X, 3 a path from x to y. This is a topological
property.

Proposition 3.3*. Continuous images of a path-connected space are path-
connected. (cf. Proposition 3.3 on page 17.)

Proof. Suppose f : X — Y is a continuous surjection. Given y;, y, € Y, pick x; € f~1(y;)
fori = 1,2,and apath y : [a,b] — X from x; to x,. Then f oy : [a,b] — Y is a path from y,
to ys. |

Proposition 3.8. Path-connected = Connected.

Proof. Let X be a path-connected topological space, and suppose U, V' C X disconnect X .
Choose some u € U, v € V. Then 3 a continuous function ¢ : [a,b] — X with ¢(a) = u and
¢(b) = v. Now ¢ 1(U), ¢~ (V) C [a, b] disconnect [a, b], contradiction. |

But connected - path-connected:

Example. InR?,let I := {(x,0) : 0 < x < 1}and J := {(0,y) : 0 < y < 1}. For
n=12,...,letL, = (%y) 0Ky < 1}. Set X =1TUJ U (UDIL,,),Withthe
subspace topology.

1
0 — .

X is not path-connected: For any continuous path y(t) = ()/1 (), > (t)) from (1, 0) to
(0, 1), 3s such that y;(s) = 0 and y,(¢) > 0 V¢ < s, so we must also have y,(s) = 0.
This means y passes through (0,0) ¢ X.

=
W =
N=

1

X is connected: Suppose f : X — Z is a continuous function. f is constant on J
andonY := I U (U, La). However, the points (1, 1) € Y have limit (0, ) € J as
n — 00, hence continuity of f = the two constants agree, i.e. f is constanton X.
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3.3 PRODUCTS OF CONNECTED SPACES

Given a topological space X, we can define an equivalence relation ~ on X by x ~ y iff3a
path from x to y in X. Reflexivity of ~ is trivial. Symmetry of ~: If ¢ : [a,b] — X is a path
from x to y, then ¥ (¢) = ¢(—t) gives a path ¥ : [-b, —a] — X from y to x. Transitivity of
~:If ¢ :[a,b] > X and ¥ : [c,d] — X are paths from x to y and y to z respectively, then
x:la,b+d—c] — X where

_fo0 if ¢ € [a,b),

x(0): Wt +c—b) ifrelbb+d—cl

is a path from x to z. The equivalence classes under ~ are called the path-connected components
of X.

Theorem 3.9. Let X be an open subset of the Euclidean space R”, then X is
connected < X is path-connected.

Proof. (<): Proved as Proposition 3.8. (=): Let x € X and U be the equivalence class of x
under ~ defined as above.

U isopenin X: Let y € U, whence x ~ y. Since X is open, 3§ > 0 such that B(y,d) C X.
Then Vz € B(y,§), we have y ~ z (take the straight line segment), so transitivity of ~ = x ~ z,
ie. B(y,§) c U.

Similarly, X \ U is open in X. Now X is connected and U # @, sowe have X \ U = 0 &
U=X&x~yVyelX. |

3.3 Products of connected spaces

Let X, Y be topological spaces. Consider X x Y with the product topology.

Proposition 3.10. If X, Y are path-connected, then so toois X x Y.

Proof. Let (x1, y2) and (x3,y2) bein X x Y. I paths y; : [0,1] > X and y, : [0,1] = ¥
from x; to x, and y; to y», respectively. Define y : [0, 1] = X x Y by p() := (y1(2), y2(1)).
Any base for the topology on X x Y consists of open sets U x V' where U is open in X and V' is
openin Y. Now y ' (U x V) = y; 1 (U) N y;1(V) is open. So y is continuous and gives a path
from (x1, 1) 10 (x2, y2). I

Proposition 3.11. If X, Y are connected, then so toois X x Y.

First we make some general comments about the product topology X x Y. Vy € Y, X x {y}
with the subspace topology is homeomorphic to X via the projection map 7; : X x {y} — X.
Similarly, Vx € X, {x} x Y is homeomorphic to Y. So X, Y are connected = X x {y} and
{x} x Y are connected.

Proofof3.11. Let f : X x Y — Z be continuous. By connectedness, f is constant on each
of {x} x Y and X x {y}. Take two points (x1, y;) and (x5, y») in X x Y, then f(x1,y;) =
f(x1,y2) = f(x2,y2) (See the following diagram), hence f constanton X x Y, and X x Y is
connected. |
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COMPACTNESS

.({Cz, y2)

-

Y1it------ $----
(x1, 1), :

X1 X2 X

0

A similar argument proves Proposition 3.10: 3 paths from (xy, y,) to (x1, y») and from (xy, y5)
to (x2,y2)in X X Y.

§4 COMPACTNESS

4.1 Various results

Definition 4.1. Let X be a topological space and Y € X. An open cover of
Y is a collection {U, : y € I'} of open subsets such that Y € | J, U, .

Such an open cover of Y provides a base of open sets {U, N'Y : y € I'} for Y with the
subspace topology, and conversely. A subcover of an open cover U = {U, : y € '} of Y isa
subcollection ¥ C 9 which is still an open cover of Y.

Example. The intervals I, = (—n,n) where n = 1,2, ... form an open cover of R, and
I, is a proper sub-cover. The intervals J, = (n — 1,n + 1) where n € Z form an open
cover of R with no proper subcover.

Definition 4.2. A topological space X is compact if every open cover has a
finite subcover.

By the above example, R is not compact. Any finite topological space is compact, as is any set
with the indiscrete or co-finite topology.
By the way we defined it, compactness is a topological property.

Lemma 4.3. Let X be a topological space. Then Y € X with the subspace
topology is compact < every open cover {U, } of Y has a finite subcover.

Proof. (=): Let {U, : y € I'} be an open cover of Y, then ¥ = {J,.{U, N Y}, and the
U, NY’sareopeninY. Since Y is compact, 3y;,...,y, € ['suchthat Y = U:’=1 u,nY =
{Uy, :i=1,...,n}covers Y.

(¢<): Suppose ¥ = UyeF V), where the V),’s are open in Y. Write V), = U, N'Y where the

U, ’s are open in X and form an open cover of Y. Sodyy,...,y, € I' suchthat Y C U?:l U,,,
hence Y = J7_, V},. I

The open interval (0, 1) € R is not compact: Consider the open cover consisting of intervals
(L,1—2)forn=34,....
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4.1 VARIOUS RESULTS

Theorem 4.4. (Heine-Borel). The closed interval [a, b] C R is compact.

Proof. Let [a,b] C Uyep U, , where the U, ’s are open in R. Let K := {x € [a, D] : [a, x] is
covered by finitely many U, ’s}. K # @ since a € K. K is bounded above by b. Let r := sup K,
thenr € [a, b], sor € U,, for some y;. Since U,, is open, 3§ > O such that [r — 4,7 + 8] € U,,.

Uy,
! (. 1 ! ),
. - } . )+
a r—46 r r+6 b

By definition of sup K, 3¢ € [r — &, r] such that [a, c] is covered by finitely many of the U, ’s.
Including U,,, we have [a, r + 8] N [a, b] is covered by finitely many of the U,,’s. This contradicts
r being an upper bound unless r = b, in which case the above argument says that [a, b] is covered
by finitely many of the U,,’s. So [a, b] is compact. |

Proposition 4.5. Continuous images of a compact set are compact.

Proof. Suppose f : X — Y is a continuous map between topological spaces, and K C X is
compact. Suppose f(K) C Uyep U,, where U, is openin Y. Then K C UyEF f~1(U,), and
since f is continuous, each f~!(U,) is open in X. Since K is compact, Iy1,...,y, € I" such
that K € i, /7' (Uy,). So f(K) € Ui, Uy, |

Proposition 4.6. Closed subsets of a compact topological space are compact.

Proof. Let X be a compact topological space, and K C X be closed. If K = @ then
this is trivial, so assume not. Suppose K C Uye r Uy, where the U,’s are open in X. Then

X=(X\K)U (UyeF U,,), where X \ K is also open. Since X is compact, Iy,,...,y, € I’
such that X = (X \ K) U (Ui~, Uy,). So K € Ui_, Uy,. [

Proposition 4.7. Compact subsets of a Hausdorff space are closed.

Proof. Suppose X is a Hausdorff space, and K C X is compact. If K = X then this is trivial,
so assume not. We show that X \ K is open.

Let x € X \ K. Since X is Hausdorft, Vy € K, 3 disjoint open sets U, > x and V}, 5 y.

Now {V, : y € K} is an open cover of K. Since K is compact, Iy;,...,y, € K such that
K < UJ/_, Vy,. Then U := (N;_, Uy, is an open neighbourhood of x with U N K = @, so
U C X \ K, as required. |

Corollary 4.8. A subset X C R is compact < X is closed and bounded.

Proof. (=): Since R is Hausdorff, Proposition 4.7 = X is closed. Suppose X is not bounded,
then the intervals (—n,n) where n = 1,2, ... form an open cover of X with no finite subcover.
Contradiction.

(«<): M > O such that X € [-M, M]. Since R \ X is open, we have (R \ X) N [-M, M]
isopen in [-M, M], i.e. X is closed in [-M, M]. By Heine-Borel (Theorem 4.4), [-M, M] is
compact. By Proposition 4.6, X is compact. |
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4.1 VARIOUS RESULTS

Together with Theorem 3.4 on page 17, this shows that the only connected compact subsets of
R are the closed intervals. See also the remark after Theorem 4.11 on page 24.

Example. Consider the Cantor set C = (1, /,, as defined on page 18. Each I, is the
disjoint union of 2" closed intervals, so I, is closed. So C is closed and bounded = C is
compact.

Corollary 4.9. Let f : X — Y be a continuous bijection from a compact
space X to a Hausdorff space Y. Then f is a homeomorphism.

Proof. Write g := f~1. Let F € X be closed. X is compact, so Proposition 4.6 = F is
compact. f is continuous, so Proposition 4.5 = g~ !(F) = f(F) is compact. Y is Hausdorff, so
Proposition 4.7 = g~ !(F) is closed in Y. So g is continuous. |

This result is particularly useful in identifying quotient spaces. E.g. If we define ~ on R by
x ~yiffx —y e Z,and T := {z € C : |z| = 1} (the unit circle with the subspace topology
coming from C), then it is clear that the map f : R — T, given by x > e2*** is continuous. It
induces a bijection f : R/~ — T, which, by definition of quotient topology, is also continuous.
(See the remark about quotient topologies on page 14.)

The restricted quotient map [0, 1] — R/~ is a continuous surjection. [0, 1] is compact, so
Proposition 4.5 = R/~ is compact. T is Hausdorff, so Corollary 4.9 = f is a homeomorphism.

Similarly, we can show that the 2-D torus R?/Z?, defined on page 14, is homeomorphic both
to the product space S x S! (where S! is the unit circle) and to the embedded torus X C R3
consisting of points ((2 + cos @) cos 6, (2 + cos ¢) sin 6, sin¢), where 6, ¢ € [0, 27).

(1) (1)
Figure 2: (i) The 2-D torus R?/Z?; (ii) The embedded torus X < R3.
In Analysis, you learnt that continuous real-valued functions on [a, b] € R are bounded and

attain their bounds. What is being used here is the compactness of [a, b]. This statement is still
true for continuous real-valued functions on the Cantor set, for instance.

Proposition 4.10. Continuous real-valued functions on a compact space X is
bounded and attain their bounds.

Proof. Let X be a compact space, and f : X — R be continuous. Proposition 4.5 = f(X)
is compact. Corollary 4.8 = f(X) is closed and bounded. Now f(X) is closed < f(X)
contains all its accumulation points. sup{ f(X)},inf{ f(X)} (exist because f(X) is bounded)
are accumulation points for f(X), so sup{ f(X)},inf{ f(X)} € f(X), hence the result. |
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4.1 VARIOUS RESULTS
Theorem 4.11. The product of two compact spaces is compact.

Proof. Let X, Y be compact spaces and X XY = Uye r Uy, where the U,,’s are openin X x Y.
Each U, is the union of open sets of the form V' x W, where V is open in X and W is open in
Y.So X xY = Jscs(Vs x Ws), where each Vj is open in X, each Wjs is open in Y, and each
Vs x Ws C U, for some y.

Letx € X. Then {x} X Y € Uscn.vey, Vs X Ws. In particular, Y = (s, ey, Ws- Since Y

is compact, 391, ...,8, € A, where x € Vj, for each i, such that Y = U;"=1 Ws..
Y :
I—E Vs x W
X X

Now let Vy := ('L, Vs, an open neighbourhood of x satisfying Vy x ¥ < [J/L, Vs, x
Ws,. Considering all x € X, we see the V,’s form an open cover of X. Since X is compact,
3xy,...,X, € X such that X = U7=1 Vi,- S0 X xY = U?=1 Vi, x Y.

Each V,, x Y has a finite cover by the Vs x W;’s, so the same is true for X x Y. Using
Vs x Ws € U,, we see that X x Y has a finite cover by the U, ’s, hence the result. |

Remark. Given topological spaces X, Y, Z, the product X x Y x Z is homeomorphic to
X x (Y x Z) (the open sets correspond). By induction, the above theorem implies the
product of finitely many compact spaces is compact.

As a consequence, and with the use of Corollary 4.8 on page 22, [-M, M]" is a compact
subset of R”. Now a set X € R” is bounded means 3M > 0 such that X C [-M, M]".
So the proof of the same corollary may be extended to show X C R” is compact & X is
closed and bounded.

Proposition 4.12. Let X be a compact metric space, Y be any metric space,
and f : X — Y be a continuous map. Then f is uniformly continuous, i.e.
Ve > 0,35 > Osuchthat Vx,y € X, dx(x,y) <8 = dy(f(x), f(¥)) <e.

Proof. Since f is continuous, Vx € X, 36, > Osuchthat dy (x, x") < 26, = dy (f(x), f(x"))

< 5. LetU, := {x" € X : dx(x,x") < 8,}. Considering all x € X, we see the U,’s form an

open cover of X. Since X is compact, 3x1,...,x, € X such that X = U?=1 Uy,.

Let § := min {d,,}. Suppose dx(y,z) < § for some y,z € X. Since the Uy, form an open
cover of X, 3i € {1,...,n} such that d(y,x;) < 8. Since dx(y,z) < § < 8y, we have
dx(z,x;) < 28y, by the triangle inequality. Therefore dy (f(y), f(z)) < dy(f(»). f(xi)) +
dy(f(x:), f2)) <5+ 5 =€ I
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4.2 SEQUENTIAL COMPACTNESS

4.2 Sequential compactness

Definition 4.13. A topological space X is sequentially compact if every
sequence in X has a convergent subsequence.

For a general topological space, compactness and sequential compactness do not imply each
other. However:

Proposition 4.14. Compact metric spaces are sequentially compact.

Proof. Let (X, d) be a metric space and (x,) be a sequence in X with no convergent subse-
quence. Then (x,) has infinitely many distinct members. Vx € X, 36 > 0 such that d(x, x,) < §
for finitely many n only. (If not, then 3x € X such that Vim € N, d(x, x,,) < % for infinitely
many 7, and so 3 a subsequence of (x,) tending to x.)

Welet Uy := {y € X : d(x,y) < §}. Each U, contains finitely many x,’s only, so
{Uy : x € X} is an open cover of X with no finite subcover. X is not compact. |

This result implies the Bolzano-Weierstrass theorem: Any closed bounded subset of R” is
sequentially compact.

Example. Let X C R” be sequentially compact. Then (1) X is bounded: Otherwise 3(x;,)
such that d(x, x,) > n, with no convergent subsequence; (2) X is closed: otherwise 3(x;)
such that x,, — x ¢ X.

xeX\X

In fact, we have the following more general result:
Theorem 4.15. Let (X, d) be a sequentially compact metric space. Then:

(i) Ve >0,3xy,...,x, € X suchthat X = J7_, B(x;, €);
(i) VYopen cover U of X, 3¢ > 0 such that Vx € X, B(x,¢€) C U for
some U € ;

(iii) (X, d) is compact.

Proof. (i): Suppose not. Then by induction we can construct a sequence (x,) in X such that
d(Xm, x,) = € Ym # n. Its subsequences are not Cauchy, hence divergent. Contradiction.

(ii): Suppose not. Then 3 an open cover % of X such that Vn, 3x, € X such that B (xn, }l) Z
U, VU € %. But (x,) has a subsequence (x,()) tending to x € X. So let x € U, for some
Uy € U. Since Uy is open, Im > 0 such that B (x, 2) C U.

Now 3N such that x,i) € B(x,-) ¥r > N. Additionally if n(r) > m, and y €
B (xn(r), %r)) then d(x,y) < d(x,Xnt)) + d(Xn@), y) < % So for such n(r), B (xn(r), %r))
CB (x, %) C Uy. Contradiction. (See the diagram.)
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4.2 SEQUENTIAL COMPACTNESS

1
B (xn(r)a m)

(iii): Let % be an open cover of X. Choose an € > 0 as provided by (ii). For this €, using
(1) dxy,...,x, € X such that X = U?:l B(x;,€). Foreachi, B(x;,e) C U; for some U; € U
because of (i1). So X = U?:l U;. X is compact. |
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