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Lemma 1 (Jordan) Let f be continuous for large |z|, and assume that f(z) → 0 as
z →∞. Then, provided λ > 0, we have

lim
R→∞

∫
ΓR

f(z)eiλz dz = 0

where ΓR denotes the semicircular contour θ 7→ Reiθ, 0 ≤ θ ≤ π.

Proof. Let ε > 0. We show that there exists K > 0 such that R ≥ K implies∣∣∣ ∫
ΓR

f(z)eiλz dz
∣∣∣ ≤ ε.

This will prove the lemma. Because f(z) → 0 as z → ∞, there exists K > 0 such that
|z| ≥ K implies |f(z)| ≤ ελ/π. We also note Jordan’s inequality

sin θ ≥ 2θ

π
for 0 ≤ θ ≤ π

2
. (1)

Now, for R ≥ K, we have∣∣∣ ∫
ΓR

f(z)eiλz dz
∣∣∣ ≤

∫
ΓR

|f(z)eiλz| |dz|

=

∫
ΓR

|f(z)|eRe(iλz) |dz|

≤
∫ π

0

λε

π
e−λR sin θR dθ z = Reiθ

=
2λRε

π

∫ π
2

0

e−λR sin θ dθ by symmetry

≤ 2λRε

π

∫ π
2

0

e−2λRθ/π dθ by (1) and λ > 0

=
2Rλε

π

[ −π

2λR
e−2λRθ/π

]π
2

0

= ε(1− e−λR)

≤ ε.
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