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1 Week 1: Metric spaces
1.1 Day 1: Thursday 23 April 2004

Recall the definition of a continuous function on the real line.

Definition 1.1 A function f : R — R is continuous at a € R if, for every e > 0, there
is a & > 0 such that for all x € R with |z — a|] < 4, we have |f(z) — f(a)| <e.

We can think of this definition as being based on the notion of the distance between
two real numbers, defined as d(z,y) = |z — y|. Informally, two real numbers are “close”
to each other if the distance between them is small. The definition of continuity is a
precise formulation of the idea that f of a point “close” to a is a point “close” to f(a).

Now there are other geometric situations (not only the real line) where there is a
natural notion of distance between two points. As a result, we will be able to talk about
continuity in these more general situations.

For example, Euclidean geometry is based on the notion of distance between two
points in the plane R? = {(z1,22) : 21 € R, 22 € R}. Namely, using the Pythagorean
theorem, one can check that the distance from a point z = (x1,z2) in the plane to
y = (y1,92) is:

d(z,y) = /(1 — 21)% + (y2 — 72)2.

More generally, we can talk about the distance between two points in space R3, or
more generally in n-dimensional space R™. (For a positive integer n, we define R™ to be
the product of n copies of the set R of real numbers; that is, a point in R is a sequence
(z1,...,x,) of real numbers.) Geometrically, the distance from one point to another in
R™ is the length of the line segment between the two points; algebraically, we can define
this distance as follows.

Definition 1.2 The distance between two points x = (x1,... ,2,) and y = (Y1,... ,Yn)
in R™ is defined to be:

n

d(z,y) = [Z(yi - Iz‘)2]1/2-

i=1

This definition involves the square root of a nonnegative real number: we mean the
nonnegative square root.

Using this notion of distance on R™, we can define what it means for a function
f:R™ — R to be continuous.

Definition 1.3 A function f : R™ — R is continuous at a € R" if, for every e > 0,
there is a § > 0 such that for all x € R™ with d(z,a) < 0, we have d(f(x), f(a)) < e.



Notice that d(f(z), f(a)) in this definition just means the distance between two real
numbers, that is, |f(x) — f(a)|.

We now make a vast generalization. Rather than only talking about the distance
between two points of R™, we try to imagine the distance between two points of any
set. For this idea to be of any use, the distance must satisfy several properties which we
now list.

Definition 1.4 (M. Fréchet, 1906) A metric space X (or (X,d)) is a set X together
with a function
d: X xX—=R

which satisfies the following properties.
(0) d(xz,y) >0 for all z,y € X,
(1) d(z,y) =0 if and only if x =y,
(2) d(z,y) = d(y,x) for all z,y € X,
(3) (The triangle inequality) d(z,z) < d(x,y) + d(y, z), for all x,y,z € X.

The most important point about metric spaces is that it makes sense to ask whether
a function from one metric space to another is continuous.

Definition 1.5 Let X and Y be metric spaces. A function f : X — Y is continuous
at a € X if, for every € > 0, there is a 6 > 0 such that for all x € X with d(z,a) < 9,
we have d(f(x), f(a)) < e. We say that f : X — Y is continuous if it is continuous at
every point of X.

Examples of metric spaces:

(1) Euclidean space R"™ (with the real line R as a special case). We defined the
distance between two points of R™ in Definition 1.2. To check that R™ is a metric
space, we have to check the properties (0) to (3). Here you can easily check properties
(0), (1), (2). Let us check property (3), the triangle inequality. This is geometrically
obvious, but since we gave an algebraic definition of distance on R", it seems proper to
give an algebraic proof of the triangle inequality.

Given 3 points z,y, z in R", we need to show that

n n n

[Z(Zi - xi)2]1/2 < [Z(yi - xz’)2]1/2 + [Z(Zi - yi)2]1/2'

i=1 =1 i=1

To simplify these formulas, define real numbers a; = y; — x; and b; = z; — z;, for
i=1,...,n. Then z; — x; = a; + b;, and so we need to show:

[Z(ai + bi)2]1/2 < [Z a?]1/2 + [Z b?]l/Q.

(Here and in what follows, all the sums run from ¢ = 1 to n.) Since both sides of this
inequality are nonnegative, it suffices to prove the inequality obtained by squaring both
sides. That is, we want to show:

D (ai+b)* <y i+ 20y af]VE B4 b

We can expand the left side of this inequality as

So the inequality we want follows if we can prove:

Z a;b; < [Z alz]l/z[z b2L/2.

This is called the Cauchy-Schwarz inequality.



To prove the Cauchy-Schwarz inequality, first note that it is clearly true ifay = --- =
an, =0,o0rif by =--- =b, = 0. So we can assume that at least one a; is nonzero and
at least one b; is nonzero. Therefore, [ a?]'/? and [ b2]'/? are positive real numbers
(not zero). Notice that if we multiply all the numbers a4, ... ,a, by the same positive
number ¢, then both sides of the inequality are multiplied by ¢. Choose ¢ in such a way
that (after multiplying) [>" a?]'/? is equal to 1; then we have shown that it suffices to
prove the Cauchy-Schwarz inequality in the special case where > a? = 1. Likewise, we
can scale the numbers b1, ... ,b, by any positive constant. The result is that it suffices
to prove the following special case of the Cauchy-Schwarz inequality: if Y a? = 1 and

> b2 =1, then
Z aibi S 1.
To prove that, we argue as follows. For any real numbers a and b, we have
(CL - b)2 Z 07

since the square of any real number is nonnegative. Expanding this expression out and
dividing by 2, we find that
2 b2
ab< L+~
-2 2
for all real numbers a and b. Applying this to the numbers a = a; and b = b;, for each

i=1,...n, we find that

ZaibiS%Zaf—k%Zb?

_1+1
)
=1

)

as we want. Thus we have proved the Cauchy-Schwarz inequality, and hence that R"™ is
a metric space.

1.2 Day 2: Saturday 25 April

(2) Discrete metric spaces. For any set X, we define a metric on X by: the distance

from a point to itself is 0, and the distance between any two distinct points is 1. You

can check that this is a metric space (that is, that properties (0) to (3) are satisfied).
(3) The 11, 12, and [°° metrics on R?. We define three different metrics on R? by:

di(z,y) = |y1 — z1] + |y2 — 22|
da(z,y) = [ly1 — 21]? + |y2 — z2[*]"/?
doo('ray) = maX(|y1 - SC1|, |y2 - x2|)
Here ds is the standard metric. You can check that d; and d., are metrics; it is rather

easier than the case of the standard metric dy (proved in (1), above). For example, let
us check the triangle inequality for do,. We have to show that for z,y, z in R?,

max(|z; — x1], |22 — z2|) < max(|yr — z1], [y2 — 22]) + max(|z1 — y1l, |22 — ya2|)-

To prove this, it suffices to show that both |z; — x1| and |23 — 22| are < the right side
of the inequality; the proof will be the same in both cases, so let us consider |21 — 1]
We have:

|21 — 21| <y — 21| + |21 — w1

< max(|yr — 21, [y2 — z2|) + max(|z1 — y1l, |22 — y2l),



as we want.
We can define the !, [2, and [°° metrics on R™ for any n, by the analogous formulas.
(4) The standard metric on C. Recall the definition of the absolute value of a complex
number: for z = z 4 1y, with  and y real numbers, we define

|z] = Va2 + y2.

This is a nonnegative real number. Using this, we define the standard metric on the
complex numbers C by:
d(Zth) = |2’2 — Zl|.

You can check that this is indeed a metric; in particular, the triangle inequality follows
from the property |z + w| < |z] + |w| of the absolute value for complex numbers. This
metric on C is really the same thing as the standard metric on R?, if you identify a
complex number x + iy with the point (z,y) in R?.

(5) Subspace metrics. Let X be a metric space, and let A be any subset of X. Then
we define a metric on A by defining

dA(‘r7y) = dx<$,y)

for any z,y € A. You can check that this makes A into a metric space.

As a result, there is a colossal supply of examples of metric spaces: any subset of R
or R? or R" is a metric space. Thus, any kind of geometrical shape — a curve, a surface,
a region, or a stranger shape — can be viewed as a metric space.

Definition 1.6 Let X be a metric space. For any point a in X and any positive real
number r, define the open ball B.(a) to be the set of points x in X with d(x,a) < r.

Examples. In the metric space R, the open ball B, (a) is the open interval (a —
r,a+7). In R?, B.(a) is the region strictly inside a circle of radius r centered at a (not
including the circle itself). In R?, likewise, B, (a) is the region strictly inside a sphere
of radius r centered at a. (Here, when we talk about R or R™ as a metric space, we
always have in mind the standard metric unless otherwise stated.)

We can also consider the open ball B,.(a) with respect to different metrics on R?:
you should draw what it looks like for the {!, [, and [ metrics on R?, defined at the
start of this lecture.

In a discrete metric space X, as defined at the start of this lecture, the open ball
B,.(a) is just the point a for r < 1, whereas it is the whole space X for r > 1.

In a subspace S of a metric space X, the open ball B,.(a) in the metric space S is
the intersection of B, (a) in X with S. For example, in the metric space [0,1] (defined
as a subset of the metric space R), the open ball By /5(0) is [0,1/2) C [0, 1].

Using the notion of open balls, we can restate the definition of continuity in a more
geometric way, without explicitly mentioning e and 4.

Lemma 1.7 Let X and Y be metric spaces, and let f : X — Y be a function. Then f
is continuous at a point a in X if and only if, for every open ball C around f(a), there
is an open ball B around a such that f(B) C C.

Here f(B) means the subset {f(z) : € B} of Y. The lemma is easy to prove: just
write C = B.(f(a)) and B = Bs(a). Then the lemma is simply a restatement of the
definition of continuity (from day 1).

Definition 1.8 A subset U of a metric space X is open if, for every point x in U, there
is an open ball around x (in X ) which is contained in U.

You can convince yourself, for example, that in the real line, the open interval (0, 1) is
open, whereas (0, 1] and [0, 1] are not open in R. In R?, the open ball {(z,y) : 22 +y> <
1} is open, for example, but {(z,y) : 22 +y* < 1} is not open. Also, you can check that
every subset of a discrete metric space is open.



1.3 Day 3: Thursday 28 April

Lemma 1.9 FEvery open ball in a metric space is an open set.

Proof. We have to show that for every point = in a metric space X and every r > 0,
the open ball B,(x) is an open subset of X. That is, we have to show that for every
point y in B,.(x), there is an open ball around y which is contained in B,.(z). Since y is
in By(z), we have d(z,y) < r. Let a = r — d(z,y), which is a positive real number; we
will show that the open ball B,(y) is contained in B, (z). (To see why this is the right
choice of a, draw a picture.)

Thus, we have to show that for every point z in B, (y), z is also in B,.(x). Equivalently,
we have to show that for any point z in X with d(y, z) < a, we also have d(z,z) < 7.
This follows from the triangle inequality:

d(z,z) < d(z,y) +d(y, 2)
=(r—a)+d(y,2)
<(r—a)+a=r,

as we want. QED

Thus, we have some examples of open sets in any metric space, namely all open balls.
Some other examples: in any metric space X, the empty set () and the whole space X
are open in X, as you can check from the definition of open subsets.

When considering subspaces of metric spaces, it is often helpful to say “open in X7,
not just “open”, to avoid ambiguity. For example, the open interval (0,1) x {0} is not
open in the plane R2, but it is open in the subspace R x {0} of R2. (Draw a picture.)

The following theorem, the main result of the first week, gives yet another character-
ization of continuous functions, using open sets instead of open balls. This is the most
abstract way to describe continuity: the epsilons and deltas are hidden in the definition
of open sets. But this makes it also the most convenient definition of continuity for
many purposes.

Theorem 1.10 Let X and Y be metric spaces. A function f: X — 'Y is continuous if
and only if, for every open subset U of Y, the inverse image f~1(U) is open in X.

Here the inverse image f~1(U) means the set of points  in X such that f(x) is in
U. Notice that this makes sense even though there may not be an inverse function f~!
from Y to X. (The inverse image of a point in ¥ may be several points in X, or no
points; but we can still talk about the set f~*(U) in X, for every subset U of Y.)

Proof. First suppose that f : X — Y is continuous. We want to show that for
every open subset U of Y, the inverse image f~!(U) is open in X. By definition of
open subsets in a metric space, we have to show that for every point z in f~(U), there
is an open ball around x which is contained in f~!(U). To say that z is in f~1(U)
means exactly that f(x) is in U. We then use that U is open in Y7; it follows that there
is an open ball C' around f(z) in Y which is contained in U. Since f is continuous,
Lemma 1.7 shows that there is an open ball B around z such that f(B) is contained in
C'. Therefore, f(B) is also contained in U. Equivalently, B is contained in the inverse
image f~!(U). Thus we have shown that f~1(U) is open, as we want.

Conversely, let f: X — Y be a function such that the inverse image of every open
set is open. We want to show that f is continuous. By Lemma 1.7, it suffices to show
that for every point  in X and every open ball C around f(x) in Y, there is an open ball
B around x such that f(B) is contained in C. To prove this, we use Lemma 1.9, which
tells us that the open ball C' is an open subset of Y. Therefore, by our assumption on
f, the inverse image f~1(C) is open in X. Since f(x) belongs to the ball C, the point x
is in f~1(C). Since f~1(C) is open, there is a ball B around x in X which is contained
in f~1(C). Equivalently, f(B) is contained in C, which is the conclusion we want. That
is, f is continuous. QED



Beware that continuity does not imply that the image (as opposed to the inverse
image) of an open subset is open. You see this in simple examples. For example, take
the continuous map f : R — R defined by f(z) = 0 for all . Then the image f((—1,1))
of the open subset (—1,1) in R is just the point {0}, which is not open in R. Or,
for a slightly more complex example, take the continuous map f : R — R defined by
f(z) = 2. Then the image of the open subset (—1,1) is the interval [0, 1), which again
is not open in R.

To get an idea of how Theorem 1.10 can be useful, consider the following definition.

Definition 1.11 Let X be a set with two metrics di and doy. We say that di and dy are
topologically equivalent if the di-open subsets of X are the same as the da-open subsets
of X.

By Theorem 1.10, whether a function f : X — Y is continuous does not change if
you replace the given metric on X by a topologically equivalent metric. Likewise, it does
not change if you replace the metric on Y by a topologically equivalent metric. This can
be very convenient, as the following example suggests.

Example. The [', [, and [* metrics on R? may seem quite different. In particular,
the open balls for these three metrics are all different. (For the [! and [° metrics, open
balls are (the interiors of) squares, tilted by 45 degrees in the [! case.) But the open
subsets of R? are the same for all three of these metrics; in other words, these three
metrics are all topologically equivalent, as you can check. (The key point is that each
open ball for one of the metrics contains an open ball for each of the other metrics;
possibly of smaller radius, but that’s good enough.)

As a result, suppose you want to check whether a given function on the plane R?
is continuous. (Talking about R? without specifying a metric, we always mean the
standard metric unless stated otherwise.) Then Theorem 1.10 shows that it is equivalent
to check continuity of the given function with respect to the [ metric on R?, since it is
topologically equivalent to the standard one. This is actually useful, because calculations
tend to be easier for the [° metric than for the standard metric on R?. (It involves the
maximum of two numbers, rather than the square root of the sum of two squares.)

For example, you can check the following important fact. It seems easiest to check by
switching from the standard metric to the °° metric on R2, using the above arguments.

Example. The functions s : R? — R, s(x,y) = v+y, and p: R? — R, p(x,y) = 2y,
are continuous.

Finally, we make one more geometric definition for metric spaces.

Definition 1.12 A subset A of a metric space X is closed in X if its complement
X-A={xeX:x¢ A} is open in X.

Notice that “closed” is not the opposite of “open”: some subsets of a metric space
are both open and closed, while others are neither. For example, in the real line, the
empty set and the whole line are both open and closed; the interval [0, 1] is closed but
not open; and the interval [0, 1), like the subset of rational numbers Q C R, is neither
open nor closed. In a discrete metric space, you can check that every subset is both
open and closed.

We make some last definitions about metric spaces.

Definition 1.13 A subset of a metric space X is bounded if it is either empty, or
contained in an open ball B,.(xz) for some point x and some positive real number r.

For example, the interval [0, 1] in the real line, or any subset of it, is bounded, while
the whole real line is unbounded.



Definition 1.14 The diameter of a bounded subset A in a metric space X is 0 if A is
empty, or the real number

sup d(x,y)

z,ycA

if A is not empty.

Here the supremum (or least upper bound) is a real number associated to any
nonempty set of real numbers which has an upper bound, by the completeness property
of the real numbers. The set of real numbers that comes up in the definition of diameter,
the set of distances d(z,y) for x,y € A, is clearly nonempty since A is nonempty, and
it has an upper bound since A is bounded. Indeed, if A is contained in the open ball
B,.(x), then the distance between any two points of A is less than 2r, as one checks
immediately from the triangle inequality. So the definition of diameter makes sense.

Example. In the metric space R?, the circle S* = {(x,%) : 22 + y? = 1}, the open
ball {(z,y) : 22 + y*> < 1}, and the closed ball {(z,y) : 22 + y*> < 1} all have diameter
2. The supremum in the definition of diameter is actually a maximum in the first and
third cases, but not in the second.

Finally, we state some general properties of open subsets in a metric space.

Lemma 1.15 Let X be a metric space. Then:
(1) The empty set ) and the whole space X are open in X.
(2) For any open subsets U and V in X, the intersection U NV is open in X.
(8) The union of any collection (possibly infinite) of open subsets of X is open in X.

Proof. (1) To show that the empty set is open in X, we have to show that for every
element x of the empty set, there is an open ball around x which is contained in the
empty set. This is true because the empty set has no elements. (So any statement of
the form ‘for every element of the empty set, some property holds’ is true.) To show
that the whole space X is open, we have to show that for every x in X, there is an open
ball around x which is contained in X. This is clear, since we can take any open ball,
for example the open ball By (x).

(2) Given open subsets U and V' in X, let us show that the intersection U NV is
open. That is, for every point x in U NV, we have to find an open ball around z in X
which is contained in U N'V. To say that x is in U NV means that x is in U and also
in V. Since U and V are open, there are open balls B,.(z) and B,(z) in X which are
contained in U and V, respectively. Let ¢t be the minimum of r and s. This is a positive
real number since r and s are positive real numbers. Clearly the open ball Bi(z) is
contained both in U and in V, and so it is contained in U NV, as we want.

(3) Given any collection of open subsets U; of X, where ¢ runs through any indexing
set I, we want to show that the union U;U; is open in X. So pick any point = in U;U;.
To say that x is an element of this union means that there is some j € I such that z is
in U;. Since U; is open, there is an open ball B, (z) which is contained in U;. Therefore
this open ball is also contained in the union U;U;. That is, we have shown that the
union is an open subset of X. QED

We will discuss further the different behaviour of unions and intersections of open
sets, early in the next lecture.

2 Week 2: Topological spaces
2.1 Day 4: Thursday 29 April

We have shown that whether a function between metric spaces is continuous only de-
pends on which subsets are open (Theorem 1.10). This fact suggests that we might be
able to forget about distances, and only keep track of which subsets are open. That



thought leads to the following generalization of metric spaces, which we study for the
rest of the course. The notion of topological spaces was perhaps the most influential
idea in 20th-century mathematics. It offers a huge generalization of the ancient idea
of geometry, which turns out to be useful in essentially all areas of mathematics and
physics.

Definition 2.1 (F. Hausdorff, 1914) A topological space X is a set together with a
collection of subsets of X, called open subsets, such that the following conditions hold.
(1) The empty set ) and the whole space X are open in X.
(2) For any open subsets U and V in X, the intersection U NV is open in X.
(3) The union of any collection (possibly infinite) of open subsets of X is open in X.

When we speak of a ‘space’ without further comment, we mean a topological space.

Example. Every metric space is a topological space, by Lemma 1.15. So we have
many examples of topological spaces: the real line R, Euclidean space R™ for any n,
any subset of R, and so on. When we talk about the real line or R™ as a topological
space without further comment, we have in mind the standard topology on these sets,
which means the topology associated to the standard metric.

Remark. In any topological space, the intersection of any finite collection of open
subsets, Uy N --- N U,, is open. This follows by induction on n from property (2) of
topological spaces. But the intersection of infinitely many open subsets need not be
open, even in the most fundamental examples of topological spaces. For example, in the

real line,
mi21(_]—/7;7 ]-/Z) = {0}7

which shows that the intersection of infinitely many open subsets of R need not be open.
This contrasts with the fact that the union of an infinite collection of open subsets is
open, in the real line as in any other topological space.

As with metric spaces, the most important point about topological spaces is that
they allow us to talk about continuity, as follows.

Definition 2.2 A function f: X — Y from one topological space to another is contin-
uous if, for every open subset U of Y, the inverse image f~1(U) is open in X.

By Theorem 1.10, this definition agrees with our original definition of continuity
when both apply, that is, when X and Y are metric spaces. For example, we can ask
whether a function f : R — R is continuous, and it does not matter whether we think
of the real line as a metric space or a topological space.

As we already saw in the special case of metric spaces, we should realize that the
image of an open subset under a continuous mapping need not be open (you should have
some examples in mind).

Example. Discrete topological spaces. For any set X, we define the discrete topol-
ogy on X by declaring that every subset of X is open. You can easily check that this
is indeed a topology on X, meaning that the properties (1)-(3) are satisfied. Also, you
can check that for a discrete topological space X and any topological space Y, every
function f: X — Y is continuous.

It might be useful to point out that every discrete topological space X comes from
a metric space, namely from the discrete metric space (X, d) that we have defined.

Example. Two topologically equivalent metrics on a set X determine the same
topology on X, clearly.

Example. Indiscrete spaces X. For any set X, we define the indiscrete topology on
X by declaring that the empty set and the whole set X are the only open subsets of X.
You can easily check that this is indeed a topology on X. If the set X has at least two
elements, then the indiscrete space X is not metrizable, that is, it does not come from
any metric on the set X. This is easy to check (using Question 5 of Examples Sheet 1),
as we will discuss in more detail later.



We now prove a first general property of continuous functions on topological spaces.
This is convenient when you actually have to show that a given function is continuous,
by building up from simpler functions which you know are continuous.

Lemma 2.3 Let f: X - Y and g:Y — Z be continuous mappings between topological
spaces. Then the composition go f : X — Z is continuous.

Proof. Here the composition g o f is defined by (g o f)(x) = g(f(x)). We have to
show that for every open subset U of Z, the inverse image (g o f)~*(U) is open. You
can check that (go f)~1(U) is equal to f=*(g~1(U)). Here g~1(U) is open, since g is
continuous. Therefore f~(¢g~1(U)) is open, since f is continuous. QED

2.2 Day 5: Saturday 1 May

We begin with some simple examples of continuous maps which work for any topological
space.

Lemma 2.4 (1) For any topological space X, the identity map 1x : X — X is contin-
UOUS.
(2) For any topological spaces X andY , any constant map f : X — 'Y is continuous.

Proof. (1) For each open subset U of X, its inverse image under the identity map
of X is equal to U, which is open. So the identity map is continuous.

(2) To say that f: X — Y is constant means that there is a point a in Y such that
f(z) = a for all x in X. Let U be any open subset of Y. Then f~(U) is the empty
set if a is not in U, while it is the whole space X if a is in U. Both of these are open
subsets of X. So f is continuous. QED

Definition 2.5 Let X be a topological space, and let A be any subset of the set X. We
define the subspace topology on A by saying that a subset of A is open in A if and only
if it can be written as the intersection ANU for some open set U in X .

You can check that the subspace topology is indeed a topology on A.

If X is a metric space and A is a subset of X, then one can think of two different
ways to define a topology on A. First, we can consider the subspace metric on A, and
then consider the associated topology. Or, we can consider the topology on X associated
to the metric, and then consider the subspace topology on A using the above definition.
Fortunately, these two constructions give the same topology on A.

So we have a well-defined topology on any subset of Euclidean space, defined by
either of the above methods. For example, we have a well-defined topology on the
interval [0, 1], the circle S* = {(x,y) € R? : 2% + y? = 1}, more general curves, and so
on.

The following are the basic properties of the subspace topology. We omit the proofs,
which are straightforward.

Lemma 2.6 Let X be a space, A C X a subset, with the subspace topology.
(1) The inclusion i : A — X is continuous. As a result, for any continuous map
f: X =Y, the restriction fla: A —Y is continuous, since it is the composition f oi.
(2) For any function g : Z — A, g is continuous if and only if iog : Z — X is
continuous.

We now give another important construction of topological spaces, which generalizes
the process of going from the real line R to the plane R? or more generally R™.

Definition 2.7 Given topological spaces X1 and Xs, we define the product topology on
the set X1 x Xo = {(x1,22) : 1 € X1,22 € Xo}, as follows. A subset U of X1 x Xo
is open if and only if it is a union of some collection (possibly infinite) of sets Uy x Uy,
where Uy is an open subset of X1 and Uy is an open subset of Xs.



We omit the proof that this is indeed a topology on X; x X5, which is not difficult.
Also, you can check that the product topology on R x R coincides with the standard
topology on R2. More generally, the product topology on the product of n copies of the
real line gives the standard topology on R™.

Notice that an open subset of X; x X5 need not be of the form U; x Us, or even
a finite union of such subsets, even in simple examples. For example, the open ball
{(z,y) € R?: 2% + y? < 1} is not a finite union of subsets U; x Us, which are roughly
open rectangles.

Notice an equivalent formulation: A subset U of X; x X5 is open if and only if, for
every point x in U, there are open subsets U7 in X7 and Us in X5 such that xz € Uy x Us
and U; x Uy C U.

We now give the basic examples of continuous functions on product spaces.

Lemma 2.8 For any spaces X1 and Xs, the projections p1 : X1xXo — X1, p1(x1,22) =
x1, and py : X1 X Xo — Xo, pa(x1,x2) = 2, are continuous.

Proof. The proofs in the two cases are the same, and so we prove that the first
projection p; is continuous. Let U be any open subset of X;. Then pfl(U) =U x Xs.
Since X5 is an open subset of X, this is an open subset of X7 x X5, by definition of the
product topology. Thus p; is continuous. QED

Theorem 2.9 Let A, X1, Xo be topological spaces. Then a function f: A — X1 X Xo
is continuous if and only if the two projections p1of: A— Xy andpao f: A— X5 are
continuous.

Proof. First, suppose that f: A — X; x X5 is continuous. Since the projections p;
and po are continuous, the compositions p; o f and py o f are continuous.

Conversely, suppose that pyo f: A — X7 and pyo f: A — X, are continuous. We
change notation by writing f(a) = (f1(a), f2(a)); then we are assuming that f; : A — X,
and fy : A — Xy are continuous. We now show that f : A — X; x X5 is continuous.
So let U be any open subset of X7 x X5. By definition of the product topology, U is
a union of some collection of subsets U; x Uy where U is open in X; and Us is open
in Xy. We note that f~1(U;S;) = U; f~1(S;) for any collection of subsets S;. Since the
union of any collection of open subsets in A is open, it follows that f~1(U) is open if we
can show that f=1(U; x Us) is open for every open subsets U; in X; and Us in Xo.

Since f(a) = (fi(a), f2(a)) for all @ € A, we can rewrite the set f~1(U; x Us) as the
intersection f;1(U1) N fy *(Uz). Since f; and f, are continuous, the subsets f; ' (U;)
and f{l(Ug) are open in A. So the intersection of these two sets is open in A, as we
want. QED

Theorem 2.9 makes product spaces very convenient to work with, as we see in the
following example.

Example. Show that f: R — R? defined by f(x) = (e%,sinx) is continuous.

Answer: By Theorem 2.9, f is continuous if and only if the two functions R — R
defined by e® and sinx are continuous. This is true, as we know from earlier calculus
courses.

2.3 Day 6: Tuesday 4 May

Here is a fundamental fact, not involving product spaces in the statement, which admits
an easy proof using product spaces.

Lemma 2.10 Let X be a topological space, f and g continuous real-valued functions on
X. (As usual, we use the standard topology on the real line here.) Then f + g and fg
are also continuous real-valued functions on X.

10



Proof. We can view f + g as the composition of the two maps

X (f,9) R2 ¥ R.

Here (f,g) : X — R? is continuous by Theorem 2.9, and we have mentioned earlier
that the function + : R? — R are continuous. Therefore the composition, f + g, is
continuous. The same argument works for fg, using that the function - : R? — R is
continuous. QED

Example. Show that the function f: R? — R? defined by f(z,y) = (22 + y?, &™)
is continuous.

Answer: First, by Theorem 2.9, it suffices to show that the two functions R? — R
defined by (z,y) — 22 + y? and (z,y) — e are continuous. By Lemma 2.8, we know
that the functions R? — R defined by (x,y) —  and (x,y) + y are continuous. By
repeatedly taking sums and products of these functions, it follows that (x,y) — 22 + 32
is continuous. Also, by taking products of these functions, we know that (x,y) — zy is
continuous. By composing this with the continuous function R — R defined by z +— €%,
it follows that e®¥ is also continuous.

Definition 2.11 We define a subset A of a topological space X to be closed in X if its
complement X — A is open in X.

It would be possible to base the definition of topological spaces on closed sets rather
than open sets. The definition would involve the basic properties of closed sets listed
in Examples Sheet 1, Question 14. It is straightforward to check that continuity can be
defined using closed sets, as follows.

Lemma 2.12 Let X and Y be topological spaces. A function f: X — Y is continuous
if and only if the inverse image of every closed subset of Y is closed in X.

Example. Show that B = {(z,y,2) : 2% + y? + 22 < 1} is closed in R3.

One answer: Define f : R® — R by f(z,y,2) = 22 + y? + 22. This is continuous,
since it is built from the coordinate projections R?® — R by sums and products. We can
think of B as the inverse image of (—oo, 1] under the function f. Here (—oo, 1] is closed
in R, and so B is closed in R? by Lemma 2.12.

Definition 2.13 Let X and Y be topological spaces. A homeomorphism is a bijective
continuous function f : X — Y such that the inverse function f~' :Y — X is also

continuous. We say that spaces X andY are homeomorphic if there is a homeomorphism
f: X=Y.

To say that a function f : X — Y is bijective, also called a ‘one-to-one correspon-
dence’, means that f is both one-to-one and onto. Equivalently, for every point y in Y,
there is a unique point z in X such that f(x) = y. For a bijective function f, there is
an inverse function f~!' : Y — X, mapping a point y of Y to the unique point z in X
such that f(x) =y.

The following statement, easy to prove, clarifies the meaning of homeomorphisms.

Lemma 2.14 Let X and Y be topological spaces. A function f : X — Y is a homeo-
morphism if and only if: f is bijective and a subset of X is open if and only if its image
'Y is open.

This means that two homeomorphic spaces can be thought of as the same topological
space, with different names for the points. As a result, any property of a topological
space which can be defined using only its topology (for example, which functions on it
are continuous) is equivalent to a corresponding property for any homeomorphic space.

11



Examples. The closed intervals [0,1] and [0,2] are homeomorphic. Explicitly,
f:[0,1] — [0,2] defined by f(z) = 2x is a homeomorphism, since it is bijective and
continuous, and the inverse function is x — x/2, which is also continuous.

The open intervals (0,1), (0,00), and the real line R are all homeomorphic. For
example, the function tanz : (—7/2,7/2) — R is a homeomorphism, and there is an
easy homeomorphism from (0,1) to (—w/2,7/2) of the form = — ax + b. To show that
(0, 00) is homeomorphic to these other spaces, we can use, for example, that z — 1/z is
a homeomorphism from (0,1) to (1,00), and the latter space is homeomorphic to (0, c0)
viax — x — 1.

The circle S* = {(z,y) € R?: 22 + y? = 1} is homeomorphic to a square, a triangle,
or (informally speaking) any other closed curve which does not cross itself. But, for
example, the interval [0,1] is not homeomorphic to the circle, as we will prove later in
the course. To give more examples, without proofs: the capital letters A and B (viewed
as closed subsets of R?) are not homeomorphic since A has ‘one hole’ and B has ‘two
holes’. Also, the letters A and O are not homeomorphic even though both have ‘one
hole’, because A has 4 ‘special points’ and O has none. On the other hand, the letters
@ and R are homeomorphic.

Definition 2.15 A topological space X is metrizable if there is a metric d on X such
that the open subsets of X are exactly the d-open sets.

Most of the interesting topological spaces are metrizable, for example R™ and all
its subsets. But not all topological spaces are metrizable, as we will check using the
following notion.

Definition 2.16 A topological space X is Hausdorff if, for any x,y € X with x # vy,
there are open sets U and V withx € U, y € V, and UNV = ).

Lemma 2.17 Every metrizable topological space is Hausdorff.

Proof. Let X be a metrizable topological space. So there is a metric d on X which
induces the given topology on X. To show that X is Hausdorff, pick any two distinct
points z and y in X. Then the distance from z to y is positive (not zero). By Examples
Sheet 1, question 5, there are open balls around z and y which are disjoint from each
other. QED

Example. An indiscrete topological space X with at least two points is not Haus-
dorff. Indeed, for any two distinct points x and y in X, any open subset U of X
containing x must be the whole space X, and any open subset V of X containing y is
also the whole space. So U and V' cannot be disjoint; that is, X is not Hausdorff.

By Lemma 2.17, it follows that an indiscrete topological space with at least two
points is not metrizable.

12
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3 Week 3: Connected topological spaces
3.1 Day 7: Thursday 6 May 2004

We now make precise the idea of a topological space being ‘all in one piece’.

Definition 3.1 A topological space X is connected if X is nonempty and the only subsets
of X that are both open and closed are the empty set and the whole space X .

Since a subset is closed if and only if its complement is open, we can rephrase this
definition just in terms of open sets. Namely, a space X is connected if and only if it is
nonempty and it is impossible to write X as the union of two disjoint nonempty open
subsets. Intuitively, this means that X is connected if it is impossible to divide X into
two pieces which are ‘separated’ from each other.

Another equivalent condition: a space X is connected if and only if it is nonempty
and there is no continuous function from X onto the subset {0,1} of R. Indeed, given
such a function, X would be the union of the two disjoint open subsets f~1(0) and
f71(1), which are nonempty because f is onto, and so X would not be connected.
Conversely, if X is not connected, then we can write X = AU B with A and B disjoint
nonempty open subsets of X. In that case, we can define a function f from X onto
{0,1} by mapping A to 0 and B to 1; this is continuous because A and B are both open.

Example. The subspace X = [0,1] U [2, 3] of the real line is not connected, because
the subsets [0,1] and [2, 3] are both open in X.

Although the definition of connected spaces is fairly simple, it is nontrivial to show
that even simple spaces like the real line R or the unit interval [0,1] are connected.
In fact, to prove this, we will need the completeness property of the real numbers,
for essentially the first time in the course. (It came up in the definition of diameter,
Definition 1.14, but we made no further use of that.) Indeed, until now, all our results
about the topological space R would apply equally well to the topological space Q of
rational numbers; but the space Q is not connected. For example, we can write it as
the union of the following two disjoint nonempty open subsets:

Q={rcQ:2*>2u{recQ:2? <2}

because the square root of 2 is irrational.

Define an interval in the real line to be a subset of the form [a,b] or [a,b) or (a,b]
or (a,b) for a < b, or [a,00) or (a,o0), or (—o0,a] or (—oo,a), or the whole line R, or
a single point {a}. (In some situations, one might not want to call a single point an
interval, but for now I will do so.)

Theorem 3.2 FEwvery interval I C R is connected.



Notice that, when we say that a given subset of a topological space is connected, we
are talking about the subspace topology on that subset.

Proof. Clearly I is nonempty, as we check from the definition of an interval. So we
just need to show that it is impossible to write I as the union of two disjoint nonempty
open subsets A and B in I. Suppose that we can write I in that way; we will derive a
contradiction.

Since A and B are nonempty, we can pick a point a in A and a point b in B. Since
A and B are disjoint, a is not equal to b. We can assume that a < b; if not, switch the
two sets A and B.

Since a and b are in I and I is an interval, we see (by inspection of the various types
of interval) that I contains the whole closed interval [a, b]. To avoid the inconvenience of
dealing with the various types of interval, we now replace I by [a,b], A by AN[a,b], and
B by BNa,b]. Here ANJa,b] and BNJa,b] are both open subsets of [a, b], by definition
of the subspace topology on [a,b]. They are disjoint since A and B are disjoint. Finally,
we know that a is in AN [a,b] and that b is in BN [a, b].

Thus (writing A instead of AN J[a,b] and B instead of B N [a,b]), we now have the
following situation. The closed interval [a,b] is a union of two disjoint open subsets A
and B with a € A and b € B. We want to derive a contradiction from this.

The key idea is to consider the real number ¢ = sup A, which exists by the complete-
ness property of the real numbers. Indeed, the set A is nonempty since it contains a,
and it has an upper bound, namely b; so it has a least upper bound, namely c. Since
A is open in [a,b] and contains a, A must contain [a,a + €) for some € > 0; therefore,
¢ = sup A must be greater than a. Also, since B is open in [a,b] and contains b, B
contains (b — €,b] for some € > 0. Therefore, ¢ = sup A is less than b. Thus, ¢ is in the
open interval (a,b).

We ask whether ¢ is in A or B; we will get a contradiction either way. Suppose c is
in B. In that case, since B is open in [a, b], B contains the open interval (¢ —¢€, c+ €) for
some € > 0. This contradicts the fact that ¢ is the supremum of A. On the other hand,
suppose ¢ is in A. Since A is open in [a, b], A contains the open interval (¢ — €, c+ €) for
some € > 0. But then ¢ = sup A would be at least ¢ + ¢, which is a contradiction. This
completes the proof that every interval in the real line is connected. QED

To show the depth of Theorem 3.2, we can use it to prove that certain topological
spaces are not homeomorphic to each other, something which is in general very hard.

Example. Show that the spaces [0,1] and [0,1] U [2,3] are not homeomorphic.
Answer: [0,1] U [2,3] is not connected (as we showed easily, above), whereas [0,1] is
connected (as we showed with difficulty in Theorem 3.2). Therefore these two spaces
cannot be homeomorphic, since two homeomorphic spaces have all the same topological
properties.

We can complete Theorem 3.2 by showing that this theorem gives all the connected
subspaces of the real line, as follows.

Lemma 3.3 Any connected subspace of R is an interval.

Proof. We use the following characterization of intervals: a subset S of the real line
is an interval if and only if it is nonempty and, for all real numbers a < b < ¢ such that
a and c are in S, b is also in S. T omit the proof of this, which is easy but a bit messy
because of the various types of intervals.

Now let S be a connected subspace of R. We know that S is nonempty. It remains
to prove that for all real numbers a < b < ¢ with a and ¢ in S, b must also be in S. So
suppose that b is not in S. Then we can write

S = (SN (~00,b)) U (SN (b,o0)).

This expresses S as the union of two disjoint open subsets. They are both nonempty,
because a is in the first subset and c is in the second subset. This contradicts the fact
that S is connected. So in fact S must be an interval. QED



Lemma 3.4 Let f: X — Y be a continuous mapping between topological spaces. If X
is connected, then the image f(X) CY is connected.

Here, to talk about connectedness of f(X) C Y, we view it as a topological space
using the subspace topology.

Proof. By Lemma 2.6 (2), since f : X — Y is continuous and maps into the subset
f(X) of Y, the function f : X — f(X) is also continuous, where we give f(X) the
subspace topology. Let us replace Y by the subspace f(X) of Y. Then the situation is:
we have a continuous map f from X onto Y, with X connected, and we want to show
that Y is connected.

Clearly Y is nonempty since X is nonempty. To show that Y is connected, we have
to show that we cannot write Y as the union of two disjoint nonempty open subsets
A and B. Suppose we can. Then X is the union of the inverse images f~!(A4) and
f~1(B). These are open in X because f is continuous. They are disjoint, because A
and B are disjoint. Finally, f~1(A) and f~!(B) are both nonempty, because A and B
are nonempty and f is onto. This contradicts the fact that X is connected. Thus we
have shown that the image of f is connected. QED

Corollary 3.5 (Intermediate Value Theorem) For any continuous function f : [a,b] —
R, the image f([a,b]) is an interval in R. In particular, for any real number ¢ between
f(a) and f(b), there is a point x in [a,b] with f(z) = c.

Proof. The interval [a,b] is connected by Theorem 3.2. So its image f([a,b]) C R
is connected by Lemma 3.4. By Lemma 3.3, this means that f([a,b]) is an interval in
R. The second statement then follows from the properties of intervals I in the real line:
if u < ¢ < v with v and v in I, then cis also in I. QED

3.2 Day 8: Saturday 8 May

The familiar Intermediate Value Theorem for real-valued functions on an interval (Corol-
lary 3.5) generalizes to real-valued functions on any connected space, with the same
proof. Since we there are many more examples of connected spaces, as we will soon see,
this generalization shows the value of topological ideas.

Corollary 3.6 (Intermediate Value Theorem for connected spaces) For any continuous
real-valued function f on a connected topological space X, the image f(X) is an interval.
Therefore, if there are points x1 and xo in X with f(x1) = a1 and f(x2) = as with
ay < ag, then for any real number b in the interval [ay, as], there is a point x in X with

flx)=h.

Proof. Since X is connected, the image f(X) C R is connected, by Lemma 3.4.
This connected subset of the real line must be an interval, by Lemma 3.3. This proves
the first statement of the corollary; the second statement follows from the properties of
intervals in the real line. QED

To give more examples of connected spaces, one can use the following results, to be
proved in Examples Sheet 2.

Lemma 3.7 Let X be a topological space. Suppose that X is the union of two connected
subspaces A and B whose intersection is nonempty. Then X is connected.

Lemma 3.8 For any connected topological spaces X and Y, the product space X XY
s connected.

So, for example, Euclidean space R™ is connected for any n, by induction using
Lemma 3.8. Likewise, the n-dimensional cube [0, 1]™ is connected for any n.



Example. Show that the letter ‘T’ is connected; we could define this precisely as
the subspace X = ([0,1] x {0}) U ({1/2} x [-1,0]) of R%. One answer: The space X is
the union of two subspaces which are homeomorphic to the closed interval and whose
intersection is nonempty; so X is connected by Lemma 3.7.

We now turn to a different notion of connectedness, based upon the idea of a path.

Definition 3.9 A path in a topological space X is a continuous function f :[0,1] — X.
We say that f is a path from f(0) to f(1) in X.

Definition 3.10 A topological space X is path-connected if it is nonempty and, for all
points x and y in X, there is a path from x to y.

Example. The real line is path-connected. To prove this, let z and y be any real
numbers. We can define a path from z to y, f : [0,1] — R, by:

Ft) =1 -tz +ty.

This is a continuous function from [0, 1] to R, with f(0) = 2 and f(1) = y. So we have
shown that R is path-connected.

More generally, every interval I in the real line is path-connected. To prove this, let
2 and y be any points in I. Then we can define a path from = to y, f : [0,1] — I, by
the same formula. This function clearly has all the right properties if we can show that
it does map into I (which would not be true for an arbitary subset of R). This is true
because, for z and y in an interval I, and for any ¢ € [0, 1], the real number (1 —t)z +ty
is between x and y, and therefore also belongs to the interval I.

Also, Euclidean space R™ is also path-connected. Indeed, for any points x and y in
R™, there is a path from x to y, going along the line segment from x to y. We can define
this by the same formula:

f) = (1 =tz +ty

for t € [0,1]. One just has to interpret this formula correctly: for a real number ¢ and a
point = (z1,...,2,) in R™, tx means the point (txy,...,tx,) in R™. You can check
that f:[0,1] — R" is continuous and goes from z to y, so that R™ is path-connected.

We mention one last generalization: any nonempty convex subset of R™ is path-
connected. By definition, a subset of R™ is convex if it contains the line segment between
any two points in the subset. Then, for a convex subset X in R"™, there is an obvious
path between any two points x and y in X, namely the straight-line path defined by the
same formula as above. So X is path-connected.

The following fact makes the notion of path-connectedness easier to work with.

Lemma 3.11 Let X be a topological space. If there is a path from x to y in X, and a
path from y to z, then there is a path from x to z.

Proof. Let f:[0,1] — X and g: [0,1] — X be paths from z to y and from y to z.
Define h : [0,1] — X by:

_Jf@) if t €10,1/2]
h(t) = {g(Qt_ 1) ifte[1/2,1].

(This is the natural way to define a path which goes along the path f from x to y, and
then along the path ¢ from y to z.) Clearly h is a well-defined function from [0, 1] to X,
because the two parts of the definition agree when ¢ = 1/2, using that f(1) =y = ¢(0).
Also, it is clear that h(0) = = and h(1) = z. So we are done if we can prove that h is
continuous.

Clearly the restrictions of h to the intervals [0,1/2] and [1/2, 1] are continuous, since
they are defined as composites of continuous functions. We want to show that h is



continuous on the whole interval [0,1]. So let U be any open subset of X; we have to
show that h=1(U) is open in [0,1]. Since the restrictions of h to the two half-intervals
are continuous, we know that h=1(U)N[0,1/2] and h=1(U)N[1/2,1] are open in [0, 1/2]
and in [1/2, 1], respectively.

To show that h~(U) is open in [0, 1], pick any point ¢ in A~(U); we have to show
that the subset h=!(U) contains an open ball around ¢ in [0, 1]. This is clear if ¢ is not
equal to 1/2, using that h=1(U)N[0,1/2] is open in [0,1/2] and h~1(U)N[1/2,1] is open
in [1/2,1]. So suppose that ¢t = 1/2 is in h=1(U). From the openness of h~(U) in the
two half-intervals, we know that A=(U) contains (1/2 — ¢,1/2] for some € > 0, and also
that it contains [1/2,1/2+ ¢€) for some € > 0. Therefore (taking the smaller of these two
positive numbers €), h=*(U) contains (1/2 — €,1/2 + €). This completes the proof that
h=1(U) is open in [0,1]. QED

We now relate our two notions of connectedness.

Lemma 3.12 Fvery path-connected space is connected.

Proof. Let X be a path-connected space. We know that X is nonempty. To show
that X is connected, we have to show that we cannot write X as the union of two disjoint
nonempty open subsets A and B. Suppose we can; we will derive a contradiction.

Since A and B are nonempty, we can pick a point a in A and a point b in B. Since
X is path-connected, there is a path f : [0,1] — X from a to b. We see that the interval
[0, 1] is the union of the two subsets f~1(A) and f~1(B). They are disjoint, since A and
B are disjoint. Both subsets are open in [0, 1], since f is continuous and A and B are
open in X. Finally, both subsets of [0, 1] are nonempty, since 0 is in f~!(A) and 1 is in
f~Y(B). This contradicts the connectedness of [0,1]. QED

For subsets of the real line, the converse holds: a connected subspace of the real line
is an interval (Lemma 3.3) and hence is also path-connected. But for general topological
spaces, even subspaces of the plane, connectedness does not imply path-connectedness.

(*) Example. Let X C R? be the union of A = {0}x[~1,1] and B = {(=,sin(1/z)) :
x € (0,1]}. Then X is connected but not path-connected. (Draw a picture.) The proof
of these properties of X is complicated, and is in any case non-examinable.

Although not every connected space is path-connected, any connected space which
one encounters in daily life is likely to be path-connected. One might consider con-
nectedness to be the more fundamental notion, while path-connectedness has a clearer
geometric meaning and often seems easier to check in examples.

Example. Show that R? — {0} is connected. (Here 0 denotes the point (0,0) in
R2.)

One could prove this from the general properties of connected spaces (notably,
Lemma 3.7). But it seems more intuitively appealing to show that R? — {0} is path-
connected; of course that implies that it is connected. Notice that this is not completely
trivial, in that R? — {0} is not convex.

To show that R — {0} is path-connected, we first observe that many points in X can
be connected to the point (1, 0) (for example) by a single straight-line path. Namely, this
works for all the points in R? — {0} except those in the ray (—oco,0) x {0}. But all the
points in that ray can be connected to the point (—1,1) by a single straight-line path,
and then a second straight-line path goes from (—1,1) to (1,0). (I am using Lemma
3.11 tacitly here.) So R? — {0} is path-connected.

Remark. Any connected open subset U of Euclidean space is path-connected.

Proof. Choose a point  in U. Let A be the set of points in U which can be reached
by a path starting at x, and let B be the complement A — U. I claim that A and B are
both open in R™. Indeed, for any point a in A, U contains some open ball around a in
R”™, and this is a convex set. So all the points in this open ball can be reached by a
path from a, hence by a path from x (using Lemma 3.11); that is, all the points in this
open ball are in A. So A is open in U.



Likewise, let b be any point in B. Then U contains some open ball around b in R"™.
If any of the points in this ball were in A, that is, if any of those points could be reached
by a path from z, then so would b be (using a straight line path from the given point to
b, plus Lemma 3.11 again), which is a contradiction. So B contains an open ball around
b in R™. This shows that B is open in U. Also, A is nonempty, since it contains the
point . By connectedness of U, it follows that B must be empty. This means exactly
that U is path-connected. QED

3.3 Day 9: Tuesday 11 May

Today, we finish our work on connectedness, and then make a series of definitions about
closures in topological spaces and completeness in metric spaces.

For any topological space X, and any two points x and y in X, say that z ~ y if
there is a connected subspace of X which contains both x and y. This is an equivalence
relation, by Lemma 3.7.

Definition 3.13 The connected components of a topological space X are the equivalence
classes for the above equivalence relation on X.

One can check that the connected components of X are, in fact, connected. Moreover,
any connected subspace of X is contained in a connected component.

Examples. For X connected, X has just one connected component, the whole
space. For X = [0,1] — {1/2}, the connected components are [0,1/2) and (1/2,1]. For
X = Q, with the subspace topology from the real line, the connected components are
just the points of Q, because any connected subspace of Q is a point. This follows, for
example, from the fact that the only connected subspaces of the real line are intervals
(Lemma 3.3).

Remark. If two spaces are homeomorphic, then they have the same number of
connected components, clearly. This gives another possible way to show that two given
spaces are not homeomorphic.

Example. Show that the closed interval X = [0, 1] and the letter ‘T, defined as the
subspace

Y = (10,1] x {0}) U ({1/2} x [1,0])

of R? are not homeomorphic.

Answer: Both X and Y are connected (in fact, path-connected), and so we cannot
distinguish them that way. But suppose that there is a homeomorphism f : X — Y.
Then, for every point y € Y, f restricts to a homeomorphism from X — {f~!(y)}
to Y — {y}. In particular, X — {f~%(y)} must have the same number of connected
components as Y — {y}. For the point y = (1/2,0) in Y, however, Y — {y} has 3
connected components. By contrast, X — {«} has 1 or 2 connected components for all
x € X =[0,1]. So in fact X and Y are not homeomorphic.

The same method can be used to show that R and R? are not homeomorphic, and
also that the interval [0, 1] and the circle S* are not homeomorphic (Examples Sheet 2,
Questions 6 and 12).

We now turn away from connectedness to make some general definitions about clo-
sures in topological spaces and completeness in metric spaces. These ideas help to
prepare for the final section of the course, on compactness.

Definition 3.14 Let S be a subset of a topological space X. The closure S of S in X
is the intersection of all closed subsets of X which contain S.

Since the intersection of any collection of closed subsets is closed, the closure of S is
itself a closed subset of X. Clearly, it is the smallest closed subset of X that contains .S.

Examples. The closure of [0,1] in R is [0, 1], since this is a closed set. The closure
of (0,1) in R is [0, 1].



Definition 3.15 Let S be a subset of a topological space X. The interior int S of S in
X is the union of all open subsets of X which are contained in S.

Since the union of any collection of open subsets is open, the interior of S is an open
subset of X. It is the largest open subset of X contained in S.

Examples. The interior of the closed ball {(x,y) € R? : 22 + y? < 1} in R? is the
open ball {(z,y) € R?: 22 + y? < 1}. The interior of [0,1] x {0} in R? is the empty set.

Definition 3.16 Let X be a topological space. We say that a subset S of X is dense in
X if the closure S is equal to X.

Example. Both Q and R — Q (the sets of rational and irrational numbers) are
dense in the real line. This follows from the fact that every open interval in the real
line contains both a rational and an irrational number. In particular, we see that an
uncountable topological space can have a countable dense subset, since Q is dense in R.

In the special case of metric spaces, we can give an alternative, more explicit descrip-
tion of the closure of a subset, Lemma 3.18 below. First, we need the following basic
definition.

Definition 3.17 Let X be a metric space. We say that a sequence xq1,x2,... in X
converges to a point x in X if, for every open ball U around x, there is an integer N
such that x; is in U for all i > N.

The limit of a convergent sequence in a metric space is unique, by Examples Sheet
1, Question 9.

Lemma 3.18 Let X be a metric space. The closure S of a subset S in X is the set of
points x in X such that there is a sequence of points in S which converges to x in X.

Proof. First, let z1,x2,... be a sequence of points in .S which converges to a point
x in X. We want to show that z is in the closure S of S in X. Suppose that z is not
in S. Since S is closed, its complement X — S is open, and we are assuming that it
contains the point z. So there is an open ball U around z which is contained in X — S.
This open ball does not contain any of the points x;, since they are in .S and hence in
S. This contradicts the fact that the sequence x; converges to x. Thus, we have shown
that the limit point 2 must be in the closure S.

Conversely, let 2 be any point in the closure S. Then, for any open ball U around z,
X — U is a closed set that does not contain z. If X — U contained the subset S, then it
would also contain the closure S and hence the point z; so X — U does not contain S.
That is, for every open ball U around z, there is a point in SN U.

As a result, for each positive integer 7, we can choose a point z; in SN By /;(x). Thus
we have a sequence z1,%2,... in S such that d(z;,z) < 1/i for all i. Therefore the
sequence x; converges to . Thus we have found a sequence in S that converges to any
given point x in the closure S. QED

For example, by Lemma 3.18, we can rephrase the fact that Q is dense in R by
saying that every real number is the limit of some sequence of rational numbers.

We now turn to the notion of completeness for metric spaces.

Definition 3.19 A sequence x1,xo,... in a metric space X is a Cauchy sequence if,
for every € > 0 there is an integer N such that d(x;,x;) < € for alli,j > N.

Any convergent sequence in a metric space is Cauchy, as one easily checks.

Definition 3.20 A metric space X is complete if every Cauchy sequence in X is con-
vergent (to some point in X ).



Completeness of a metric space is a remarkable property: it says that you can check
whether a sequence has a limit or not just by looking at the distance between different
points in the sequence, without knowing what the limit point might be.

Lemma 3.21 The metric space R is complete.

Proof. Let z1,z9,... be a Cauchy sequence of the real numbers; we want to show
that this sequence converges to some real number. First, using the definition of a
Cauchy sequence, we notice that this sequence is bounded. That is, it is contained in
some interval [a,b]. As a result, using the completeness property of the real numbers,
we can define a real number

YN = SUp T
i>N
for each positive integer N. Clearly yy is also in the interval [a,b], and we have y; >
yo > ---. Therefore, again using the completeness property of the real numbers, we can
define a real number

x:= inf yun.
N>1

I claim that the sequence xz; converges to x.

To prove this, pick any € > 0. Since z; is a Cauchy sequence, there is a positive
integer M such that d(z;,z;) < e for all ¢, j > M. In particular, all the numbers z; with
1 > M are in the closed interval [zp — €, 23 + €], and so the supremum yx is also in
that interval for all N > M. Therefore, also, the infimum =z is in that same interval.
(This uses that, because the sequence yy is decreasing, the numbers yy with N < M
are irrelevant to the definition of x.) As a result, we have d(x;,z) < 2¢ for all ¢ > M.
This shows that z; converges to z. QED

Examples. The metric space Q is not complete. Indeed, any sequence in Q which
converges to the real number v/2 is Cauchy, but does not converge to any point in Q.

The open interval (0, 1) is not complete: the sequence x; := 1/i in (0,1) is Cauchy,
but does not converge to any point in (0,1).

Since R and (0,1) are homeomorphic, but R is complete while (0,1) is not, we see
that completeness of metric spaces is not a topological property.

Lemma 3.22 The metric space R™ is complete.

Proof. As usual, we refer here to the standard metric on R™. Let z', 22,... be
a Cauchy sequence in R™. Thus, for every € > 0, there is an integer N such that
d(z*,27) < e for all 4, > N. We recall the definition of the metric on R™:

n

d(l‘, y) = [Z (ym - Ccm)2]1/2.

m=1

In particular, for each m =1, ... ,n, the distance between the mth coordinates x,, and
Ym 1S at most the distance between z and y. It follows that, for each m =1,... ,n, the
mth coordinates of our sequence, x. ,x2 ... form a Cauchy sequence in the real line.

By completeness of R, it follows that, for each m = 1,... , n, the sequence x} , 22, ...
converges to some real number z,,. I claim that our sequence z',z2,... in R" converges
to the point = := (z1,...,2,) in R®. We know that for every ¢ > 0, and every m =
1,...,n, there is an N,, such that dr(x! ,x,,) < € for all i > N,,. It follows that, for

every ¢ > max(Ny,... , Ny,),
drn (@', 2) = [ Y (ah, — wm)]/?
m=1

< n1/2e.

Here n'/? is just a constant. So this shows that the sequence z* converges to z in R™.
Thus R™ is complete. QED



Lemma 3.23 (1) A subspace X of any metric space Y which is complete (using the
subspace metric) must be closed in'Y .

(2) Let Y be a complete metric space. Then a subspace X of Y is complete if and
only if it is closed in Y.

Lemma 3.23 makes it easy to check completeness for a large class of metric spaces.
For example, this lemma tells us that a subset X of R" is complete in the subspace
metric if and only if it is closed in R™.

Proof. (1) Let X be a complete subspace of a metric space Y. By Lemma 3.18, to
show that X is closed in Y, it is equivalent to show that for every sequence in X with
a limit point in Y, the limit is actually in X. To prove this, note that such a sequence
must be a Cauchy sequence. By completeness of X, this sequence has a limit point in
X. So the limit point in Y is actually in X (by uniqueness of the limit).

(2) The direction = follows from (1) (even without knowing that Y is complete).
The direction <= is Examples Sheet 1, Question 20. It is proved most easily using the
description of closed sets given by Lemma 3.18. Namely, let X be a closed subset of
a complete metric space Y. We want to show that X is complete (with the subspace
metric). So take any Cauchy sequence in X. Since the bigger space Y is complete,
our sequence converges to some point in Y. By Lemma 3.18, since X is closed, every
sequence in X that converges to a point in Y actually has its limit point in X. So our
Cauchy sequence actually converges to a point in X. That is, X is a complete metric
space. QED
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The last week of the course will be devoted to “compact” topological spaces. A basic ex-
ample of a compact space will be a closed interval in the real line. One main result about
compact spaces will be that any continuous real-valued function on a compact space is
bounded, and moreover attains its maximum and minimum. Notice that this does not
hold for open intervals (the function 1/x on (0, 1) is continuous, but unbounded). So
open intervals will not be compact.

Definition 4.1 A topological space X is compact if, for every collection of open subsets
of X whose union is X, X is actually the union of finitely many of these open subsets.

More briefly: X is compact if every open cover of X has a finite subcover.

Examples. (1) Any finite topological space is compact. Indeed, if the set X is
finite, then X has only finitely many open subsets, and so any open cover of X has a
finite subcover.

In fact, we can think of compactness as a natural generalization of finiteness. Most
of the properties of compact spaces will be generalizations of obvious properties of finite
sets. (For example, every real-valued function on a finite set is bounded.)

(2) The real line R is not compact. For example,

R =U,>1(—n,n),

which says that the open sets (—n,n) form an open cover of R. This open cover has
no finite subcover, since the union of any finite number of these sets (—n,n) will be
bounded and hence not all of R.

(3) The open interval (0, 1) is not compact. This follows from the fact that the real
line is not compact, since (0,1) and R are homeomorphic (and compactness is clearly
a topological property). We can also check directly that (0,1) is not compact: the sets
(1/n, 1) for positive integers n form an open cover of (0, 1) which has no finite subcover.

As with connected spaces, it is easy to give examples of non-compact spaces (as
above), but hard to prove that any interesting space is compact. We now give the
fundamental example of a compact topological space. Just as with the corresponding
fact for connectedness (that intervals are connected), the proof is fairly deep, relying
upon the completeness property of the real numbers.

Theorem 4.2 The closed interval [a,b], for real numbers a < b, is compact.

Proof. Suppose that [a,b] is the union of a collection of open sets U;, where i runs
over some indexing set I. We need to show that [a,b] is the union of finitely many of
the sets Uj;.



The basic idea is to consider the set A of numbers z in [a,b] such that the interval
[a, z] is covered by finitely many of the sets U;. Clearly we will be done if we can show
that b belongs to the set A.

Since the open sets U; cover [a, b], the point a belongs to some set U;. Therefore a
belongs to the set A (because 1 is a finite number). In particular, since A is nonempty and
bounded, we can consider the real number ¢ = sup A, using the completeness property
of the real numbers.

Let U; be an open set in the given collection which contains a. Since U; is open in
[a, b], it contains the interval [a,a + €) for some € > 0. Then it is clear that [a,a + €) is
contained in A. Therefore ¢ = sup A is greater than a.

Since ¢ belongs to the interval [a,b], ¢ is in one of the open sets U; in the given
collection. We know that c is greater than a; suppose that c is also less than b. Then,
since U; is open in [a, b], U; must contain (¢ — ¢, ¢ + €) for some € > 0. Since ¢ = sup A4,
the definition of A shows that the interval [a,c — €/2] is covered by finitely many of the
open sets U;. Therefore, using those open sets together with Uj, the interval [a, c+ €/2]
is covered by finitely many of the open sets U;. That is, ¢ + €/2 is in the set A, which
contradicts the fact that ¢ = sup A. This contradiction shows that in fact ¢ must be
equal to b.

Thus, we have b = sup A. We want to show that b itself is in A, to complete the
proof. This is a similar argument to the previous paragraph. Namely, since b is in [a, b],
b must belong to some Uj. Since Uj is open in [a,b], it must contain (b — ¢, b] for some
e > 0. Since b = sup A, the definition of A shows that the interval [a, b — €/2] is covered
by finitely many of the sets U;. Using those open sets together with Uj, it follows that
the whole interval [a, b] is covered by finitely many of the sets U;. QED

Now that we have the basic example of a compact space, we prove some general
properties of compact spaces. These will lead fairly easily to the basic properties of
continuous real-valued functions on a compact space.

Lemma 4.3 Any compact subspace of a metric space is bounded.

For example, this proves again that the real line is noncompact, since it is an un-
bounded metric space.

Proof. It suffices to show that every compact metric space X is bounded. This is
clear if X is empty. Otherwise, let « be a point in X. Consider the open balls B, (x),
where n runs over the positive integers. They form an open cover of X, since for every
point y in X there is a positive integer n such that d(z,y) < n. Since we assume X is
compact, this open cover has a finite subcover. That is, X is the union of finitely many
of the open balls B,,(x). Taking the largest of these integers n, we conclude that X is
equal to By, (z). That is, X is bounded. QED

Lemma 4.4 Any compact subspace S of a Hausdorff topological space X is closed in
X.

For example, this proves again that the open interval (0, 1) is noncompact, since it is
contained in the Hausdorff space R as a subset which is not closed. More generally, any
metric space is Hausdorff. So Lemmas 4.3 and 4.4 imply that any compact subspace of
a metric space must be closed and bounded.

Proof of Lemma 4.4. Let S be a compact subspace of a Hausdorff space X.
Suppose that S is not closed in X; we want to derive a contradiction. Since S is not
closed in X, we can choose a point x in the closure S which is not in S.

For every point s in S, we know that s is not equal to z. Since X is Hausdorff, we
can choose open subsets Ug and V; of X such that s is in Uy, z is in Vj, and Ug and V;
are disjoint. Choosing such subsets for every point s in S, we see that the sets U; N S
(one for each point s in S) form an open cover of S, using the subspace topology on
S. Since we assume S is a compact topological space, it follows that S is the union of



the open sets Us, N.S,... ,Us, NS for some finite collection of points s1,...,s, in S.
Equivalently, S is covered by the open sets Us,,...,Us, in X.

Let V' be the intersection of the other open sets Vi,,..., Vs in X. Since this is a
finite intersection of open sets, V' is again open in X, and it clearly contains the point
x. Also, V is disjoint from each of the open sets Us,, ... ,Us, , and so V is disjoint from
S. But this contradicts the fact that « is in the closure of S. (Indeed, X —V is a closed
subset of X which contains S, and so it contains the closure S and hence the point x.
This contradicts the fact that x is in V.) So in fact S must be closed. QED

4.2 Day 11: Saturday 15 May 2004

Lemma 4.5 Let f : X — Y be a continuous map of topological spaces. If X is compact,
then f(X) is compact.

Proof. Here f(X) is viewed as a topological space, using its topology as a subspace
of Y. By Lemma 2.6 (2), the function f : X — f(X) is continuous. So, replacing Y by
f(X), we have a continuous map f from X onto Y with X compact, and we want to
deduce that Y is compact.

So let U; be any open cover of Y, where ¢ runs over some indexing set I. We want to
show that Y is covered by finitely many of the sets U;. Since f is continuous, the sets
f~Y(U;) are open. Clearly the union of these sets is all of X (since f of any point in
X belongs to some set U;). Since X is compact, X is in fact the union of only finitely
many of these open sets, say f~*(Uiy),...,f *(U,). That is, for every point z in X,
f(z) belongs to one of the sets Uy, ... ,U,. Since f is onto, this means that Y is covered
by the finitely many sets Uy,...,U,. QED

We now have a powerful set of tools for studying continuous functions on compact
spaces. In particular, we can draw the following conclusion.

Corollary 4.6 Let X be a compact topological space. Then any continuous real-valued
function f : X — R is bounded. If X is nonempty, then [ also attains its maximum
and minimum on X.

Proof. Since X is compact, the image f(X) C R is compact (Lemma 4.5). Therefore
f(X) is a bounded subset of R (Lemma 4.3). We rephrase this by saying that f is
bounded.

If X is nonempty, then we can define the greatest lower bound and least upper bound
of the nonempty bounded set f(X), a = inf f(X) and b = sup f(X), by the completeness
property of the real numbers. Also, the compact subspace f(X) is closed in R by Lemma
4.4. Tt is a general fact (which you can check) that for any nonempty bounded subset
A of the real line, inf A and sup A belong to the closure of A. Therefore, since f(X) is
closed, a and b belong to f(X). That is, there are points « and y in X with f(z) = a
and f(y) = b; clearly these are the minimum and maximum values of f. QED

In particular, Corollary 4.6 generalizes the following result from calculus.

Corollary 4.7 Every continuous function f : [a,b] — R is bounded and attains its
mazimum and minimum.

We now show how to construct many more examples of compact spaces.
Lemma 4.8 A closed subset of a compact topological space is compact.

Proof. Let S be a closed subset of a compact space X. Suppose we are given an
open cover of S; we want to show that this cover has a finite subcover. By definition of
the subspace topology on S, we can write the open cover of S as U; NS, where ¢ runs
over some indexing set I and each U; is an open subset of the bigger space X.



Since S is closed in X, the complement X — S is open in X. Therefore X — S together
with the open sets U; gives an open cover of X. Since X is compact, X is covered by
finitely many of these open sets. In particular, .S is covered by finitely many of these
sets. The set X — S is irrelevant for S, and so we have shown that S is covered by
finitely many of the sets U;. QED

Example. Let X be the subset of R of numbers 1/n, where n runs over the positive
integers, together with the point 0. Then X is a closed subset of [0,1], as you can check
(for example using Lemma 3.18). Therefore X is a compact topological space by Lemma
4.8. You can imagine even more complicated closed subsets of [0, 1]. It seems that there
is no hope of giving a simple ‘list’ of all compact subspaces of the real line, as we were
able to do for connected subspaces of the real line (which are all intervals).

At least there is a clear characterization of which subsets of the real line are compact.
Namely, a subset S C R is compact if and only if it is closed in R and bounded. We
already know that a compact subset of R must be closed and bounded (Lemmas 4.3
and 4.4). Conversely, a closed bounded subset of R is a closed subset of some interval
[a, b], and hence is compact.

Theorem 4.9 The product of two compact topological spaces is compact.

Proof. Let X and Y be compact spaces. Let U;, i € I, be an open cover of the
product space X X Y'; we want to show that this open cover has a finite subcover.

Pick any point  in X. The subspace {z} x Y of X X Y is homeomorphic to Y,
since you can check that the obvious maps from Y to this subspace and back are both
continuous. Therefore this subspace is compact.

For every point y in Y, the point (z,y) must belong to some subset U;. By definition
of the product topology, since U; is open in X X Y, there are open subsets B, in X and
Cy in Y such that z is in B, y is in Cy, and B, x C, is contained in U;. Choose such
subsets B, and C, for every point y in Y.

Then the open subsets By x C,, as y runs through all the points in Y, form an
open covering of {z} x Y. Since this subspace is compact, it is in fact covered by the
open subsets By, x C}, for y running through some finite subset S of Y. Let A, be the
intersection of the finitely many open subsets By, C X with y € S. Then A, is an open
subset of X which contains = (one says: A, is an open neighbourhood of x). We see that
{z} x Y is covered by the products A, x C, for y in the finite set S. It follows that
the whole ‘strip” A, X Y is covered by these finitely many products A, x C,. But this
product is contained in By x C,, which in turn in contained in some set U;. Thus, we
have shown: (*) For every point x in X, there is an open neighbourhood A, of x such
that the strip A, x Y is covered by finitely many of the sets Us.

For each point x in X, choose an open neighbourhood A, with the property listed
in (*). Then these open sets A, form an open covering of X. Since X is compact, X is
covered by only finitely many of the sets A,. It follows that the whole space X x Y is
covered by finitely many strips A, X Y, each of which is covered by finitely many of the
sets U;. So X x Y is covered by finitely many of the sets U;. QED

By induction on n, it follows that the n-dimensional cube [0, 1]" is compact, for any
positive integer n.

Corollary 4.10 A subset of R™ is compact, in the subspace topology, if and only if it
is closed in R™ and bounded.

Proof. The proof as the same as the one we gave earlier for subsets of the real line.
If S is a compact subspace of R™, then it must be closed and bounded, by Lemmas 4.3
and 4.4 (which hold in any metric space). Conversely, if S is a closed bounded subset
of R™, then it is a closed subset of the cube [a,b]™ for some real numbers a < b. So S is
a closed subset of a compact space, and hence is compact. QED



Thus we have a huge supply of interesting compact spaces. For example, the surface
of the sphere, {(z,y,2) € R3 : 22 + y? + 22 = 1}, is closed in R? and bounded, and so
it is compact. This has valuable consequences: any continuous real-valued function on
the sphere (for example) is bounded and attains its maximum and minimum.

4.3 Day 12: Tuesday 18 May 2004

Definition 4.11 A metric space X is sequentially compact if every sequence x1, s, . ..
in X has a convergent subsequence.

Here a subsequence means the sequence z;,, z;, ... in X associated to a sequence of
positive integers i1 < 49 < ---.

Lemma 4.12 FEvery compact metric space X is sequentially compact.

Thus we know that all the compact subspaces of R”, constructed at the end of
the last section, are sequentially compact. That is, every sequence has a convergent
subsequence, which is a useful property of these spaces. In fact, the converse to Lemma
4.12 is also true: a sequentially compact metric space is compact.

Proof of Lemma 4.12. Let x1,72,... be a sequence in a compact metric space
X. Suppose that this sequence has no convergent subsequence; we will derive a con-
tradiction. Let S be the set of points z;, viewed as a subset of X. If S is finite, then
the conclusion is easy: there must be infinitely many numbers i such that x; is equal to
some point of S, and this constant subsequence is certainly convergent.

So we can assume that S is infinite. In order to use that X is compact, we have to
construct a suitable open cover of X. We note that for every point = in X, there is an
€ > 0 such that the open ball B.(z) contains no points of S, or only the point {z} if z
happens to be in S. Indeed, if there were no such €, then we could find a subsequence
of the sequence z; converging to . So use these open balls B.(z), for all points of z,
as an open covering of X. Since X is compact, it is covered by finitely many of these
open balls. Since each of these open balls contains only 0 or 1 point of .S, it follows that
S is finite, which is a contradiction. So in fact every sequence in X has a convergent
subsequence. QED

Finally, we turn to some other remarkable properties of compact topological spaces.
First, there is the following inverse function theorem.

Lemma 4.13 Every bijective continuous map f from a compact space X to a Haus-
dorff space Y is a homeomorphism. FEquivalently, the inverse function Y — X is also
continuous.

Let me point out how common it is, outside the setting of the lemma, to have bijective
continuous maps which are not homeomorphisms (that is, such that the inverse function
is not continuous). This is common whenever you consider two different topologies on
the same set. For example, there is a continuous bijective map (the identity map) from
the set R with the discrete topology to the set R with its standard topology. It is not a
homeomorphism, because there are many open sets in the first topology which are not
open for the second topology. (Or, more geometrically: the inverse function cannot pos-
sibly be continuous, because it maps the connected space R onto the space (R, discrete)
whose connected components are all points.) Similarly, there is a continuous bijective
map from the set {0,1} with the discrete topology to the same set with the indiscrete
topology, and this is not a homeomorphism.

One can also give examples with a more geometric flavour. For example, there is
a continuous bijective function from [0,1] U (2,3] to [0,2], defined by subtracting 1 on
the component (2, 3]. Again, you can check that the inverse function is not continuous.
Lemma 4.13 shows the surprising fact that such things cannot happen when the domain
space is compact (and the image space is Hausdorff).



Proof of Lemma 4.13. Let f be a continuous bijective map from a compact space
X to a Hausdorff space Y. We use the interpretation of continuity in terms of closed
sets: it means that for every closed subset B of Y, the inverse image f~1(B) is closed.
To show that f~! is continuous, we have to show that for every closed subset A of X,
the image f(A) is closed.

Since X is compact, any closed subset A of X is compact. Therefore the image f(A)
is a compact subspace of Y. Since Y is Hausdorff, a compact subspace is closed in Y.
QED

Example. Using Lemma 4.13, we can make precise the vague idea that any closed
curve in the plane which does not cross itself must be homeomorphic to the circle S*.
Namely, let f : S' — R? be any continuous injective function. Then Lemma 4.13 shows
that the image f(S!) is in fact homeomorphic to the circle.

There is a generalization of Lemma 4.13 using the notion of quotient spaces.

Definition 4.14 An identification map or quotient map is a surjective function f :
X — Y between topological spaces such that a subset U of Y is open if and only if
F7YU) is open in X. We say that Y is a quotient space of X.

The point is that if Y is a quotient space of X, then the topology on Y is completely
determined by the topology of X (as the definition makes clear). Examples Sheet 1,
Question 24 shows how to construct a quotient space Y starting from any partition of a
topological space X.

Notice that a bijective map is a quotient map if and only if it is a homeomorphism.
Therefore, the following result generalizes Lemma 4.13

Lemma 4.15 Fvery continuous map f from a compact space X onto a Hausdorff space
Y is a quotient map.

Proof. We have to show that a subset U of Y is open if and only if f~*(U) is open
in X. Equivalently, we have to show that a subset A of Y is closed if and only if f=1(A)
is closed in X. Since f is continuous, we know that if A is closed in Y, then f~1(A) is
closed in X. Conversely, let A be a subset of Y such that f~!(A) is closed in X. Then
f71(A) is compact since X is compact. So the image f(f~1(A)) is a compact subspace
of Y. Since f is onto, this image is all of A. Finally, since Y is Hausdorff, it follows that
Aisclosed in Y. QED

Example. Show that the space obtained by identifying the points 0 and 1 in [0, 1]
is homeomorphic to the circle S* = {(z,y) € R? : 2% + y* = 1}.

Answer: We could check this from the definition of the quotient topology, but it is
easier to use Lemma 4.15. Namely, consider the function f : [0,1] — S! defined by

f(t) = (cos 27t, sin 27t).

Clearly f is continuous and surjective. Since [0, 1] is compact and S! is Hausdorff, this
is a quotient map by Lemma 4.15. Also, this map identifies the two points 0 and 1 and
is otherwise injective. So S! is the quotient space obtained by identifying 0 and 1 in
[0, 1].



