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Metrics

Definition and examples. Limits and continuity. Open sets and neighbourhoods.
Characterizing limits and continuity using neighbourhoods and open sets. 3]
Topology

Definition of a topology. Metric topologies. Further examples. Neighbourhoods, closed
sets, convergence and continuity. Hausdorff spaces. Homeomorphisms. Topologi-
cal and non-topological properties. Completeness. Subspace, quotient and product
topologies. 3]

Connectedness

Definition using open sets and integer-valued functions. Examples, including inter-
vals. Components. The continuous image of a connected space is connected. Path-
connectedness. Path-connected spaces are connected but not conversely. Connected
open sets in Euclidean space are path-connected. (3]

Compactness

Definition using open covers. Examples: finite sets and [0, 1]. Closed subsets of
compact spaces are compact. Compact subsets of a Hausdorff space must be closed.
The compact subsets of the real line. Continuous images of compact sets are compact.
Quotient spaces. Continuous real-valued functions on a compact space are bounded
and attain their bounds. The product of two compact spaces is compact. The compact
subsets of Euclidean space. Sequential compactness. 3]
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0 Introduction

The course Metric and Topological Spaces is divided into two parts. The first is
on metric spaces, and the second is on topological spaces (duh).

In Analysis, we studied real numbers a lot. We defined many properties such
as convergence of sequences and continuity of functions. For example, if (x;,) is
a sequence in R, z,, — = means

(Ve > 0)(3N)(Vn > N) |z, — x| < e.
Similarly, a function f is continuous at xg if
(Ve > 0)(30 > 0)(Va) |z — x| < 6 = |f(z) — f(zo)| < e.

However, the definition of convergence doesn’t really rely on z, being real
numbers, except when calculating values of |z,, — z|. But what does |z, — z|
really mean? It is the distance between x,, and z. To define convergence, we
don’t really need notions like subtraction and absolute values. We simply need a
(sensible) notion of distance between points.

Given a set X, we can define a metric (“distance function”) d: X x X — R,
where d(z,y) is the distance between the points x and y. Then we say a sequence
(zp,) in X converges to z if

(Ve > 0)(AN)(Vn > N)d(xn, ) < €.
Similarly, a function f : X — X is continuous if
(Ve > 0)(30 > 0)(Vx) d(z, o) < 6 = d(f(x), f(xo)) < e.

Of course, we will need the metric d to satisfy certain conditions such as being
non-negative, and we will explore these technical details in the first part of the
course.

As people studied metric spaces, it soon became evident that metrics are not
really that useful a notion. Given a set X, it is possible to find many different
metrics that completely agree on which sequences converge and what functions
are continuous.

It turns out that it is not the metric that determines (most of) the properties
of the space. Instead, it is the open sets induced by the metric (intuitively, an
open set is a subset of X without “boundary”, like an open interval). Metrics
that induce the same open sets will have almost identical properties (apart from
the actual distance itself).

The idea of a topological space is to just keep the notion of open sets and
abandon metric spaces, and this turns out to be a really good idea. The second
part of the course is the study of these topological spaces and defining a lot of
interesting properties just in terms of open sets.
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1 Metric spaces

1.1 Definitions

As mentioned in the introduction, given a set X, it is often helpful to have a
notion of distance between points. This distance function is known as the metric.

Definition (Metric space). A metric space is a pair (X, dx) where X is a set
(the space) and dx is a function dx : X x X — R (the metric) such that for all
'r’ y, z?

—dx(z,y) >0 (non-negativity)
—dx(z,y)=0iff z =y (identity of indiscernibles)
- dx(z,y) = dx(y,z) (symmetry)
— dx(z,2z) < dx(z,y) +dx(y, z) (triangle inequality)

We will have two quick examples of metrics before going into other important
definitions. We will come to more examples afterwards.

Example.

— (Euclidean “usual” metric) Let X = R"™. Let

dv,w) = |[v—w|= | > (v; —w;)?.

=1

This is the usual notion of distance we have in the R™ vector space. It is
not difficult to show that this is indeed a metric (the fourth axiom follows
from the Cauchy-Schwarz inequality).

— (Discrete metric) Let X be a set, and

I z#y
dX (SE, y) = {

0 z=y
To show this is indeed a metric, we have to show it satisfies all the axioms.
The first three axioms are trivially satisfied. How about the fourth? We
can prove this by exhaustion.

Since the distance function can only return 0 or 1, d(z, z) can be 0 or 1,
while d(x,y) + d(y, z) can be 0, 1 or 2. For the fourth axiom to fail, we
must have RHS < LHS. This can only happen if the right hand side is 0.
But for the right hand side to be 0, we must have x = y = z. So the left
hand side is also 0. So the fourth axiom is always satisfied.

Given a metric space (X, d), we can generate another metric space by picking
out a subset of X and reusing the same metric.

Definition (Metric subspace). Let (X,dx) be a metric space, and ¥ C X.
Then (Y,dy) is a metric space, where dy(a,b) = dx(a,b), and said to be a
subspace of X.
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Example. S" = {v € R""! : v = 1}, the n-dimensional sphere, is a subspace
of R*+1,

Finally, as promised, we come to the definition of convergent sequences and
continuous functions.

Definition (Convergent sequences). Let (z,) be a sequence in a metric space
(X,dx). We say (x,) converges to z € X, written x,, — x, if d(z,,2) = 0 (as a
real sequence). Equivalently,

(Ve)(AN)(VYn > N)d(xpn,x) < €.

Example.
— Let (v,,) be a sequence in R¥ with the Euclidean metric. Write v,, =
(vl, - vF), and v = (v!,--- ,oF) € R¥. Then v,, — v iff (v}) — v* for

all 4.
— Let X have the discrete metric, and suppose z, — z. Pick ¢ = %

Then there is some N such that d(z,,z) < i whenever n > N. But if
d(zyn,®) < 3, we must have d(z,,z) = 0. So x,, = z. Hence if z,, — z,
then eventually all z,, is equal to x.

Similar to what we did in Analysis, we can show that limits are unique (if

exist).

Proposition. If (X, d) is a metric space, (z,) is a sequence in X such that
Ty — T, Ty — ', then z = 2'.

Proof. For any € > 0, we know that there exists N such that d(z,,z) < /2 if
n > N. Similarly, there exists some N’ such that d(z,,z’) <e/2if n > N'.
Hence if n > max(N, N'), then

0 <d(z,z)
<d(z,xn) + d(zp,z")
=d(zp,z) + d(x,,2)
<e.

So 0 < d(x,2') <eforalle>0. Sod(z,a')=0,and x = . O

Note that to prove the above proposition, we used all of the four axioms. In
the first line, we used non-negativity to say 0 < d(z,z’). In the second line, we
used triangle inequality. In the third line, we used symmetry to swap d(z,x,)
with d(x,,z). Finally, we used the triangle inequality to conclude that x = 2.

To define a continuous function, here, we opt to use the sequence definition.
We will later show that this is indeed equivalent to the £ — § definition, as well
as a few other more useful definitions.

Definition (Continuous function). Let (X,dx) and (Y, dy) be metric spaces,
and f : X — Y. We say f is continuous if f(z,) — f(x) (in Y) whenever
Zp — x (in X).

Example. Let X = R with the Euclidean metric. Let Y = R with the discrete
metric. Then f: X — Y that maps f(x) = x is not continuous. This is since
1/n — 0 in the Euclidean metric, but not in the discrete metric.

On the other hand, g : Y — X by g(x) = z is continuous, since a sequence
in Y that converges is eventually constant.
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1.2 Examples of metric spaces

In this section, we will give four different examples of metrics, where the first
two are metrics on R2. There is an obvious generalization to R™, but we will
look at R? specifically for the sake of simplicity.

Example (Manhattan metric). Let X = R?, and define the metric as

d(x,y) = d((z1, 72), (y17y2)) = |1 — yl\ + |$2 - y2|-

The first three axioms are again trivial. To prove the triangle inequality, we have

d(x,y) +d(y,z) = |z1 —y1| + |22 — y2| + [y1 — 21| + [y2 — 22|
> |1 — 21| + |22 — 22|
:d(X7Z)>

using the triangle inequality for R.

This metric represents the distance you have to walk from one point to
another if you are only allowed to move horizontally and vertically (and not
diagonally).

Example (British railway metric). Let X = R%. We define

d(x,y) = x—y|] ifx=ky
Y= |x| + |y| otherwise

To explain the name of this metric, think of Britain with London as the origin.
Since the railway system is stupid less than ideal, all trains go through London.
For example, if you want to go from Oxford to Cambridge (and obviously not
the other way round), you first go from Oxford to London, then London to
Cambridge. So the distance traveled is the distance from London to Oxford plus
the distance from London to Cambridge.

The exception is when the two destinations lie along the same line, in which
case, you can directly take the train from one to the other without going through
London, and hence the “if x = ky” clause.

Example (p-adic metric). Let p € Z be a prime number. We first define the
norm |n|, to be p~*, where k is the highest power of p that divides n. If n =0,
we let |n|, = 0. For example, |20]y = [2% - 5|y = 272,

Now take X = Z, and let dp(a,b) = |a — b|,. The first three axioms are
trivial, and the triangle inequality can be proved by doing making some number-
theoretical arguments about divisibility.

This metric has rather interesting properties. With respect to ds, we have
1,2,4,8,16,32,--- — 0, while 1,2,3,4,--- does not converge. We can also use it
to prove certain number-theoretical results, but we will not go into details here.

Example (Uniform metric). Let X = C[0,1] be the set of all continuous
functions on [0, 1]. Then define

d(f,9) = max |f(z) - g(z)|.

z€]0,1]

The maximum always exists since continuous functions on [0, 1] are bounded
and attain their bounds.
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Now let F': C[0,1] — R be defined by F(f) = f(3). Then this is continuous
with respect to the uniform metric on C]0, 1] and the usual metric on R:

Let f,, — f in the uniform metric. Then we have to show that F(f,) — F(f),
ie. fo(3) — f(3). This is easy, since we have

0 < |F(fa) = F(H) = [fal3) = f(3)] < max|fn(z) — f(z)| — 0.
So [fu(3) = f(5)| = 0. So fu(3) = f(3)-

1.3 Norms

There are several notions on vector spaces that are closely related to metrics.
We’ll look at norms and inner products of vector spaces, and show that they all
naturally induce a metric on the space.

First of all, we define the norm. This can be thought of as the “length” of a
vector in the vector space.

Definition (Norm). Let V is a real vector space. A norm on V is a function
| -1l :V — R such that

— v >0forallveV

— |Jv|]| =0 if and only if v = 0.

AV = ALl
— v+ wl < vl +[lw].

Example. Let V = R™. There are several possible norms we can define on R":

n
Ivils ="
=1
n
vt
i=1

[V]loo = max{|vi] : 1 < i < n}.

[vll2 =

In general, we can define the norm

n 1/])
vl = (Z Uz‘|p> :
i=1

for any 1 < p < 00, and ||v]|s is the limit as p — oco.
Proof that these are indeed norms is left as an exercise for the reader (in the
example sheets).

A norm naturally induces a metric on V:

Lemma. If || - || is a norm on V, then
d(v,w) = ||v —w]|

defines a metric on V.
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Proof.

v,w) = ||v — w| > 0 by the definition of the norm.
vw)=0&e|[v-w[|=0v-w=08Vv=w.

w,v) = [w—v[| = [[(=D) -w)[ = | =1V - w[| = d(v,w).

u,v) +d(v,w) = [[u—v| +|v-w[>[u-w|=duw).

Example. We have the following norms on C10, 1]:

1
171l :/0 (2)| da

1
= 2d
1712 / f(z)? da
£l = max 17(a)

z€[0,1

The first two known as the L' and L? norms. The last is called the uniform
norm, since it induces the uniform metric.

It is easy to show that these are indeed norms. The only slightly tricky part
is to show that ||f|| = 0 iff f = 0, which we obtain via the following lemma.

Lemma. Let f € C[0,1] satisfy f(x) > 0 for all € [0,1]. If f(z) is not
constantly 0, then fol f(z)dz > 0.

Proof. Pick x¢ € [0,1] with f(z¢) = a > 0. Then since f is continuous, there is
a d such that | f(z) — f(zo)| < a/2 if |z — zg| < . So |f(x)] > a/2 in this region.

Take
a/2 |lx—z0| <6
o) = {42 1o
0 otherwise

Then f(x) > g(z) for all z € [0,1]. So

/0 f(x)dl‘Z/O g(x)da::§~(26)>0.

Example. Let X = C0, 1], and let

di(f,9) = IIf — glh :/O (@) - g(z)| da.

Define the sequence

fn{l—na: z€[0,2]

0 x> L.
- n
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Y.

—_

Then L1 .
— .- .1=—
IFli =55 1= 5o =0

as n — 00. S0 fp, — 0in (X, dy) where 0(z) = 0.
On the other hand,

[fnlloo = max [ f(x)] = 1.

z€(0,1]

So fn # 0 in the uniform metric.

So the function (C10,1],d1) — (C[0,1],ds) that maps f +— f is not continu-
ous. This is similar to the case that the identity function from the usual metric
of R to the discrete metric of R is not continuous. However, the discrete metric
is a silly metric, but d; is a genuine useful metric here.

Using the same example, we can show that the function G : (C[0,1],d;) —
(R, usual) with G(f) = f(0) is not continuous.

We’ll now define the inner product of a real vector space. This is a general-
ization of the notion of the “dot product”.

Definition (Inner product). Let V is a real vector space. An inner product on
V is a function (-, -) : V' x V — R such that

(i
(i
(iii
(iv

Example.

v,v)>0forallveV
v,v) =0 if and ounly if v = 0.

v, W) = (W, V).

) (
) (
) (
) (vi+ Ava, w) = (v, W) + A(va, W).

(i) Let V =R". Then
<V7 W> = Z ViWw;
i=1
is an inner product.

(ii) Let V = C[0,1]. Then

(f.0) = / f(@)g(z) da

is an inner product.
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We just showed that norms induce metrics. The proof was completely trivial
as the definitions were almost the same. Now we want to prove that inner
products induce norms. However, this is slightly less trivial. To do so, we need
the Cauchy-Schwarz inequality.

Theorem (Cauchy-Schwarz inequality). If (-, -) is an inner product, then
(v,w)? < (v, v)(w, w).
Proof. For any x, we have
(v 4w, v+ 2w) = (v,v) + 20{v, w) + 2% (w,w) > 0.

Seen as a quadratic in x, since it is always non-negative, it can have at most one
real root. So
(2(v,w))? — 4(v,v){w,w) < 0.

So the result follows. O
With this, we can show that inner products induce norms (and hence metrics).
Lemma. If (-, -) is an inner product on V', then
VIl = V{v,v)
is a norm.
Proof.
(@) vl = VIlv, vl = 0.
(i

(iii

v =0& (v,v) =0 v=0

IVl = V(Av, Av) = /X2 (v, v) = Al|Iv ]l

)
)
)
)

(iv
(VI +lIwiD? = lIvl* + 2lviliwl + w]®
> (v,v) + 2{v, W) + (w, w)
= llv+wl?

1.4 Open and closed subsets

In this section, we will study open and closed subsets of metric spaces. We will
then proceed to prove certain key properties of open and closed subsets, and
show that they are all we need to define continuity. This will lead to the next
chapter (and the rest of the course), where we completely abandon the idea of
metrics and only talk about open and closed subsets.

To define open and closed subsets, we first need the notion of balls.

10
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Definition (Open and closed balls). Let (X, d) be a metric space. For any
re X, reR,
Br(z)={y e X :d(y,x) <r}

is the open ball centered at x.
B(z) ={y € X :d(y,x) <r}
is the closed ball centered at x.
Example.
(i) When X =R, B.(z) = (x —r,z + 7). B.(z) =[x —r,z +7].
(i) When X = R?,

(a) If d is the metric induced by the ||v||; = ||Jv1]| + ||Jvz]|, then an open
ball is a rotated square.

(b) If d is the metric induced by the ||v||2 = \/v$ + v3, then an open ball
is an actual disk.

(c) If d is the metric induced by the ||v||oc = max{|v1], |v2|}, then an
open ball is a square.

Definition (Open subset). U C X is an open subset if for every x € U, 36 > 0
such that Bs(z) C U.
C C X is a closed subset if X \ C C X is open.

11
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As if I've not emphasized this enough, this is a very very important definition.
We first prove that this is a sensible definition.

Lemma. The open ball B,(z) C X is an open subset, and the closed ball

B,.(xz) C X is a closed subset.
Proof. Given y € B,(x), we must find § > 0 with Bs(y) C B,.(x).

V2

e
7
/
1
\
\

=
/‘ﬁ),\
[ =7
: ,l—y"Ul
/
7/

Since y € B,(z), we must have a = d(y,z) < r. Let 6 = r —a > 0. Then if
z € Bs(y), then

d(z,z) <d(z,y) +dy,z) < (r—a)+a=r.

So z € B,(z). So B,(y) C By(v) as desired.
The second statement is equivalent to X \ B,(z) = {y € X : d(y,x) > r} is
open. The proof is very similar. O

Note that openness is a property of a subset. A C X being open depends on
both A and X, not just A. For example, [0, %) is not an open subset of R, but
is an open subset of [0, 1] (since it is B1(0)), both with the Euclidean metric.
However, we are often lazy and just say “open set” instead of “open subset”.

Example.

(i) (0,1) € R is open, while [0,1] C R is closed. [0,1) C R is neither closed
nor open.

(ii) Q@ C R is neither open nor closed, since any open interval contains both
rational numbers and irrational numbers. So any open interval cannot be
a subset of Q or R\ Q.

(iii) Let X = [—1,1]\ {0} with the Euclidean metric. Let A = [-1,0) C X.
Then A is open since it is equal to Bi(—1). A is also closed since it is
equal to B%(—%).

Definition (Open neighborhood). If z € X, an open neighborhood of x is an
open U C X withx € U.

This is not really an interesting definition, but is simply a convenient short-
hand for “open subset containing z”.

Lemma. If U is an open neighbourhood of x and x,, — x, then 3N such that
z, € U for all n > N.

Proof. Since U is open, there exists some § > 0 such that Bs(z) C U. Since
%y, — x, AN such that d(z,,z) < ¢ for all n > N. This implies that z,, € Bs(z)
forallmn > N. So z,, € U for all n > N. O]

12
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Definition (Limit point). Let A C X. Then z € X is a limit point of A if there
is a sequence x, — x such that x,, € A for all n.

Intuitively, a limit point is a point we can get arbitrarily close to.
Example.
(i) If a € A, then a is a limit point of A, by taking the sequence a,a,a,a,---.
(ii) If A = (0,1) C R, then 0 is a limit point of A, eg. take z,, = 1
(iii) Every x € R is a limit point of Q.

It is possible to characterize closed subsets by limit points. This is often a
convenient way of proving that sets are closed.

Proposition. C' C X is a closed subset if and only if every limit point of C' is
an element of C'.

Proof. (=) Suppose C is closed and z,, — z, x,, € C. We have to show that
zeC.

Since C'is closed, A = X \ C' C X is open. Suppose the contrary that « ¢ C.
Then = € A. Hence A is an open neighbourhood of . Then by our previous
lemma, we know that there is some N such that z,, € A for all n > N. So
ry € A. But we know that z € C by assumption. This is a contradiction. So
we must have z € C.

(<) Suppose that C' is not closed. We have to find a limit point not in C.

Since C is not closed, A is not open. So 3z € A such that Bs(x) Z A for all
d > 0. This means that Bs(z) N C # ) for all § > 0.

So pick @, € B (x)NC for each n > 0. Then z,, € C, d(z,,z) = + — 0. So
Tp — 2. So z is a [imit point of C which is not in C. O

Finally, we get to the Really Important Result™ that tells us metrics are
useless.

Proposition (Characterization of continuity). Let (X, d,) and (Y, dy) be metric
spaces, and f: X — Y. The following conditions are equivalent:

(i) f is continuous
(i

(iii

If x,, = x, then f(x,) — f(x) (which is the definition of continuity)
For any closed subset C C Y, f~1(C) is closed in X.

(iv) For any open subset U C Y, f~1(U) is open in X.

)
)
)
(v) For any z € X and € > 0, 36 > 0 such that f(Bs(z)) C B:(f(z)).
Alternatively, d,(z,2) < 6 = dy(f(z), f(2)) <e.
Proof.
— 1< 2: by definition

~ 2= 3: Suppose C' C Y is closed. We want to show that f~1(C) is closed.
So let =, — z, where x,, € f~1(C).
We know that f(z,) — f(z) by (2) and f(z,) € C. So f(z) is a limit
point of C. Since C is closed, f(x) € C. So x € f~*(C). So every limit
point of f=1(C) is in f~1(C). So f~1(C) is closed.

13
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~ 3= 4: If U CY is open, then Y \ U is closed in X. So f~1(Y \U) =
X\ f7XU) is closed in X. So f~1(U) C X is open.

— 4=5: Givenz € X,e >0, B.(f(x))isopenin Y. By (4), f~1(B.(f(x))) =
A is open in X. Since z € A, 3§ > 0 with Bs(z) C A. So
f(Bs(x)) € f(A) = f(f1(B:(f(2)))) = B:-(f())

- 5 = 2: Suppose z, — z. Given ¢ > 0, 36 > 0 such that f(Bs(z)) C
B.(f(z)). Since x,, — x, AN such that x,, € Bs(z) for all n > N Then

f(zy) € f(Bs(x)) C B:(f(z)) for all n > N. So f(z) — f(x).
O

The third and fourth condition can allow us to immediately decide if a subset
is open or closed in some cases.

Example. Let f: R?® — R be defined as
flar, w2, w3) = af + w325 + 2ias.
Then this is continuous. So {x € R?: f(x) <1} = f~1((—o0,1]) is closed in R3.

Before we end, we prove some key properties of open subsets. These will be
used as the defining properties of open subsets in the next chapter.

Lemma.

(i) @ and X are open subsets of X.

(ii) Suppose V,, C X is open for all « € A. Then U = U V, is open in X.
acA

(iii) If V4,--+,V,, C X are open, then sois V = ﬂ Vi.
i=1

Proof.

(i) 0 satisfies the definition of an open subset vacuously. X is open since for
any z, Bi(z) C X.

(ii) If z € U, then = € V, for some «. Since V,, is open, there exists § > 0
such that Bs(xz) C V,. So Bs(x) C U Vo =U. So U is open.
acA
(iii) If x € V, then ¢ € V; for all § = 1,--- ,n. So 34; > 0 with Bs,(x) C V;.
Take 6 = min{dy,--+ ,d,}. So Bs(xz) CV; for all i. So Bs(xz) CV. SoV is
open.

O

Note that we can take infinite unions or finite intersection, but not infinite
intersections. For example, the intersection of all (—%, %) is {0}, which is not
open.

14
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2 Topological spaces

2.1 Definitions

We have previously shown that a function f is continuous iff f~1(U) is open
whenever U is open. Convergence can also be characterized using open sets only.
This suggest that we can dump the metric and just focus on the open sets.

What we will do is to define the topology of a space X to be the set of open
sets of X. Then this topology would define most of the structure or geometry of
X, and we don’t need to care about metrics.

Definition (Topological space). A topological space is a set X (the space)
together with a set & C P(X) (the topology) such that:

(i) 0, X eU

(ii) If Vo, €U for all a € A, then | ] Vi, €U.
acA

(iif) If Vi,--,V, €U, then (| V; € U.
i=1
The elements of X are the points, and the elements of U are the open subsets of
X.

Definition (Induced topology). Let (X, d) be a metric space. Then the topology
induced by d is the set of all open sets of X under d.

Example. Let X =R"™ and consider the two metrics d; (x,y) = ||x — y||; and
doo(X,¥) = ||x — ¥|lco- We will show that they induce the same topology.
Recall that the metrics are defined by||v|| = Y"1, v;] and || v]|eo = maxi<i<y, [vi]-
This implies that
[Vlloo < [V]ls < nfVlloo-

This in turn implies that

U1

Y

To show that the metrics induce the same topology, suppose that U is open with
respect to di, and we show that it is open with respect to do,. Let x € U. Since
U is open with respect to dy, there exists some § > 0 such that B}(z) C U. So
ngn(a?) C Bl(z) CU. So U is open with respect to duc.

The other direction is similar.

15



2 Topological spaces IB Metric and Topological Spaces

Example. Let X = C[0,1]. Let di(f,g) = | f — gl1 and dw(f,9) = [If = glloo-
Then they do not induce the same topology, since (X,d;) — (X,dw) by f— f
is not continuous.

It is possible to have some other topologies that are not induced by metrics.
Example.
(i) Let X be any set.

(a) U ={¢, X} is the coarse topology on X.

(b) U = P(X) is the discrete topology on X, since it is induced by the
discrete metric.

(¢c) U={AC X : X\ Ais finite or A = 0} is the cofinite topology on X.
(ii) Let X =R, and U = {(a,0) : a € R} is the right order topology on R.
Now we can define continuous functions in terms of the topology only.

Definition (Continuous function). Let f : X — Y be a map of topological
spaces. Then f is continuous if f~1(U) is open in X whenever U is open in Y.

When the topologies are induced by metrics, the topological and metric
notions of continuous functions coincide, as we showed in the previous chapter.

Example.
(i) Any function f: X — Y is continuous if X has the discrete topology.
(ii) Any function f: X — Y is continuous if Y has the course topology.

(iii) If X and Y both have cofinite topology, then f: X — Y is continuous iff
F~1({y}) is finite for every y € Y.

Lemma. If f: X - Y and g : Y — Z are continuous, then sois go f : X — Z.

Proof. If U C Z is open, g is continuous, then g~*(U) is open in Y. Since f is
also continuous, f~*(g=1(U)) = (go f)~1(U) is open in X. O

In group theory, we had the notion of isomorphisms between groups. Isomor-
phic groups are equal-up-to-renaming-of-elements, and are considered to be the
same for most purposes.

Similarly, we will define homeomorphisms between topological spaces, and
homeomorphic topological spaces will be considered to be the same (notice the
“e” in homeomorphism).

Definition (Homeomorphism). f: X — Y is a homeomorphism if
(i) f is a bijection
(ii) Both f and f~! are continuous

Equivalently, f is a bijection and U C X is open iff f(U) CY is open.
Two spaces are homeomorphic if there exists a homeomorphism between
them, and we write X ~ Y.

16
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Note that we specifically require f and f~! to be both continuous. In
group theory, if ¢ is a bijective homomorphism, then ¢! is automatically a
homomorphism as well. However, this is not true for topological spaces. f
being continuous does not imply f~! is continuous, as illustrated by the example
below.

Example. Let X = (0, 1] with the topology induced by || - |1 and ¥ = C[0, 1]
with the topology induced by || + ||oc- Then F': Y — X by f — f is continuous
but F~! is not.

Example. Let X =[0,2r) and Y =S'={2€ C:|z2/=1}. Then f: X - Y
given by f(r) = €’ is continuous but its inverse is not.

Similar to isomorphisms, we can show that homeomorphism is an equivalence
relation.

Lemma. Homeomorphism is an equivalence relation.
Proof.
(i) The identity map Ix : X — X is always a homeomorphism. So X ~ X.

(i) If f : X — Y is a homeomorphism, then so is f~* : ¥ — X. So
X~Y=Y~X.

(iii) If f: X - Y and ¢ : Y — Z are homeomorphisms, then go f : X — Z is
an homeomorphism. So X ~Y and Y ~ Z implies X ~ Z.

O
Example.

(i) Under the usual topology, the open intervals (0,1) ~ (a,b) for all a,b € R,
using the homeomorphism = — a + (b — a)x.

Similarly, [0,1] ~ [a, b]
(ii) (—1,1) ~ R by z - tan(Zz).
(iii) R ~ (0,00) by z — €.
(iv) (a,00) ~ (b,00) by z > z + (b — a).

The fact that ~ is an equivalence relation implies that any 2 open intervals in R
are homeomorphic.

It is relatively easy to show that two spaces are homeomorphic. We just have
to write down a homeomorphism. However, it is rather difficult to prove that
two spaces are not homeomorphic.

For example, is (0,1) homeomorphic to [0,1]? No, but we aren’t able
to immediately prove it now. How about R and R?? Again they are not
homeomorphic, but to show this we will need some tools that we’ll develop in
the next few lectures.

How about R™ and R”™ in general? They are not homeomorphic, but we
won’t be able to prove this rigorously in the course. To properly prove this, we
will need tools from algebraic topology.

17
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So how can we prove that two spaces are not homeomorphic? In group theory,
we could prove that two groups are not isomorphic by, say, showing that they
have different orders. Similarly, to distinguish between topological spaces, we
have to define certain topological properties. Then if two spaces have different
topological properties, we can show that they are not homeomorphic.

But before that, we will first define many many useful definitions in topological
spaces, including sequences, subspaces, products and topologies. The remainder
of the chapter will be mostly definitions that we will use later.

2.2 Sequences

To define the convergence of a sequence using open sets, we again need to concept
of open neighbourhoods.

Definition (Open neighbourhood). An open neighbourhood of x € X is an open
set U C X with x € U.

Now we can use this to define convergence of sequences.

Definition (Convergent sequence). A sequence x,, — z if for every open neigh-
bourhood U of z, 3N such that x,, € U for all n > N.

Example.

(i) If X has the course topology, then any sequence x, converges to every
x € X, since there is only one open neighbourhood of z.

(ii) If X has the cofinite topology, no two z,s are the same, then z,, — =
for every x € X, since every open set can only have finitely many x,, not
inside it.

This looks weird. This is definitely not what we used to think of sequences.
At least, we would want to have unique limits.

Fortunately, there is a particular class of spaces where sequences are well-
behaved and have at most one limit.

Definition (Hausdorff space). A topological space X is Hausdorff if for all
x1,22 € X with x1 # xo, there exists open neighbourhoods U; of x1, Us of xo
such that U; N U, = 0.

Lemma. If X is Hausdorff, z,, is a sequence in X with z,, — = and z,, — 2/,
then x = 2/, ie. limits are unique.

Proof. Suppose the contrary that x # z’. Then by definition of Hausdorff, there
exists open neighbourhoods U, U’ of x, ' respectively with U N U’ = {.

Since z,, — x and U is a neighbourhood of x, by definition, there is some N
such that whenever n > N, we have x,, € U. Similarly, since x,, — 2/, there is
some N’ such that whenever n > N’, we have x,, € U’.

This means that whenever n > max(N, N'), we have z, € U and x,, € U’.
So z,, € UNU’. This contradicts the fact that U N U’ = (.

Hence we must have x = 2. O

Example.
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(i) If X has more than 1 element, then the course topology on X is not
Hausdorff.

(ii) If X has infinitely many elements, the cofinite topology on X is not
Hausdorff.

(iii) The discrete topology is always Hausdorff.

(iv) If (X,d) is a metric space, the topology induced by d is Hausdorff: for
Ty # T2, let r = d(x1,x2) > 0. Then take U; = B, j3(x;). Then UyNUs = 0.

2.3 Closed sets

We will define closed sets similar to what we did for metric spaces.
Definition (Closed sets). C' C X is closed if X \ C is an open subset of X.
Lemma.

(i) If C, is a closed subset of X for all « € A, then Cy, is closed in X.

acA
(ii) If Cy,- -+, Cy, are closed in X, then so is |J]_, C;.
Proof.
(i) Since Cy is closed in X, X \ C, is open in X. So [J,ca(X \ Ca) =
X \Naea Ca is open. So (N, Cq is closed.

(ii) If C; is closed in X, then X \ C; is open. So (N, (X \ C;) = X \Ui—, C;i
is open. So [J;—_, C; is closed.

O

This time we can take infinite intersections and finite unions, which is the
opposite of what we have for open sets.

Note that it is entirely possible to define the topology to be the collection of
all closed sets instead of open sets, but people seem to like open sets more.

Corollary. If X is Hausdorff and x € X, then {z} is closed in X.

Proof. For all y € x, there exists open subsets Uy, V, with y € U,,x € V,,
U,NnV, =0.

Let Cy = X \ Uy. Then Cy is closed, y & Cy, z € Cy. So {z} =), ., Cy is
closed since it is an intersection of closed subsets. O]

2.4 Closure and interior

2.4.1 Closure

Given a subset A C X, if A is not closed, we would like to find the smallest
closed subset containing A. This is known as the closure of A.
Officially, we define the closure as follows:
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Definition. Let X be a topological space and A C X. Define
Ca={CCX:ACC and C is closed in X}

Then the closure of A in X is
A= (O c
CeCa

First we do a sanity check: since A is defined as an intersection, we should
make sure we are not taking an intersection of no sets. This is easy: since X
is closed in X (its complement ) is open), C4 # 0. So we can safely take the
intersection.

Since A is an intersection of closed sets, it is closed in X. Also, if C € C4,

then A C C. So A C ﬂCecA C = A. In fact, we have
Proposition. A is the smallest closed subset of X which contains A.

Proof. Let K C X_be a closed set containing A. Then K € C,. So A =
ﬂCeCACgK. So ACK. O

We basically defined the closure such that it is the smallest closed subset of
X which contains A.

However, while this “clever” definition makes it easy to prove the above
property, it is rather difficult to directly use it to compute the closure.

To compute the closure, we define the limit point analogous to what we did
for metric spaces.

Definition (Limit point). A limit point of A is an x € X such that there is a
sequence x,, — x with x, € A for all x,,.

In general, limit points are easier to compute, and can be a useful too for
determining the closure of A.
Now let
L(A) ={z € X : z is a limit point of A}.

We immediately get the following lemma.
Lemma. If C C X is closed, then L(C) = C.
Proof. Exactly the same as that for metric spaces. O

Recall that we proved the converse of this statement for metric spaces.
However, the converse is not true for topological spaces in general. What we do
have is the following axiom:

Proposition. L(A) C A.

Proof. If A C C, then L(A) C L(C). If C is closed, then L(C) = C. So
CeCa= L(A) CC. So L(A) CNeee, C = A. O

Finally, we have the following corollary that can help us find the closure of
subsets:

Corollary. Suppose C' C X is closed and A C C and C C L(A), Then C = A.
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Proof. C C L(A) C A C C, where t_he last step is since A is the smallest closed
set containing A. So C' = L(A) = A. O

Example.

— Let (a,b) CR. Then (a,b) = [a,b].

Let Q CR. Then Q =R.
-R\Q=R.

~ In R" with the Euclidean metric, B,.(z) = B,(X). In general, B,(z) C
B, (X), since B,(z) is closed and B, (xz) C B,(x), but these need not be
equal.

For example, if X has the discrete metric, then By(x) = {z}. Then
Bi(z) = {z}, but By(z) = X.

In the above example, we had Q = R. In some sense, all points of R are
“surrounded” by points in Q. We say that Q is dense in R.

Definition (Dense subset). A C X is dense in X if A = X.
Example. Q and R\ Q are both dense in R with the usual topology.

2.4.2 Interior

We defined the closure of A to be the smallest closed subset containing A. We
can similarly define the interior of A to be the largest open subset contained in

A.
Definition (Interior). Let A C X, and let

O4={UCX:UCA,/U isopenin X}.

The interior of A is

It(4) = | J U.

Ueo

Proposition. Int(A) is the largest open subset of X contained in X.

The proof is similar to proof for closure.
To find the closure, we could use limit points. What trick do we have to find
the interior?

Proposition. X \ Int(A4) =X\ A

Proof. U C A< (X\U) 2 (X\A). Also, U open in X < X \U is closed in X.
So the complement of the largest open subset of X contained in A will be
the smallest closed subset containing X \ A. O

Example. Int(Q) = Int(R\ Q) = 0.

2.5 New topologies from old

In group theory, we had the notions of subgroups, products and quotients. There
are exact analogies for topological spaces. In this section, we will study the
subspace topology, product topology and quotient topology.
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2.5.1 Subspace topology

Definition (Subspace topology). Let X is a topological space and Y C X. The
subspace topology on Y is given by: V is an open subset of Y if there is some U
open in X such that V=Y NU.

If we simply write Y C X and don’t specify a topology, the subspace topology
is assumed. For example, when we write Q C R, we are thinking of Q with the
subspace topology inherited from R.

Example. If (X, d) is a metric space and Y C X, then the metric topology on
(Y,d) is the subspace topology, since BY (y) =Y N BX(y).

To show that this is indeed a topology, we need the following set theory facts:

YN (U Va> U vnv.)
acA acA

YN (ﬂ Va> YNV
acA acA

Proposition. The subspace topology is a topology.
Proof.

(i) Since () is open in X, ) =Y N is open in Y.
Since X isopenin X, Y =Y N X is open in Y.

(ii) If Vi, is open in Y, then V, =Y N U, for some U, open in X. Then

Uva=U (YﬂUa)YrW(U Ua>.

acA acA acU
Since |J U, is open in X, so |JV, is open in Y.
(iii) If V; is open in Y, then V; = Y N U; for some open U; C X. Then

ﬁm:ﬁ(YmUi):Ym<ﬁUi>.

i=a
Since (U; is open, [ V; is open.
O

Recall that if Y C X, there is an inclusion function ¢ : Y — X that sends
y — y. We can use this to obtain the following defining property of a subspace.

Proposition. If Y has the subspace topology, f : Z — Y is continuous iff
to f:Z — X is continuous.

Proof. (=) If U C X is open, then :=}(U) = Y NU is open in Y. So ¢ is
continuous. So if f is continuous, so is ¢ o f.

(<) Suppose we know that ¢ o f is continuous. Given V C Y is open, we
know that V=Y NU = :=Y(U). So f~Y(V) = f~11(U))) = (1o f)~}(U) is
open since ¢ o f is continuous. So f is continuous. O
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This property is “defining” in the sense that it can be used to define a
subspace: Y is a subspace of X if there exists some function ¢ : Y — X such
that for any f, f is continuous iff ¢ o f is continuous.

Example. D" = {v € R" : |v| < 1} is the n-dimensional closed unit disk.
St ={v € R": |v| = 1} is the n — 1-dimensional sphere.
We have
Int(D™) = {v e R": |v| < 1} = B1(0).

This is, in fact, homeomorphic to R™. To show this, we can first pick our favorite
homeomorphism f : [0,1) — [1,00). Then v — f(|v|)v is a homeomorphism
Int(D"™) — R™.

2.5.2 Product topology

If X and Y are sets, the product is defined as

XxY={(z,y):zeX,yeY}
We have the projection functions 7 : X XY — X, me : X x Y — Y given by

’/Tl(xay) =z, 772(1'7y) =Y.

IfACX,BCY, then we have Ax BC X xY.
Given topological spaces X, Y, we can define a topology on X x Y as follows:

Definition (Product topology). Let X and Y be topological spaces. The product
topology on X x Y is given by:

U C X xY is open if: for every (z,y) € U, there exists V, C X, W, C Y
open neighbourhoods of = and y such that V, x W, C U.

Example.

-tV CXand W CY are open, then Vx W C X x Y is open (take
Vx =V, Wy =W).

— The product topology on R x R is same as the topology induced by the
I - |loo, hence is also the same as the topology induced by || - ||z or || - ||1-
Similarly, the product topology on R” = R®~! x R is also the same as that
induced by || « ||oo-

- (0,1) x (0,1) x --- x (0,1)" C R™ is the open n—dimensional cube in R".
Since (0,1) ~ R, we have (0,1)Y ~ RY ~ Int(D").

= [0,1] x 8™ ~ [1,2] x 8" ~ {v € R*"! : 1 < |v| < 2}, where the last
homeomorphism is given by (¢, w) — tw with inverse v — (|v|, V). This is
a thickened sphere.

— Let A C {(r,2) : r > 0} C R%, R(A) be the set obtained by rotating A
around the z axis. Then R(A) ~ S x A by

('T’yvz) = (sz) = ({’7 (|V|’Z))

In particular, if A is a circle, then R(A) ~ S! x S! = T? is the two-
dimensional torus.
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e (=)

The defining property is that f : Z — X x Y is continuous iff m; o f and
o o f are continuous.

Note that our definition of the product topology is rather similar to the
definition of open sets for metrics. We have a special class of subsets of the
form V' x W, and a subset U is open iff every point € U is contained in some
V x W C U. In some sense, these subsets “generate” the open sets.

Alternatively, if U C X x Y is open, then

I\

v=|J vaxw,

(z,y)€U

So U C X x Y is open if and only if it is a union of members of our special class
of subsets.
We call this special class the basis.

Definition (Basis). Let U be a topology on X. A subset B C U is a basis if
“U e U iff U is a union of sets in B”.

Example.

—{VxW:VCX,W CY are open} is a basis for the product topology for
X xY.

— If (X, d) is a metric space, then
{Bijn(z):ne Nt z e X}

is a basis for the topology induced by d.

2.5.3 Quotient topology

If X is a set and ~ is an equivalence relation on X, then the quotient X/~ is the
set of equivalence classes. The projection 7w : X — X/~ is defined as 7(z) = [z],
the equivalence class containing x.

Definition (Quotient topology). If X is a topological space, the quotient topol-
ogy on X/~ is given by: U is open in X/~ if 7=1(U) is open in X.

We can think of the quotient as “gluing” the points identified by ~ together.
The defining property is f : X/~ — Y is continuous iff forn: X — Y is
continuous.
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Example.

~Let X =R, 2 ~yifx—y € Z Then X/~ = R/Z ~ S!, given by
[z] = (cos 2z, sin 27x).

— Let X = R%. Then v ~ w iff v—w € Z2 Then X/~ = R?/Z? =
(R/Z)x(R/Z) ~ S*x St = T?. Similarly, R"/Z" = T" = S1 xSt x-..x St
jitem If A C X, define ~ by x ~ y iff x = y or x,y € A. This glues
everything in A together and leaves everything else alone.

We often write this as X/A. Note that this is not consistent with the
notation we just used above!

oLet X = [0,1] and A = {0,1}, then X/A ~ S! by, say, t
(cos 27t, sin 27t). Intuitively, the equivalence relation says that the
two end points of [0, 1] are “the same”. So we join the ends together
to get a circle.

e

o Let X = D" and A = S""!. Then X/A ~ S™. This can be pictured
as pulling the boundary of the disk together to a point to create a
closed surface

@-&

— Let X = x [0,1] with ~ given by (0,y) ~ (1,y) and (z,0)
then X/N:S’1 x 81 =1T2, by, say

(z,y) — ((cos 27z, sin 27z ), (cos 27y, sin 27ry
/ E/g

Similarly, 7% = [0, 1]3/~, where the equivalence is analogous to above.

Note that even if X is Hausdorff, X/~ may not be! For example, R/Q is not
Hausdorff.
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3 Connectivity

Finally we can get to something more interesting. In this chapter, we will study
the connectivity of spaces. Intuitively, we would want to say that a space is
“connected” if it is one-piece. For example, R is connected, while R\ {0} is
not. We will come up with two different definitions of connectivity - normal
connectivity and path connectivity, where the latter implies the former, but not
the other way round.

3.1 Connectivity

We will first look at normal connectivity.

Definition (Connected space). A topological space X is disconnected if X can
be written as A U B, where A and B are disjoint, non-empty open subsets of X.
We say A and B disconnect X.

A space is connected if it is not disconnected.

Note that being connected is a property of a space, not a subset. When we
say “A is a connected subset of X", it means A is connected with the subspace
topology inherited from X.

Being (dis)connected is a topological property, ie. if X is (dis)connected,
and X ~ Y, then Y is (dis) connected. To show this, let f : X — Y be the
homeomorphism. By definition, A is open in X iff f(A) is open in Y. So A and
B disconnect X iff f(A) and f(B) disconnect Y.

Example.
— If X has the coarse topology, it is connected.
— If X has the discrete topology and at least 2 elements, it is disconnected.

— Let X C R. If there is some o € R\ X such that there is some a,b € X
with @ < a < b, then X is disconnected. In particular, X N (—oo, «) and
X N (a,00) disconnect X.

For example, (0,1) U (1,2) is disconnected (o = 1).
We can also characterize connectivity in terms of continuous functions:

Proposition. X is disconnected iff there exists a continuous surjective f : X —
{0, 1} with the discrete topology.

Proof. (=) If A and B disconnect X, define

O

Then f~1(0), f~1({0,1}) = X, f~1({0}) = A and f~'({1}) = B are all open.
So f is continuous. Also, since A, B are non-empty, f is surjective.

(<) Given f: X ~ {0,1} surjective and continuous, define A = f~1({0}),
B = f~}({1}). Then A and B disconnect X. O

Theorem. [0, 1] is connected.

26



8 Connectivity IB Metric and Topological Spaces

Note that Q N[0, 1] is disconnected, since we can pick our favorite irrational
number a, and then {x : x < a} and {z : > a} disconnect the interval. So we
better use something special about [0, 1].

The key property of R is that every non-empty A C [0, 1] has a supremum.

Proof. Suppose A and B disconnect [0,1]. wlog, assume 1 € B. Since A is
non-empty, a = sup A exists. Then either
— a € A. Then o < 1, since 1 € B. Since A is open, J¢ > 0 with B.(«a) C A.

So a+ 5 € A, contradicting supremality of a; or

— a ¢ A. Then o € B. Since B is open, Je > 0 such that B.(a) C B. Then
a < a—c¢forall a € A. This contradicts « being the least upper bound of

A.
Either option gives a contradiction. So A and B cannot exist and [0, 1] is
connected. O

To conclude the section, we will prove the intermediate value property. The
key proposition needed is the following.

Proposition. If f: X — Y is continuous and X is connected, then im f is also
connected.

Proof. Suppose A and B disconnect im f. We will show that f~1(A) and f~1(B)
disconnect X.

Since A, B C im f are open, we know that A =im f N A’ and B =im f N B’
for some A’ B open in Y. Then f~!1(A) = f~1(A’) and f~1(B) = f~1(B) are
open in X.

Since A, B are non-empty, f~1(A) and f~!(B) are non-empty. Also, f~1(A)N
FUB) = fYANB) = f~'(#) = 0. Finally, AUB = im f. So f~'(4)U
JHB) = (AU B) = X.

So f~1(A) and f~!(B) disconnect X, contradicting our hypothesis. So im f
is connected. O

Alternatively, if im f is not connected, let g : im f — {0, 1} be continuous
surjective. Then go f: X — {0,1} is continuous surjective. Contradiction.

Theorem (Intermediate value theorem). Suppose f: X — R is continuous and
X is connected. If Jxg,x; such that f(zo) < 0 < f(x1), then Iz € X with
f(z) = 0.

Proof. Suppose no such x exists. Then 0 ¢ im f while 0 > f(zg) € im f,

0 < f(z1) € imf. Then im f is disconnected (from our previous example),
contradicting X being connected. O

Alternatively, if f(x) # 0 for all , then ‘ﬁg‘ is a continuous surjection from
X to {—1,+1}, which is a contradiction.

Corollary. If f:[0,1] — R is continuous with f(0) < 0 < f(1), then 3z € [0,1]
with f(x) = 0.

Is the converse of the intermediate value theorem true? If X is disconnected,
can we find a function g that doesn’t satisfy the intermediate value property?

The answer is yes. Since X is disconnected, let f: X — {0,1} be continu-
ous. Then let g(z) = f(z) — 1. Then g is continuous but doesn’t satisfy the

2
intermediate value property.
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3.2 Path connectivity

The other notion of connectivity is path connectivity. A space is path connected
if we can join any two points with a path. First, we need a definition of a path.

Definition (Path). Let X be a topological space, and zp,z; € X. Then a
path from xg to x; is a continuous function v : [0, 1] — X such that v(0) = zo,

T = Z1.

Definition (Path connectivity). A topological space X is path connected if for
all points zg,z; € X, there is a path from zg to z;.

Example.

(i) (a,d),[a,b),(a,b],R are all path connected (using paths given by linear
functions).

(ii) R™ is path connected (eg. y(t) = tx1 + (1 — t)xg).

(iii) R™\ {0} is path-connected for n > 1 (the paths either line segments or
bent line segments to get around the hole).

Path connectivity is a stronger condition than connectivity, in the sense that
Proposition. If X is path connected, then X is connected.

Proof. Suppose X is path connected but not connected. Then there is a contin-
uous surjective f : X — {0,1}. Choose zg, z1 with f(zg) =0, f(z1) = 1. Since
X is path connected, there is a path « : [0,1] — X with v(0) = zo,v(1) = ;.
Then fo~:[0,1] — {0,1} is continuous and surjective. So [0, 1] is not connected,
which is a contradiction. O

We can use connectivity to distinguish spaces. Apart from the obvious “X
is connected while Y is not”, we can also try to remove points and see what
happens. We will need the following lemma:

Lemma. Suppose f: X — Y is a homeomorphism and A C X, then f|4: A —
f(A) is a homeomorphism.

Proof. Since f is a bijection, f|4 is a bijection. If U C f(A) is open, then
U = f(A)NU’ for some U’ open in Y. So f|,*(U) = f~1(U’) N A is open in A.
So f|a is continuous. Similarly, we can show that (f|4)~! is continuous. O

Example. [0,1] # (0,1). Suppose it were. Let f : [0, 1] be a homeomorphism.
Let A = (0,1]. Then f|a : (0,1] — (0,1) \ {f(0)} is a homeomorphism. But
(0,1] is connected while (0,1) \ {f(0)} is disconnected. Contradiction.

Similarly, [0,1) % [0,1] and [0,1) £ (0,1). Also, R® £ R for n > 1, and S! is
not homeomorphic to any subset of R.

3.2.1 Higher connectivity*

We were able to use path connectivity to determine that R is not homeomorphic
to R™ for n > 1. If we want to distinguish general R™ and R™, we will need to
generalize the idea of path connectivity to higher connectivity.
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To do so, we have to formulate path connectivity in a different way. Recall
that S = {-1,1} ~ {0,1} C R, while D* = [~1,1] ~[0,1] C R. Then we can
formulate X as: X is path-connected iff any continuous f : S — X extends to
a continuous v : D! — X with v|g0 = f.

This is much more easily generalized:

Definition (n-connectedness). X is n-connected if for any k < n, any continuous
f: 8% — X extends to a continuous F : D*T! — X such that F|gx = f.

For any point p € R, R™\ {p} is m-connected iff m <n —2. So R™\ {p} #
R™\ {¢} unless n = m. So R™ % R™.

Unfortunately, we have not yet proven that R™ 2 R™. We casually stated
that R™ \ {p} is m-connected iff m < n — 2. However, while this intuitively
makes sense, it is in fact very difficult to prove. To actually prove this, we will
need tools from algebraic topology.

3.3 Components

If a space is disconnected, we could divide the space into different components,
each of which is (maximally) connected. This is what we will investigate in the
section. Of course, we would have a different notion of “components” for each
type of connectivity. We will first start with path connectivity.

3.3.1 Path components

Defining path components (ie. components with respect to path connectedness)
is relatively easy. To do so, we need the following lemma.

Lemma. Define x ~ y if there is a path from x to y in X. Then ~ is an
equivalence relation.

Proof.

(i) For any z € X, let v, : [0,1] = X be v(t) = x, the constant path. Then
this is a path from x to x. So =z ~ x.

(if) If v:[0,1] — X is a path from = to y, then 7 :[0,1] = X by t — v(1 — 1)
is a path from y toz. Sox ~y =y ~ x.

(iii) If v; is a path form x to y and 7 is a path from y to z, then 75 *y; defined
by

’yl(Qt) te [O, 1/2]
~ {’yg(%— 1) tell/21]

is a path from x to z. Soz ~y,y ~2=x ~ 2.

With this lemma, we can immediately define the path components:

Definition (Path components). Equivalence classes of the relation “x ~ y if
there is a path from x to y” are path components of X.

29



8 Connectivity IB Metric and Topological Spaces

3.3.2 Connected components

Defining connected components (ie. components with respect to regular connec-
tivity) is slightly more involved. The key proposition we need is as follows:

Proposition. Suppose Y, C X is connected for all o« € T and that (), cq Yo # 0.

Then Y = {J,cp Yo is connected.

Proof. Suppose the contrary that A and B disconnect Y. Then A and B are
openinY. So A=Y NA and B=Y N B, where A', B’ are open in X. For
any fixed «, let

A=Y, NA=Y,NA, B,=Y,NB=Y,NB.
Then they are open in Y,. Since Y = AU B, we have
Y.=YnNnY,=(AuB)NY, = A, UB,.
Since AN B = (), we have
AyNBy =Y, N(ANB) = 0.

So A,, B, are disjoint. So Y, is connected but is the disjoint union of open
subsets Ay, Ba.
By definition of connectivity, this can only happen if A, = () or B, = 0.
However, by assumption, m Y, # (. So pick y € ﬂ Y,. Since y € Y,

acT acT
either y € A or y € B. wlog, assume y € A. Then y € Y, for all a implies that

y € A, for all a. So A, is non-empty for all a. So B, is empty for all a. So
B =0.
So A and B did not disconnect Y after all. Contradiction. O

Using this lemma, we can define connected components:

Definition (Connected component). If x € X, define

Clz)={AC X :x2 € A and A is connected}.

Then C(z) = U A is the connected component of x.
AeC(x)

C(z) is the largest connected subset of X containing z. To show this, we
first note that {z} € C(x). So « € C(z). To show that it is connected, just note
that = € ﬂAeC(I) A. So ﬂAec(w) A is non-empty. By our previous proposition,
this implies that C(z) is connected.

Lemma. If y € C(x), then C(y) = C(z).

Proof. Since y € C(x) and C(z) is connected, C(z) C C(y). So x € C(y). Then
C(y) € C(z). So C(z) = C(y). O

It follows that « ~ y if x € C(y) is an equivalence relation and the connected
components of X are the equivalence classes.

Example.
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— Let X = (—00,0) U (0,00) C R. Then the connected components are
(—00,0) and (0, 00), which are also the path components.

— Let X =Q CR. Then C(z) = {x} for all z € X. In this case, we say X
is totally disconnected.

Note that C(z) and X \ C(x) need not disconnect X, even though it is the
case in our first example. We must need C(z) and X \ C(z) to be open as well.
For example, in Example 2, C(z) = {«} is not open.

It is also important to note that path components need not be equal to the
connected components, as illustrated by the following example. However, since

path connected spaces are connected, the path component containing x must be
a subset of C(x).

Example. Let Y = {(0,9) : y € R} C R? be the y axis.
Let Z = {(z,Lsinl): 2z € (0,00)}.

Y

Y

Let X =Y UZ C R%2. We claim that Y and Z are the path components of X.
Since Y and Z are individually path connected, it suffices to show that there is
no continuous v : [0,1] = X with v(0) = (0,0), v(1) = (1,sin1).

Suppose v existed. Then the function w5 o : [0,1] — R projecting the
path to the y direction is continuous. So it is bounded. Let M be such that
maoy(t) < M for all t € [0,1]. Let W = X N (R x (—o0, M]) be the part of X
that lies below y = M. Then im~vy C W.

However, W is disconnected: pick tg with % sin % > M. Then W N
((—o0,tg) x R) and W N ((tp,00) x R) disconnect W. This is a contradiction,
since v is continuous and [0, 1] is connected.

We also claim that X is connected: suppose A and B disconnect X. Then
since Y and Z are connected, either Y C AorY C B; Z C Aor Z C B. If both
Y C A, Z C A, then B = (), which is not possible.

So wlog assume A =Y, B = Z. This is also impossible, since Y is not open
in X as it is not a union of balls (any open ball containing a point in ¥ will also
contain a point in X). Hence X must be connected.

Finally, recall that we showed that path-connected subsets are connected.
While the converse is not true in general, there are special cases where it is true.

31



8 Connectivity IB Metric and Topological Spaces

Proposition. If U C R"” is open and connected, then it is path-connected.

Proof. Let A be a path component of U. We first show that A is open.

Let a € A. Since U is open, 3¢ > 0 such that B.(a) C U. We know that
B.(a) ~ Int(D") is path-connected (eg. use line segments connecting the points).
Since A is a path component and a € A, we must have B.(a) C A. So A is an
open subset of U.

Now suppose b € U \ A. Then since U is open, 3¢ > 0 such that B.(b) C U.
Since B (b) is path-connected, so if B.(b) N A # (), then B.(b) C A. But this
implies b € A, which is a contradiction. So B:(b) N A= 0. So B.(b) C U\ A.
Then U \ A is open.

So A,U \ A are disjoint open subsets of U. Since U is connected, we must
have U \ A empty (since A is not). So U = A is path-connected. O
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4 Compactness

Compactness is an important concept in topology. It can be viewed as a
generalization of being “closed and bounded” in R. Alternatively, it can also be
viewed as a generalization of being finite. Compact sets tend to have a lot of
really nice properties. For example, if X is compact and f : X — R is continuous,
then f is bounded and attains its bound.

There are two different definitions of compactness - one based on open covers
(which we will come to shortly), and the other based on sequences. In metric
spaces, these two definitions are equal. However, in general topological spaces,
these notions can be different. The first is just known as “compactness” and the
second is known as “sequential compactness”.

The actual definition of compactness is rather weird and unintuitive, and is
difficult to comprehend at first. However, as we go through more proofs and
examples, (hopefully) you will be able to appreciate this definition.

4.1 Compactness

Definition (Open cover). Let & C P(X) be a topology on X. An open cover
of X is a subset ¥V C U/ such that

Uv=x
vey

We say V covers X.
If V' CV, and V' covers X, then we say V' is a subcover of V.

Definition (Compact space). A topological space X is compact if every open
cover V of X has a finite subcover V' = {V;,--- ,V,,} C V.

Example.

(i) If X is finite, then P(X) is finite. So any open cover of X is finite. So X
is compact.

(ii) Let X =R and V = {(—R,R) : R € R, R > 0}. Then this is an open cover
with no finite subcover. So R is not compact. Hence all open intervals are
not compact since they are homeomorphic to R.

(iii) Let X =1[0,1] N Q. Let
U,=X\(a—1/n,a+1/n).
for some irrational o in (0,1) (eg. a = \/571).

Then {J,,-Un = X since « is irrational. Then V = {U, : n € Z > 0} is
an open cover of X. Since this has no finite subcover, X is not compact.

Theorem. [0,1] is compact.

Again, since this is not true for [0,1] N Q, we must use a special property of
reals.
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Proof. Suppose V is an open cover of [0, 1]. Let
A ={a€][0,1] : [0, a] has a finite subcover of V}.

First show that A is non-empty. Since V covers [0, 1], in particular, there is
some Vj that contains 0. So {0} has a finite subcover V5. So 0 € A.

Next we note that by definition, if 0 < b < a and a € A, then b € A.

Now let @ = sup A. Suppose a < 1. Then a € [0, 1].

Since V covers X, let « € V,,. Since V,, is open, there is some ¢ such that
B.(a) C V,,. By definition of «, we must have a —¢/2 € A. So [0, — £/2]
has a finite subcover. Add V, to that subcover to get a finite subcover of
[0, 4 €/2]. Contradiction (technically, it will be a finite subcover of [0, n] for
n =min(a +¢£/2,1), in case a + /2 gets too large).

So we must have a =sup 4 = 1.

Now we argue as before: 3V; € V such that 1 € V; and 3¢ > 0 with
(1 —¢,1] € V,. Since 1 —¢ € A, there exists a finite V' C V which covers
[0,1—¢/2]. Then W =V"U{V;} is a finite subcover of V. O

We mentioned that compactness is a generalization of “closed and bounded”.
We will now show that compactness is indeed in some ways related to closedness.

Proposition. If X is compact and C is closed subset of X, then C is also
compact.

Proof. To prove this, given an open cover of C, we need to find a finite subcover.
To do so, we need to first convert it into an open cover of X. We can do so by
adding X \ C, which is open since C is closed. Then since X is compact, we can
find finite subcover of this, which we can convert back to a finite subcover of C'.

Formally, suppose V is an open cover of C. Say V = {V, : a« € T'}. For
each «, since V, is open in C, V,, = C NV for some V. open in X. Also, since
Uaer Va = C, we have U, Vo 2 C.

Since C'is closed, U = X \ Cisopenin X. So W ={V. :a € T}U{U}
is an open cover of X. Since X is compact, W has a finite subcover W =
{Va,,--+, Vs, U} (U may or may not be in there, but it doesn’t matter). Now

[C2R)

UNnC =10. So {Va,, -, Va,} is a finite subcover of C. O

This converse is not always true, but holds for Hausdorff spaces.

Proposition. Let X be a Hausdorff space. If C C X is compact, then C is
closed in X.

Proof. Let U = X \ C. We will show that U is open.

For any z, we will find a U, such that U, C U and « € U,. Then U =
U,eu Uz will be open since it is as union of open sets.

To construct U, fix x € U. Since X is Hausdorff, so for each y € C,
ULy, Wy, open neighbourhoods of « and y respectively with Uy N W, = 0.

Way Uzy

| ex
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Then W = {W,, NC :y € C} is an open cover of C. Since C' is compact, there
exists a finite subcover W' = {W,,, N C,--- , W, NC}.

Let U, = ﬂ?zl Usy,. Then U, is open since it is a finite intersection of open
sets. To show U, C U, note that W, = {J;_, Wy, 2 C since {W,,, N C} is an
open cover. We also have W, NU, = 0. So U, C U. So done.

O

After relating compactness to closedness, we will relate it to boundedness.
First we need to define boundedness for general metric spaces.

Definition (Bounded metric space). A metric space (X, d) is bounded if there
exists M € R such that d(z,y) < M for all z,y € X.

Example. A C R is bounded iff A C [N, N] for some N € R.

Note that being bounded is not a topological property. For example, (0,1) ~
R but (0,1) is bounded while R is not. It depends on the metric d, not just the
topology it induces.

Proposition. A compact metric space (X, d) is bounded.

Proof. Pick z € X. Then V = {B,(x) : r € R*} is an open cover of X. Since
X is compact, there is a finite subcover {B,., (z),- -, B, (z)}.
Let R = max{ry,---,7mn}. Then d(z,y) < R for all y € X. So for all
Y,z € X,
d(y,z) < d(y,z)+d(z,z) < 2R

So X is bounded. O
Theorem (Heine-Borel). C' C R is compact iff C' is closed and bounded.

Proof. Since R is a metric space (hence Hausdorff), C' is also a metric space.
So if C' is compact, C' is closed in R, and C' is bounded, by our previous two
propositions.
Conversely, if C is closed and bounded, then C' C [- N, N] for some N € R.
Since [-N, N] ~ [0,1] is compact, and C = CN[—N, N] is closed in [-N, N], C
is compact. O

Corollary. If A C R is compact, Ja € A such that o > a for all a € A.

Proof. Since A is compact, it is bounded. Let a = sup A. Then by definition,
a > a for all a € A. So it is enough to show that o € A.

Suppose @ ¢ A. Then o € R\ A. Since A is compact, it is closed in R. So
R\ A is open. So 3¢ > 0 such that B.(a) C R\ A, which implies that a < o — ¢
for all a € A. This contradicts the assumption that a = sup A. So we can
conclude a € A. O
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We call @ = max A the maximum element of A.
We have previously proved that if X is connected and f : X — Y, then
im f CY is connected. The same statement is true for compactness.

Proposition. If f: X — Y is continuous and X is compact, then im f C Y is
also compact.

Proof. Suppose V = {V,, : a € T'} is an open cover of im f. Since V,, is open in
im f, we have V, = im f NV, where V is open in Y. Then

Wao=f"1(Va) = 71 (V2)

is open in X. If v € X then f(z) is in V, for some «, so x € W,. Thus
W ={W, :a €T} is an open cover of X.

Since X is compact, so there’s a finite subcover {W,,, -, W, } of W.
Since V,, Cim f, f(W,) = f(f7 (Va)) = V. So
{Va17 e ,Van}
is a finite subcover of V. O

Theorem (Maximum value theorem). If f : X — R is continuous and X is
compact, then 3z € X such that f(x) > f(y) for all y € X.

Proof. Since X is compact, im f is compact. Let & = max{im f}. Then o € im f.
So 3z € X with f(z) = a. Then by definition f(z) > f(y) for all y € X. O

Corollary. If f : [0,1] — R is continuous, then 3z € [0, 1] such that f(z) > f(y)
for all y € [0,1]

Proof. [0,1] is compact. O

4.2 Products and quotients
4.2.1 Products

Recall the product topology on X x Y. U C X x Y is open if it is a union of
sets of the form V' x W such that V C X, W CY are open.
The major takeaway of this section is the following theorem:

Theorem. If X and Y are compact, then so is X x Y.

Proof. First consider the special type of open cover V of X x Y such that every
U €V has the form U =V x W, where V C X and W C Y are open.
For every (z,y) € X x Y, there is Uy, € V with (z,y) € U,,. Write

Upy = Vay X Way,

where V,, € X, W,, CY are open, x € Vyy,y € Wy

Fix x € X. Then W, = {W,, : y € Y} is an open cover of Y. Since Y is
compact, there is a finite subcover {Woy,,- -, Wy, }.

Then V, = ﬂ;;l Vzy, is a finite intersection of open sets. So V. is open in X.
Moreover, V, = {Ugy,, - , Uy, } covers V, x Y.
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T X

Now O = {V,, : « € X} is an open cover of X. Since X is compact, there is
a finite subcover {V,,, -+ ,V,, }. Then V' = [J:, V,, is a finite subset of V,
which covers all of X x Y.

In the general, case, suppose V is an open cover of X x Y. For each (z,y) €
X xY, 33U, €V with (z,y) € Uyy. Since U,y is open, IV, € X, W,,, C Y
open with Vpy X Wy C Uy and @ € Vi, y € Wy,

Then Q = {Vuy x Wyy : (z,y) € (X,Y)} is an open cover of X x Y of
the type we already considered above. So it has a finite subcover {V,,, x
Wl‘lyl?' o 7VZnyn x WInyn}' Now Vﬂﬁﬂh x Wﬂﬁzuz < Uﬂiﬂ/z So {Uﬂllyl?' o ?anyn}
is a finite subcover of X x Y. O

Example. The unit cube [0,1]™ = [0,1] x [0,1] x --- x [0, 1] is compact.
Corollary (Heine-Borel in R™). C' C R™ is compact iff C is closed and bounded.

Proof. If C' is bounded, C C [—-N, N]" for some N € R, which is compact. The
rest of the proof is exactly the same as for n = 1. O

4.2.2 Quotients

It is easy to show that the quotient of a compact space is compact, since every
open subset in the quotient space can be projected back to an open subset the
original space. Hence we can project an open cover from the quotient space to
the original space, and get a finite subcover. The details are easy to fill in.
Instead of proving the above, in this section, we will prove that compact
quotients have some nice properties. We start with a handy proposition.

Proposition. Suppose f : X — Y is a continuous bijection. If X is compact
and Y is Hausdorff, then f is a homeomorphism.

Proof. We show that f~ is continuous. To do this, it suffices to show (f~1)~1(C)
is closed in Y whenever C is closed in X. By hypothesis, f is a bijection . So
(f~H)71C) = £(O).

Supposed C'is closed in X. Since X is compact, C is compact. Since f is
continuous, so f(C) = (im f|¢) is compact. Since Y is Hausdorff and f(C) C Y
is compact, f(C) is closed. O

We will apply this to quotients.
Recall that if ~ is an equivalence relation on X, 7 : X — X/~ is continuous
iff fomr: X — Y is continuous.
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Corollary. Suppose f: X/~ — Y is a bijection, X is compact, Y is Hausdorft,
and f o7 is continuous, then f is a homeomorphism.

Proof. Since X is compact and 7 : X — X/~ is continuous, imm C X/~ is
compact. Since f o7 is continuous, f is continuous. So we can apply the
proposition. [

Example. Let X = D? and A = S* C X. Then f : X/A — S? by (r,0) —
(1,7r,0) in spherical coordinates is a homeomorphism.

We can check that f is a continuous bijection and D? is compact. So
X/A~S2

4.3 Sequential compactness

The other definition of compactness is sequential compactness. We will not
do much with it, but only prove that it is the same as compactness for metric
spaces.

Definition (Sequential compactness). A topological space X is sequentially
compact if every sequence (z,,) in X has a convergent subsequence (that converges
to a point in X1).

Example. (0,1) C R is not sequentially compact since no subsequence of (1/n)
converges to any z € (0,1).

To show that sequential compactness is the same as compactness, we will
first need a lemma.

Lemma. Let (z,,) be a sequence in a metric space (X,d) and z € X. Then (z,)
has a subsequence converging to z iff for every € > 0, x,, € B.(x) for infinitely
many n ().

Proof. If (z,,) — z, then for every e, we can find I such that ¢ > I implies
Tp; € Be(z) by definition of convergence. So (*) holds.

Now suppose () holds. We will construct a sequence x,, — x inductively.
Take ng = 0. Suppose we have defined xp,, Zn, |-

By hypothesis, x, € By/;(x) for infinitely many n. Take n; to be smallest
such n with n; > n;_1.

Then d(z,,2) < + implies that z,, — . O

Here we will only prove that compactness implies sequential compactness,
and the other direction is left as an exercise for the reader.

Theorem. If (X,d) is a compact metric space, then X is sequentially compact.

Proof. Suppose z,, is a sequence in X with no convergent subsequence. Then
for any y € X, there is no subsequence converging to y. By lemma, there exists
¢ > 0 such that z,, € B.(y) for only finitely many n.

Let U, = B:(y). Now V = {U, : y € X} is an open cover of X. Since X is

compact, there is a finite subcover {U,,,-- ,U,, }. Then z, € J;-, U,, = X
for only finitely many n. This is nonsense, since x,, € X for all n!
So z,, must have a convergent subsequence. O
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Example. Let X = C[0, 1] with the topology induced do, (uniform norm). Let

nx z €10,1/n]
fal@)=¢2—nz =z€ell/n,2/n]

0 x € [2/n,1]

Y

Then f,(z) — 0 for all € [0,1]. We now claim that f,, has no convergent
subsequence.

Suppose fn, — f. Then f,, (z) — f(z) for all z € [0,1]. However, we know
that f,,(x) — 0 for all z € [0,1]. So f(z) = 0. However, doo(fn,;,0) = 1. So
fus 0.

It follows that B;1(0) C X is not sequentially compact. So it is not compact.
4.4 Completeness

The course ends with a small discussion about completeness. This really should
belong to the chapter on metric spaces, since this is all about metric spaces. How-
ever, we put it here because the (only) proposition we have is about compactness,
which was just defined recently.

Similar to what we did in Analysis, we can define Cauchy sequences.

Definition (Cauchy sequence). Let (X, d) be a metric space. A sequence ()
in X is Cauchy if for every € > 0, AN such that d(z,,z) C € for all n,m > N.

Example.
(i) @, = >, 1/k is not Cauchy.

(ii) Let X = (0,1) € R with z, = 2. Then this is Cauchy but does not
converge.

(iii) If z,, — x € X, then z,, is Cauchy. The proof is the same as that in
Analysis 1.

(iv) Let X = Q C R. Then the sequence (2,2.7,2.71,2.718, - - - ) is Cauchy but
does not converge in Q.

Exactly analogous to what we did in Analysis, we can also define a complete
space.

Definition (Complete space). A metric space (X, d) is complete if every Cauchy
sequence in X converges converges to a limit in X.

Example. (0,1) and Q are not complete.

Proposition. If X is a compact metric space, then X is complete.
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Proof. Let x,, be a Cauchy sequence in X. Since X is sequentially compact,
there is a convergent subsequence z,,, — . We will show that z,, — x.

Given ¢ > 0, pick N such that d(z,,zmn) < €/2 for n,m > N. Pick
I such that ny > N and d(x,,,z) < /2 for all i > I. Then for n > ny,
d(xn, ) < d(Tp, Tn,) + d(Xn,,z) <e. So x, = x. O

Corollary. R" is complete.

Proof. If z,, € R™ is Cauchy, then z,, C Br(0) for some R, and Bg(0) is compact.
So it converges. O

Note that completeness is not a topological property. R ~ (0,1) but R is
complete while (0, 1) is not.
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